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Abstract. Qualitative analysis of three-dimensional deterministic mathematical
models of population dynamics of two types is performed: the model which takes
into account the competition and diffusion of species and the model of interaction
of populations which takes into account mutual interaction between the species.
The combination of known methods of synthesis and analysis, and developed
method of construction of stochastic self-consistent models is used in the
research of these models. Existence conditions of equilibrium states are obtained
and the analysis of stability is performed. The corresponding nondeterministic
mathematical models are constructed by means of transition from ordinary
differential equations to differential inclusions, fuzzy and stochastic differential
equations. Using the principle of reduction, which allows us to study stability
properties of one type of equations, using stability properties of other types
of equations, as a basis, sufficient conditions of stability are obtained. The
synthesis of the corresponding stochastic models on the basis of application of
the method of construction of stochastic self-consistent models is performed.
The structure of these stochastic models is described, Fokker—Planck equations
are given, the rules of transition to the stochastic differential equation in the
form of Langevin are formulated, and computer simulation is carried out. The
obtained results are aimed at the further development of methods of construction
and the analysis of nondeterministic mathematical models of natural sciences
with carrying out computer experiments.

Keywords: stochastic model, single-step processes, population dynamics,
stability, differential equations, principle of a reduction, mutualism, diffusion.

1. Introduction

The stability problem of population dynamics models refers to the
actual problems of dynamics of nonlinear systems [1-4]. An effec-
tive method for the analysis of stability is the method of Lyapunov
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functions [2-6]. A systematic approach to stability research, which con-
siders the stability properties of the models defined by the differential
equations of various types from the uniform point of view with application
of Lyapunov functions is described in [2,5,6]. The specified approach is
based on the transition from deterministic to stochastic models and on
the principle of reduction of the problem of stability of solutions of dif-
ferential inclusions to the problem of stability of other types of equations.
This approach allows performing a comparative analysis of the qualitative
properties of mathematical models in the transition from deterministic de-
scription to non-deterministic and justifying the construction and using of
the models of one type or another.

In this paper we consider two models of dynamics of populations are
considered: the model considering the competition and diffusion of species
and the model considering the competition and a mutualism of popula-
tions. The deterministic description of each of the models is given by the
system of three ordinary nonlinear differential equations. Qualitative re-
search of solutions of the specified models is conducted. On the basis of
the principle of reduction the analysis of stability is made.

The two-dimensional models taking into account the symbiosis were
researched in [1]. The models of interactions “predator—prey-mutualist”
are studied in [7]. The stability of the four-dimensional model of the inter-
action of two competing species with two symbionts in the deterministic
and stochastic cases are researched in [8-10].

We use the method of constructing a self-consistent stochastic mod-
els developed in [11,12]. The synthesis of stochastic models taking into
account the competition and diffusion of species, as well as models incorpo-
rating competition and mutualism populations is carried out. We describe
the structure of stochastic models by means of schemes of interaction of
elements and the operator of change the state of the system. With the aid
of Fokker—Planck equation we formulate the transition rule to a stochastic
differential equation in the form of Langevin. The comparative analysis of
deterministic and stochastic models is carried out. For comparative analy-
sis of deterministic and stochastic models we use the method of Lyapunov
functions and the theory of stochastic calculation.

2. Qualitative Analysis of the Determined Models

We consider a model described by the system of three ordinary differ-
ential equations of the form

1 =x1(1 — 21 — qun) + Brg — a1,
zh = xo(1 — z2) + yo1 — B2, (1)
1=y

where 7 and y; are densities of populations of the competing species in
the first area of the species x and y, x5 is density of population of the
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species x in the second area, ¢ > 0 and r > 0 are the coefficients of the
competition in the first area, § and - are coefficients of the diffusion of
the species between the two areas, while the second area is a refuge and
B # ~. Model (1) is a generalization of the model considered in [4] in the
case when diffusion velocities don’t coincide.

Besides, we consider a model described by a system of three ordinary
differential equations of the form

¥ =dx(1 — i) -

K 1+mu’
b cnx
y = y( 8+1+mu), (2)
r_ 1— u
u' = Tu( Lo—l—lx)’

where x, y, u represent the prey population, the predator population and
the mutualist population, respectively, 7, Lg, 0, K, 1, s, ¢ are the positive
parameters, [ and m are mutualistic constants. Model (2) is a special case
of the model considered in [7], and is characterized by logistic type growth
of prey populations in the absence of predator and by logistic growth of
a population of mutualist. In the absence of the mutualism model (2)
represents a classical Lotka—Volterra model.

Four equilibrium states of the model (1) are found: O(0,0,0),
A1(0,0,1), Ay(Z1,T2,0) and As(Z1,Z2,71), as a result of the solution of
the corres- ponding algebraic equations. Coordinates T1, T2, £1, T2, §1 are
found by means of Mathematica computing system.

The conditions of existence of nonnegative equilibrium state As and
positive equilibrium state A3 are obtained. In particular, it was discov-
ered that if one of the conditions: (C1) 0 < <1, v >1—0, (Cy)
B >1,v > 0, holds, then model (1) has the nonnegative equilibrium state
As. The conditions of existence of positive equilibrium state Az are formu-
lated analogically. Estimations of the model parameters carried out and
local phase portraits are constructed. Conditions of asymptotic stability of
equilibrium state Az are obtained on the basis of the method of Lyapunov
functions.

The following states of equilibrium are found for the model (2):

s 0 s
E E K E —,— | 1-
0(07070)a 1(07 ,0), 2 (05 ( CT}K)) )

en’n
IS\ sA A A
ES(LO7030)=E4(LO +ZK7 K7 0)7E5 (LO + ia 8777 (1 - 5 )) )
ey oenon enk

where A = en(1+mLg)/(cn—1ms). Let us note that all equilibrium states
Fy — E5 exist under condition

enK > s(1+m(Lo + IK)). (3)
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If condition (3) and condition s > 7 are satisfied, then there exists

a unique positive equilibrium of the model (2) and this equilibrium is
asymptotically stable [7].

3. Construction and Stability Analysis of the Models of
Population Dynamics on the Basis of the Principle of Reduction

From properties of differential inclusion it is possible a transition to
the properties of fuzzy differential equations and stochastic differential
equations. This transition is based on the principle of reduction of the
stability problem for differential inclusions to the stability problem for
fuzzy differential equations. The fuzzy equation for each a-level, where
a € (0,1], is given by the corresponding differential inclusion. The set of
all motions of the inclusion generates a multivalued mapping which takes
into account the a-level of fuzzy function while this function is the solution
of the corresponding fuzzy differential equation.

The model (1) is presented in the form of the vector equation

dx/dt = f(x), (4)

where z = (z1,22,41), f(2) = (f1,fo, f3) = (@1(1 — 21 — qy1) + B2 —
7")/%171’2(1 7502) +"}/ZE1 — ﬂlfg,yl(l —rry — yl)),:r € Ri = R+ X R+ X R+,
Ry =[0,00), f: R} — R3.
The differential inclusion which corresponds to deterministic equa-
tion (4) takes the form
dx/dt € F(z), (5)

where F(z) = {f(z)|8 € B,y € C,q € Q,r € R}, B == [51,52],
3
C = [71/72]’ Q n= [qlaQQL R = [TlaTQ]a F: Ri— — 2R+'

The transition from vector equations that describe model (2), to the
vector differential inclusion, which takes into account the ecological sense
of the model parameters is similarly realized.

The definitions of a Lyapunov function of a closed set M C Ri on
the inclusion (5) and the definition of multivalued derivative DV (z) along
the motions of inclusion (5) are given. We prove the theorems of stability,
attraction and asymptotic stability on the basis of Lyapunov functions for
generalizations of models (1) and (2) to the case of differential inclusions.

By means of subsets of a-level B, = {Blus(B) > a}, Cy, =
= {1lec(v) = a}, Qa = {dlng(q) > o} and Ry = {r|ur(r) > a} where
a € (0,1], we make the transition from equation (4) to fuzzy differential
equation

dX/dt = F(X), (6)

where F : Z3 — P(R3) is the set of all fuzzy subsets of RY. In terms
of subsets of a-level the corresponding to equation (6) the differential
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inclusion takes the form dy/dt € F,(p), where a € (0,1], Fo(p) =
={f(¢))|B € Ba,7 € Ca,q € Qa7 € Ra}.

Transition from the vectorial differential inclusion corresponding to
model (2) to the corresponding fuzzy differential equation is simi-
larly realized. Defenitions of a-stability, a-attraction and asymptotic
a-stability, the definition of the Lyapunov function which take into ac-
count a-levels, a € (0,1], for the model of the form (6) are given. The
theorems of stability on the basis of Lyapunov functions are proven.

4. Construction of Stochastic Models of Population Dynamics

By means of the principle of reduction we formulate the stability con-
ditions of stochastic equations which correspond to model (6). It is shown
that if the trivial solution of a fuzzy equation is a-stable for every a € (0, 1],
then the trivial solution of the corresponding stochastic equation is stable
on probability. If the trivial solution of the fuzzy equation is asymptotically
a-stable for any « € (0, 1], then the trivial solution of the corresponding
stochastic equation is asymptotically stable on probability. For model (2)
the stability conditions of the corresponding stochastic equations are also
obtained.

The construction of stochastic models which corresponds to models (1)
and (2), is considered. The schemes of interaction of elements and the op-
erator of change of the system state are given on the basis of application of
a method for construction of self-consistent stochastic models [11,12]. Ap-
plication of this method allows to obtain the stochastic differential equation
in Langevin form with coordination of stochastic and deterministic parts.
Consistency is understood in the sense that the stochastics in the con-
structed stochastic model is associated with the structure of the system,
but isn’t the description of external perturbations.

The corresponding lines of the scheme of interaction respond to natural
reproduction of species in the absence of other factors, to intraspecific and
interspecific competition, and to the migration of species between the first
and the second areas.

The state of the system can be described by means of x = (21, z2, y1).
Relations for intensities of transitions from the state x to the state x4 in
the unit of the time are given, and equations which correspond to models
are written. We present Langeven equations equivalent to Fokker—Planck
equations in the form

dx = a(x,t)dt + b(z,t)dW,

where z € R? is the function of a state of the system, and W € R3? is
the standard three-dimensional Brownian motion. It is obtained that the
equation in the moments for a stochastic differential equation in the form
of Langeven completely coincides with model (1) and this fact can serve
for study of deterministic behavior.
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Investigation of the stochastic member of a stochastic differential equa-
tion in the form of Langeven allows us to studying the influence of intro-
duction of stochastics on the behavior of the studied system. Transition
from the vector differential equation corresponding to model (2) to the
stochastic differential equation is similarly realized.

Numerical experiments for models (1) and (2) we have made by means
of the developed software package for the numerical solving of systems of
differential equations by stochastic Runge-Kutta methods. The library is
prepared in the Python language with using of Numpy and Scipy modules.
Algorithms for generation of trajectories of Wiener process and multipoint
distributions, approximation of the multiple stochastic integrals, testing
strong and weak convergence of numerical methods and directly numerical
algorithms of a stochastic Runge—Kutta method are realized.

Numerical experiment showed that for the deterministic model of pop-
ulation dynamics which takes into account the competition and diffu-
sion of species, the developed software package. gives results which are
completely coordinated with analytical conclusions. The following pa-
rameters for the numerical experiment concerning the stochastic model
of population dynamics which takes into account the competition and
diffusion of species were selected: initial values of populations densities
(21(0),22(0),y1(0)) = (1.0,1.0,0.5), parameter values ¢ = 1.2, r = 0.5,
v =0.16, 8 = 1.44. The graph (fig.1) shows the trajectory of the average
values of 100 realizations with these initial values and parameter values
for the time interval [0, 20].

Stochastic model
(1, 23, y1) = (1.0,1.0,0.5), (¢, 7, ,3) = (1.20, 0.50, 0.16, 1.44)

Ystoch

Figure 1. The trajectories of average values for 100 realizations

Number of problems was revealed by the numerical experiment.
Runge-Kutta methods used for solution of stochastic differential equa-
tions, give enough good results on a short time interval. However, with
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increasing the time of the experiment, due to the accumulation of error,
the method ceases to work stable. Large bursts of values are visible on
the figure. There are several ways to solve this problem. One way may
be to find other numerical methods for solving of stochastic differential
equations describing the models we studied. The second way consists in
transition from solving of stochastic differential equations in the form of
specific implementations to the study of the Fokker—Planck equation, the
solution of which is a function of the probability distribution.

Besides, as a result of numerical experiment there was a problem of
choice of parameters of modeling in which the physical sense of the mod-
elled phenomenon would remain. Thus there was a problem of detection
of intervals which save physical sense, and also tracing of change of quali-
tative behavior depending on a choice of parameters not only by means of
numerical modeling, but also by preliminary qualitative analysis of model.

It should be noted that the main results of the numerical analysis
of stochastic model “predator—prey—mutualist” are similar to the results
of numerical analysis of stochastic models of population dynamics which
takes into account the competition and diffusion of species.

5. Conclusions

The developed combined approach to analysis of models of nonlinear
dynamics is based on the principle of reduction, and on the construction
of self-consistent stochastic models. The method for construction of self-
consistent stochastic model allowed us to synthesize the stochastic model
which takes into account the competition and the diffusion of species, and
the stochastic model which takes into account the mutualism. The prin-
ciple of reduction allowed us to obtain the conditions of stability with the
transition to differential inclusions, fuzzy differential equations and sto-
chastic differential equations. Numerical experiments conducted using the
developed software package. show consistency with the analytical results
for the studied deterministic models. A number of problems arising in the
numerical study of corresponding stochastic models identified, and meth-
ods for their solving are indicated. The obtained results can be used for
the study of nondeterministic nonlinear dynamic models.
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O630p U TecTUpOBaHNE I'eHEPATOPOB
IICEBIOC/Iy YaHbIX YMCeJI M UX pPeain3arst
OpenModelica

M. 'matu4ai, M. H. T'eBopkan*, A. B. Jemugosa*,
A. B. Kopouaskosa*, JI. C. Kyas6os*', JI. A. CeBacrbsuos*
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ya. 2Koauo-Kropu 6, /lyona, Mockosckan obaacmov, Poccua, 141980
¥ JTabopamopus meopemuueckoli Pusury,
066eUHEHRHBIT UHCMUMYM, A0EPHBIT UCCAD08aHUT,
ya. 2Koauo-Kropu 6, /lyona, Mockosckas obaacms, Poccus, 141980
Vnusepcumem Iasaa Hosega Illagapuxa,
HlIpobaposa 2, 041 80 Kowuue, Crosarus

AnHoTamusi.  3BIK  KOMIIOHEHTHO-OPMEHTHPOBAHHOTO  MOJEJIUPOBAHUS
Modelica npumensieTcst Ay MOJEIUPOBAHUS CJIOXKHBIX IPOIECCOB, 3a/aBa-
embrx cucremoit O/1Y. B crammaprmoit 6ubanoreke OpenModelica ner cpemcts
JIJIsi TEeHEePAaIy IICEBIOCIIYYAMHBIX 9IUCEJI, YTO JIeJIAeT HEBO3MOXKHBIM MO/~
pOBaHME CTOXACTUYECKUX IpoiieccoB. 1lebio JaHHOl cTaThbu sABJIAETCH KPATKU
0630p HEKOTOPOI'O HHCJIA aJI'OPUTMOB T'€HEPAIUU OCJIEI0BATEILHOCTH PAaBHO-
MEPHO DAaCIPEJIEJIEHHBIX CJIYYalHBIX YUCEJI U OIEHKA KadeCTBa JIaBAEMbIX MMHU
[1OCJIE/IOBATEJILHOCTEH, a TaKKe OIMCAaHUe CII0COOOB peasiM3alii HEKOTOPBIX U3
srux ajaropurMoB B cucreme OpenModelica.

KuroueBble ciioBa: 1iceBjociaydaitnbie uncia, Modelica.

1. Bsenenune

B nmanHOIl cTaThsl paccMaTpUBAETCsl BOIPOC T'eHEpAIii PABHOMEPHBIX
riceBniocrydaitabix gucesr B cpege OpenModelica. OpenModelica siBister-
¢ OTKpBITON peasm3armeil si3pika Modelica. JlanubIil S3bIK 1npeaHasHa-
9€eH JjIs MOJIEJIUPOBAHUS PA3JUIHBIX CUCTEM U IIPOIECCOB, KOTOPHIE MOXK-
HO TIPEJICTABUTH B BHUJE CHCTEMBI ajrebpandeckux wian JauddepeHiinab-
HBIX ypaBHenwuit. Ha qaHHbIil MOMEHT, OJHAKO, B CTAHIAPTHON OHOIMOTEKE
OpenModelica Her cpeJcTB Jlazke st TeHEPAIMUT PABHOMEDPHO pacIipejie-
JIEHHBIX CJIydailHbIX 4uces (cymiecTByer O6ubimoreka Noise, IPeTEHIyIO-
Iasi Ha BKJIFOYEHME B CTaHJApPTHBIH HaGop Gubmanorek [1]).

B crarbu maercs 0630p HEKOTOPBIX AJITOPUTMOB I'€HEPAIMH IICEBIOCITY-
JaffHbIX duces. Bece aaropuTMbl pean30BaHbl Ha A3bIKe C, & TAKXKEe IaCThb
13 HAX HEIOCPEJICTBEHHO Ha s13bike OpenModelica. C MOMOINIBIO yTHINTHI
dieharder mpoOBOIUTCS TECTUPOBAHUE PACCMOTPEHHBIX ajaropuTmoB. Ha
OCHOBE PE3yJIbTATOB TECTHUPOBAHUSI BHIOUPAIOTCS JIydIllle aJITOPUTMBbI JJIsT
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WCIIO/Ib30BaHUsI. B 3aK/II0UEHNN OMUCHIBAIOTCS AETAIN PEAIU3aInN TeHe-
paTopa mceBocaydaitabix unces B cpege OpenModelica u marorcst HeKo-
TOpBIe PEKOMEHJAITNH 110 UCIOIb30BAHUIO IICEBIOCTYYailHBIX TeHePATOPOB
Ha TPAKTUKH.

CraTbsi MOXKET CJIY?KUTh KPATKUM BBEJIEHHEM B TEOPHUIO U IPAKTUKY
reHepaTOPOB PABHOMEDPHO PACIIPEJIEJIEHHBIX CJIyIalHBIX IUCET.

2. 0630p aJITOPUTMOB I'eHepaluu I110cjea0oBaTeJIbHOCTU
PaBHOMEPHO pacIlipeJeJieHHbIX HCBB,Z[OCJ'Iy“IaﬁHI:IX quceJi

2.1. JIuHeliHBI KOHTIPYSHTHBIA METOT

JInHeiHbIit KOHIPYSHTHBIN MeTOJI ObLIT BIiepBbIe mpeaoxeH B 1949 romy /1.
. Jlexmepowm (D. H. Lehmer) [2,3]. Auropurm 3anaercs oguoit hopMyioii:

Znt1 = (axy, +¢) modm, n >0,

e m — modyav (mask) m > 1, a — wmmoorcumens (multiplier) (0 <
a < m), ¢c — npupawerue (0 < ¢ < m), g — HAYAIbHOE 3HAYEHUE, 3€p-
Ho (seed). PesysbTaToM MHOTOKDATHOTO NPUMEHEHNUS TAHHON PEKYDPPEHT-
HBI (DOPMYJIBI ABJIAETCA AUHETHAA KOH2PYIHMHAA NOCAEI0BAMENHOCTD
T1,...,Tn. OcobbIt caydail ¢ = (0 HA3BIBAETCH MYALMUNAUKATNUCHDIM
KOHI'PYIHTHBIM MeTOJ0M. J[jIs KpaTKoro o603HaMeHus JAHHOTO METOIa 0y-
JleM uCIoib3oBarh abbpesuarypy LCG (linear congruential generator).

Yucna m, a, ¢ HA3BIBAIOT <«BOJINEOHBIMU» WJIA «MATMYECKUMU» TaK
KaK WX 3HAYEHUsT 33JIaI0TCS B KOJI€ TPOrPAMMBI U BBIOMPAIOTCS HCXOJIst
U3 OIbITa MPUMEHEHUsI NeHepaTopa. KadecTBo reHepupyemoit mociieoBa-
TEJIbHOCTH CYIECTBEHHO 3aBUCUT OT IIPABUJIHHOI'O BBIOOpDA JAHHBIX I1a-
pametpos. [ocaenosareaprocTsh {7} MEpHOIUYHA U €e epHoJ| 3aBUCAT
OT YHCJa M, KOTOPOE TOITOMY JOJIKHO ObITh GosibimuM. Ha mpaxTuke
BLIOMPAIOT 711 PABHBIM MAIIUHHOMY CJIOBY (I1st 32-X OGUTHO# apXHUTEKTY-
pot — 232 u g 64-x Gurnoit — 264). B [2, 3] pexomenyercst BLIGpaTh
a = 6364136223846793005, ¢ = 1442695040888963407, m = 264, B cra-
The [4] MOXKHO HaliTH 06beMHBIE TAGIUIILI C ONTHMAIBHBIMA 3HATEHUSIMU
a, bum.

KBagpaTnuHblii KOHTPYSHTHBIN METOX Iy, (ax? | + bryp_q1 + d)
mod m KyOudecKnit KOHI'PYSHTHBIA METOJL Tp, = ( T3 4+bat w1+
d) mod 2°.

B macrosiiiee Bpemst JIMHEWHBIH KOHTPYIHTHBIA METOJ MPEJICTABIISIET
0 OOJIbIllell YACTH JIUIIb UCTOPUYIECKHUII MHTEPeC, TaK KaK OH IeHepH-
pyeT CPaBHUTEJIBbHO HEKAQYEeCTBEHHYIO IICEBIOCIYyYalHYyIO IOCJIeI0BATE b
HOCTB II0 CPaBHEHUIO C APYTUMH, HE MeHee IIPOCThIMU IeHepaTOpPaMu.

ABTOpBI peasm30Ba/M JUHEHHBI KOHI'PYSHTHBI METO Ha s3bike C u
CreHepHPOBAJIE C HOMOIILIO HEro mocyeaosareabnocTs u3 109 uncesn. Jan-
Hasl [TOCJIEIOBATEILHOCTh ObLIa MPOTECTUPOBAHA C IOMOIIBIO OTKPBITOIO
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unabopa recros DieHarder [5]. B pesysbrare reneparop LCG npoBaJimi 0Ko-
JIO TIOJIOBUHBI TECTOB.

2.2. Meton ®ubonauy4n c 3ana3abIBAHUSIMU

Pazsurnem LCG remepaTopa MOXKHO CUUTATDH HJEI0 UCIIOJIB30BATH JIJIs Te-
HEPAIINH -TO JIeMEeHTa MICEBIOCTYIaifHOM T0CIeI0BATETLbHOCTH HE OJINH, &
HECKOJIBKO IIpebLayux sjeMenToB. CoryacHo [2, 3] nepsbiil Takoil reHe-
paTop ObLI IpesIoKeH B Hadase 50-X TOJ0B U OCHOBBIBAJICA Ha (DOpPMYyIIe:

Tpi1 = (n + 2p—1) mod m.

OHaKO Ha MPaKTHKE OH IMOKa3aJ cebst He jrydmuM obpasom. B 1958 romy
k. 2K. Murgenom (G. J. Mitchell) u 1. ®. Mypowm (D. Ph. Moore) 6511

n300peTeH HAMHOIO JIYYIIHi TeHepaTop
T = (Tn—n, + Tn—n,) mod m, n = max(ng,np).

Jlauublii TeHEpaTOp MOJIyYnI Ha3BaHue reHepaTopa PubonHavyum ¢ 3amas-
nesanueM (LFG, lagged Fibonacci Generator).

Kak u B caygae LCG reHepaTopa, BbIOOP «MArmIeCKUX UUCEN» Mg U Ny
CUJIBHO BJIMSIET HA KAYECTBO T€HEPUPYEMOIl TIOCIeI0BATELHOCTH. ABTOPDI
[IPEJJIOKUIIN UCIIOJIB30BATH CJIEIYIONIIE MATTIECKUE TUCIIA Ng U Mt

ne = 24, np = 55.

J. Kuyr [2,3] npuBoaur psig Apyrux 3Hadennii, Hauunas ot (37,100) u 3a-
kanunBag (9739, 23209) Tiuna nepuojia JAHHOIO ME€HEPATOPA B TOYHOCTU
pasna 2¢71(2% — 1) npu BBIGOpPE M = 2°.

Kax BugHO M3 anropurMma, s WHAMUAIU3AIUN JAHHOTO T€HEPATOPa
HEOOXOIUMO HCIIOJIL30BATh HE OJHO HAYAJbHOE 3HAYEHUE, & IMOC/IEI0Ba-
TeJIbHOCTD U3 Max (Mg, Np) CIAYUYANHBIX YUCEIL.

B orkpsrroii 6ubauoreke GNU Scientific Library (GSL) [6] ucnosnb3y-
€TCs COCMABHOT MYABIMU-PEKYPCUSHBIT TEHEPATOD, IPEJJIOXKEHHBIH B CTa-
The [7]. Jauublii renepaTop gBJIsIeTCd PA3HOBUIHOCTHIO LFG.

Eme oqan mMeTom, mpemiosKHBIN B cTaThe 8] Takke sBIISIETCST DA3HO-
BUJHOCTBIO Meroa PuboHawun u onpeesercs GopMyJIOit:

zn = (a1Tp_1 + aszp—5) mod 5,
B GSL wucniosp3oBanbl cienyommue mapaMerpbl: a; = 107374182, ay = 0,

a3 =0, as = 0, a5 = 104480, m = 23! — 1 = 2147483647. Iepuoxn sroro
reHeparopa pasen 106,
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2.3. WuBepcHblii KOHTPYIHTHBIII TeHEpPaToOp

WuBepcHBIl KOHIPYSHTHBIN METO, OCHOBAH Ha MCIIOJIB30BAHUN OOPATHOIO
110 MOJLYJIIO YUCJIA.

zip1 = (ax; ' 4+b) mod m

rue a — mhuooicumens (0 < a < n), b — npupawenue ( <b<n), xy —
HadaspHOe 3Hadenne (seed). Kpome roro HO(zg,m) = 1u HO,ZL a,m) =
1.

JlaHHBINT TeHepaTop MPEBOCXOIUT OOBIYHBIH JIMHEWHBIN METOJ, OJIHA-
KO CJIO2KHEE aJITOPUTMHUYECKHU, TaK KaK HEOOXOIMMO HCKATh O0OpaTHBIE IO
MOJYJIIO IIeJIble YUCJja, YTO MPUBOAUT K MEJJICHHONI CKOPOCTH T'€Hepaliu
qucest. it BbIMUC/IEHUsT OOPATHOTO YUCJIa, OOBIYTHO ITPUMEHSIETCS PACIIIN-
pennblit anropurm Eskiuza 2,3, §4.3.2].

2.4. TenepaTopbl C UCMOJB30BAHUEM MOOUTOBBIX OIEPAIIU

BousbmmacTBO TeHEepaTOPOB, HAOIUX HanboJIee KadeCTBEHHBIE IICEBOCITY-
JaifHble OCJIEIOBATEILHOCTH HCIIOIB3YIOT B CBOMX AJITOPUTMAaX ITOOUTO-
BbIe OIlepaIui KOHBIOHKIUH, JIU3bIOHKIINNA, OTPUIAHUS, WCKJIOYAIOIIEH
JMU3BIOHKIAN (X0T) U MOGUTOBBIE BIPABO,/BIIEBO.

Buxper MepcenHa cunTaeTcs OJHAM U3 JIYUIIUX IICEBOCITYIAHHBIX
reneparopos. Paspaboran B 1997 romy Maitymoro u Hummumypa [9]. Cy-
mecTByoT 32-,64-,128-paspsianabie Bepcun Buxps Mepcerna. CBoe Ha3Ba-
HU€ aJI'OPUTM ITOJIYYMJI U3-38 UCIOJIb30BAHUS [TPOCTOro dncia MepceHHa
219937 _ 1. B 3aBHCHMOCTH OT peajM3amii 06ecednBaeTCs HePHOJL BILIOTH

o0 2216091 _ 1 Buxpsr MepcenHa HCIOIBb3yeTCS BO MHOTHX CTAHIAPTHBIX
6ubsmoTekax, HaIpUMep B Moyse random sisbika Python 3 [10].

T'eneparopsr XorShift jarorme Ka4eCTBEHHYIO MCEBIOCTYIANHYIO MO-
cilefoBaTeNIbHOCTD Obln paspaboransl B 2003 roxy Ix. Mapcasnbeii (G.
Marsaglia) [11,12].

Eme onuo cemeiicrBo reneparopos — remeparopbl KISS (Keep It
Simple Stupid) — maer He MeHee KAYECTBEHHYIO [IOCJIEI0BATEIHLHOCTD IICEB-
nmocay4vadinbix ancest [13]. Temeparop KISS wmcmosb3yercst B IPOIEAype
random_number () s3blka Frotran (komnmiasitop gfortran [14])

2.5. VYcrpoiictBa /dev/random u /dev/urandom

s co3maHusa MCTHHHO-CJIyYaifHON IT0C/IeI0BATEILHOCTH YHCET C IO-
MOIIBIO KOMIbIOTEpPa, B HEKOTOPHIX Unix cucremMax (B 4YacTHOCTU
GNU/Linux) ucrnosbssyercs c60p «bOHOBOIO IIyMay OKPYKEHHs Ollepa-
[IMOHHON CHCTEMBI U AlIapaTHOro obecriedenusi. VICTOYHUKOM TAKOTO CJIy-
YafHOTO NIyMa SIBJISIOTCS MOMEHTHI BPEMEHHU MeXKJy HarKaThsd KJIABHUII
nosib3oBatesneM (inter-keyboard timings), pasnuusble CECTEMHbIE TIPEPHI-
BaHUs U JPYTHe COOBITUS, KOTOPBIE YIOBJIETBOPSIOT IBYM TPEOOBAHUSM: HE
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JeTePMUHUPOBAHHOCTHU U CJIOZKHOI JOCTYIIHOCTH JJI U3MEPEHNs BHEIITHAM
HaOJIIOIATEIICM.

HeomnpenenennocTs U3 TAKUX UCTOYHUKOB COOMPAETCS APANBEPOM SIPa
U IOMEIIACTCA B «IHTPONUUHBIN IIyJI», KOTOPBLIA AOIOJHUTENbHO IIepeMe-
MINBAETCS C IIOMONIBIO AJITOPUTMA, IIOXOXKEr'0 Ha aJTOPUTMbI BBIUYUCJIEHUS
KOHTPOJIBHBIX cyM. Korma ciydaiinbie 6ailTbl 3aIIPAIIIBAIOTCSA CUCTEMHBIM
BBI30BOM, OHU U3BJIEKAIOTCS U3 SHTPOMUNAHOrO mysia myreM B3sTus SHA xe-
I1a, OT COJIEPYKUMOTO Iysia. B3sTue Xera 1mo3BosisieT He TOKa3bIBaTh BHYT-
PEHHee COCTOSHUE IIyJa, TAaK KaK BOCCTAHOBJICHUE COAEPZKUMOTO IIO XEIry
CUHATAETCS BBIYUCJIUTEIHHO HEBBITOJIHUMON 3a/1adeil. JlomomHuTeIbHO U3-
BJIEKAIOIIAasl IPOllelypa 3aHUKaeT pa3Mep COJIEPKUMOro IIyJia Jijis TOTO,
9TOOBI IPEOTBPATUTH BBIJATY XEIla [0 BCEMY COIEPKAMOMY M MITHIMU-
3UPOBATH TEOPETHIECKYIO BO3MOXKOCTD OIIPEJIEJIEHHS €r0 CoepKuMoro. Bo
BHE SHTPOIMUUHBIN I1yJI JOCTYIIEH B BHUJIE CUMBOJIBHOI'O IICEBIOYCTPOHCTBA
/dev/random.

3. TecrupoBaHmUe aJropuTMOB

O630p OOJIBITIOrO YUC/Ia KPUTEPUEB OIEHKN KATECTBA MACCHBA IICEBIIO-
cilydaifHBIX Yuces] MOXKHO HaiiTu B Tpereii riase kuuru JI. Kuyra [2, 3],
a Takxke crarbe [15] ofHOro U3 BeuyIUX CIEMUATUCTOB [0 MEHEPATOPAM
[ICeBIOC/Iy YaifHbIX dncesl. Bee onmcaHHbie B HaIlleil CTaThe aJrOpUTMbI ObI-
JII peajit30BaHbl Ha s3bIKe C M IIPOTECTUPOBAHBI C IIOMOIIBIO HAOOPa Te-
croB dieharder, mocrynHoro Ha odunuaabHoM caiite aBropa [5]. Takke
9TOT IMaKeT TECTOB B XOAUT B COCTAB OPUIINAIBHBIX PEIIO3UTOPUEB MHOTMX
nucrpubyrusos GNU /Linux.

3.1. Omnucanue dieharder

Habop TectoB dieharder pea/sim30BaH B BHUJE YTUJIUTHI KOMAHIHOW CTPO-
KM, KOTOpasg II03BOJIIET TeCTUPOBATH IIOCJIE/I0BATEILHOCTH PaBHOMEPHO
pacIpe/IeJIeHHbIX MICEeBAOCTyIalubIx unces. Takyke dieharder moxkeT mc-
noJIb30BaTh J1H060i rereparop u3 Gubsnorekn GSL [6] quist remepuposa-
HUA 9UCEJ WM HENOCPEICTBEHHOrO TecTupoBaHusd. dieharder -1 — mo-
Ka3aTb CIIMCOK JOCTYHIHBIX TecTOB, dieharder -g -1 — mokasarb cIu-
COK JIOCTYIIHBIX I'€HEPaTOPOB IICEeBJOCIyYallHbIX Yuces, KaXKJIOMYy IeHepa-
TOPY IPUCBOEHO IMOPSIKOBOE YUCJIO, KOTOPOE HAJI0 YKA3ATh IMOCie jara
-g AJid BKJIIOYCHUA Hy2KHOro reneparopa. 200 stdin_input_raw — cuu-
TBHIBATH CTAHIAPTHBIN BXO/IHOI 6uHApHBIH NOoTOK, 201 file_input_raw —
cunThiBaTh daitr B bunapHoMm dopmare, 202 file_input — cYUTHIBATH
daitn B TekcToBoM dopmare, 500 /dev/random — MCIOJB30BATDH MICEBIO0-
ycrpoiictBo /dev/random, 501 /dev/urandom — HCIIOIBE30BATH IICEBJIO-
ycTpoitcTBo /dev/urandom. Kaxkmoe mceBaoc/iygaiinoe 9ucyio J0JI2KHO pac-
[I0JIAraThCs Ha HOBOW CTPOKE, a B HEPBBIX CTPOKax daiijia HeoOXOMIMO
yKazaTh: T quces (d — Iesible 9uc/ia ABOMHON TOYHOCTH), KOJIUIECTBO
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quces B daiiie u paspaaHoctsb yuces (32 uiu 64 6ura). Korma rakoii daiin
CO3J/IaH MOXKHO IlepeJiaTh ero B dieharder

dieharder -a -g 202 -f file.in > file.out

rme Jar -a BKJIIOYaeT BCe BCTPOEHHBIE TeCThI, a ¢uar -f 3amaer daitr
Ui aHau3a. Pesynbrarsl TecTUpoBaHUs OyIayT coxpaHeHbl B file.out.

3.2. Pe3yabTaThl TECTOB

T'enepaTop ITpoBaseno | Cmaabo | Ilpoiineno
LCG 52 6 55
LCG2 51 8 54
LFG 0 2 111
ICG 0 6 107
KISS 0 3 110
JKISS 0 4 109
XorShift 0 4 109
XorShift+ 0 2 111
XorShiftx* 0 2 111
MT 0 2 111
dev/urandom 0 2 111

3.3. Peasmzarmus reHepaToOpoOB HCEBIOCIYYANHBIX YMCEJ.

O tHUM U OTpaHUYEHUI TP TOIMBITKE PEATN30BATh NeHEPAIIHIO [ICEBIOCITY-
JafiHBIX YHCEs WCIIOJIb3ys Jiuiib 136K Modelica siBisiercst orcyTcTBue B
OpenModelica mOGUTOBBIX JIOTUYECKUX OIEPATOPOB M OIEPATOPOB CIIBH-
ra. B ¢Ba3u ¢ 3TMM, Te aJIrOPUTMBI, KOTOPBIE ITH OMEPAINHA HCIIOIb3YIOT
HEOOXOIMMO peajim30BaTh Ha si3bIKe C.

Ha s13p1ke Modelica samu 6611 pean30BaHbl TPU T€HEpATOpA: JIMHEH-
ublit KOoHrpysuTHBIA reneparop (LCG), meron Pubonauuu ¢ 3anas3ibBa-
auem (LFG) u unBepcHbiit kourpysuTHbiii renepatop (ICG).

Kaxk mokazaJjio TectupoBaHue ¢ mmomoInbio DieHarder, us reneparopos,
He HUCIIOJIb3YIONIX TOONTOBbIE OIepaIuu, HanboJee KAIeCTBEHHYIO OCIe-
JI0BaTEIbHOCTD IICEBIOC/IY 9aiiHbIX dncest JaoT MeTo PuboHauyaun ¢ 3amnas-
JIBIBAHUEM U UWHBEPCHBIN KOHI'PY3HTHBIN reneparop. Hemocrarkom LEG re-
HEPATOPA SABJISETCs HEOOXOAMMOCTh B MUHUMYM D5 HAYAJbHBIX 3HAYEHUN.
DTy HaYAIbHBIE 3HAYEHUsI MOXKHO creHepupoBarh ¢ momornbio LCG rene-
paropa. ICG remeparop TpebyeT TOJIBKO OJHOIO HAYAJIBLHOTO 3HAYMEHWSI,
OJTHAKO €ro aJIFOPUTM CJIoXKHee 1o cpasheruio ¢ LFG.

U3 renepaTopoB, HCHOJIB3YIONIUX MMOOUTOBBIE OIEPAIMH BbIIEJISIOT-
ca reHepaTopbl xorshift*, xorshift+ m Buxppr Mepcenna. Bce omnn
JIAIOT OJIMHAKOBO KAYECTBEHHYIO TMOCJIEI0BATEILHOCTD. AJICODUTM BUX-
psi MepcerHa, OHAKO, HAMHOI'O 0OJjiee TPOMO3IOK, YeM xorshift* wmm
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xorshift+, MOITOMY JIJIsi TEHEPUPOBaHUS OOJIBIITNX MOCIEI0BATEIHHOCTEH
IpeaoYTUTEIbHEH ncroab30oBaTh xorshift* nan xorshift+.

4. 3akJjo4yeHue

B szakioueHnn KpaTKO IMEPEdHCINM OCHOBHBIE Pe3yabTaThl pabOTHI:
JaH 0630p HamboJIee U3BECTHBIX U 9(PMEKTUBHBIX T€HEPATOPOB PaBHOMED-
HO PAaCIpPEeIETeHHBIX TICEBIOCTYIaHBIX IUCET; ONMNCAHA METOTUKA TECTU-
POBaHMS TICEBIOCTY YAHBIX [TOC/IEI0BATEILHOCTE ¢ ITIOMOIIBIO HAOOpa TeT-
croB DieHarder; Bce OmmMChIBaeMble aJI'OPUTMbI peasin3oBaHbl B Buje C
dyukimit nwian wernocpeacreenno Ha OpenModelica u mporecTupoBaHbI ¢
noMoIbio DieHarder; onucanbl OCHOBHBIE OCOOEHHOCTH PEAJIM3AIINN TICEB-
JIOCIyJaiiHbIX TeHepaTopoB Ha si3bike Modelica; nmpuoauTCs psiji mpak-
TUIECKUX PEKOMEHIAIIIT 10 NCITOJIb30BAHNIO TICEBIOCTY YATHBIX TeHEPATO-

pOB.
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Component-based modeling language Modelica (OpenModelica is open source
implementation) is used for the numerical simulation of complex processes of
different nature represented by ODE system. However, in OpenModelica stan-
dard library there is no routines for pseudo-random numbers generation, which
makes it impossible to use for stochastic modeling processes. The goal of this
article is a brief overview of a number of algorithms for generation a sequence of
uniformly distributed pseudo random numbers and quality assessment of the se-
quence given by them, as well as the ways to implement some of these algorithms
in OpenModelica system.
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Abstract. The paper presents a computational technique for automatic polyp
detection in the colon via a video stream analysis obtained by colonoscopy and
processed by computer vision and deep learning algorithms. The most of effective
methods detecting polyps in colon is based on intense computation to localize
the candidate regions. The research implements frame color contrasting and
segmentation procedure analyzing not only color and texture region features but
also their locations to make the search faster and more reliable. To estimate
the performance of suggested technique we took CVC-ColonDB, the open public
access database contains images of colon with different polyps and a set of video
files illustrating the colonoscopy process provided by Arizona State University
and Arizona clinics in Phoenix, the USA. The obtained model demonstrates the
performance of the classification comparable to existing model that is working
faster, thus, the first mentioned model allows using the approach to solve the
practical tasks in order to reduce morbidity and mortality from colon cancer.

Keywords: colonoscopy, polyp detection, computer vision, segmentation, deep
learning.

1. Introduction

Every year more than 700 000 new cases of colorectal cancer are diag-
nosed in the world [1], particularly in Russia the figure reaches 50 thousand
cases and not all cases of the cancer are detected even at the last stage
[2]. Due to the late diagnosis of the disease its mortality is as high as 40%
within one year from the time of diagnosis of the disease and metastases
in the lever are detected almost in 50% of colorectal cancer cases [3]. The
physicists use effective screening tests to prevent colon cancer including
colonoscopy. It allows testing colon by visual analysis of its inner surface
to locate polyps that are abnormal growths of tissue and signals the emer-
gence of cancer. Such analysis has reduced the likelihood of cancer by 30%
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Polyp structures Non-polyp structures

Figure 1. Different polyps variations and visual structures are not polyps

[4]. However, the quality of analysis is based on operator’s experience and
skills and therefore it allows possibility of medical errors. Some researches
estimate the miss-rates as 25% [5]. Software exploring colon surface to
detect polyps seems to help physicists diminish errors.

2. Related research

There are some works analyzing colonoscopy images for detecting
polyps, including implementation of texture, color and shape descriptors.
Fig. 1 illustrates different polyp and non-polyp structures that show the
complexity of detecting based only on one type of image descriptors. The
research of Karkanis et al. [6] uses color and texture descriptors that are
less effective due to large color variations of polyps, and distance between
single-focus camera and polyps. The shape of the most newborn polyps
is elliptical and Hwang et al. [7] explored the edges on the colonoscopy
process frames to see such elliptical structures. But practically elliptical-
and round-shape regions can be obtained for non-polyp structures includ-
ing light spots, liquid in colon, or anatomical features of colon. Park et
al [8] used spatio-temporal features to find the polyps. The method uses
some neighboring frames and estimates the difference, generating delayed
feedback on the polyps locations. Tajbakhsh et al [9], [10] suggested
combining edge detection methods to select a set of possible candidates
for classification and neural network remembering edge, texture and color
features from the training set. The last research demonstrated very high
detection quality but the time of processing is a disadvantage of research.
In paper [11] the detecting software needs 2.6 seconds to process a frame
from the colonoscopy video.
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Original image T=30 T=60 =90 T=120

Figure 2. Adjusted frames with different threshold parameter T'

3. Proposed technique

We suggested using image contrasting and advanced segmentation to
select the possible polyp regions and classify candidates by convolution
neural networks to make the processing fast. The proposed contrasting
method is based on the threshold parameter T value. The used expression
computing the contrast C' can be defined as:

C = ((100.0 4+ T)/100.0)?

The formula implemented in adjusting the contrast of pixel’s color com-
ponents [12] is expressed as:

1
!
I ((255.0 0.5) x C' 4+ 0.5) x 255.0
In the formula the symbol I’ represents the contrast adjusted color compo-
nents Blue, Red, and Green. I depicts the original color components Blue,
Red, Green values prior to being updated. As all the color component val-
ues may occur only from 0 to 255 inclusive the modi-fying algorithm checks
if the newly computed components fall within the valid range.

Fig. 2 presents two sets of contrasting images containing polyp regions
with different threshold value. The frame modified by the mentioned con-
trasting is processed by Canny algorithm [13] to eliminate regions with
a weak change in intensity gradient and select the pixels corresponding
to the most significant change in the direction of the gradient, i.e. edges.
The obtained edges are not the features of polyp themselves, as they may
separate not only polyp regions from colon but also different colon regions,
light spots, or specific intestines features. We suggested using image seg-
mentation KMCC algorithm [14] to localize regions with similar pixels.

Our KMCC algorithm implementation analyzes color features in the
La’b’ space, texture features, and segment centers spatial distribution. The
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Figure 3. Combining edge maps from contrasted image and KMCC regions for
different polyps

color feature vector of pixel p = [p;, p,| consists of color components in the
CIE L*a*b* space: I(px) = [IL(p), L.(p), In(p)]- The texture vector T}, uses
Discrete Wavelet Decomposition (DFD) based on the low-pass Haar filter.
First of all the algorithm splits the frame into square non-overlapping
blocks of dimension f and computes intensity and texture features for
each block. For each separated region the algorithm calculates its intensity,
texture and spatial centers Iy, T), Sk respectively. Additionally it mdifies
intensity values implementing the following filtering to eliminate intensity
fluctuations pronounced:

J(p) = 1(p),ifIT(p)l| < Tin

or

2
Z a), if[IT ()| = Tin

%I»—*

where Ty, = max (0.65 # Tz, 14) and T4, denotes the ||T(p)|| max-
imum value in the image. Updated region intensity centers computed by
the mentioned filtering are denoted Ji. All the pixels are associated with
regions using a distance of a pixel p from a region s; expressed as:

_ _ A _
D(p,sk) = 1J(p) — Jkll + [T (p) — Thl| + X * A—k||19—5k||

where Ay, is the area of s;, and A is the average size of all regions, A=1is a
regularization factor, and ||J(p) — Ji||, ||T(p) — Tkl|, |lp — Sk|| are the Eu-
clidean distances of the intensity, texture and spatial vectors respectively.
So the region s with the smallest D(p, i) includes the p pixel.
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After the algorithm connected all pixels with all regions based on their
D(p, si) distance, the method merges regions with the closest used features
implementing the distance rule. The algorithm joins KMCC regions to get
finally M = 40, the number of required regions. Finally tiny regions are
absorbed by their big neighbors. A polyp candidate region includes one
or some KMCC regions that are fully or partially surrounded by detected
edges. Fig. 3 illustrates some outcomes combining edge maps and KMCC
algorithm that are obtained from different colonoscopy frames.

After multiple tests we determine the number of KMCC regions in the
polyp is usually one or two. Three KMCC regions inside of polyp are a
very rare case. When the algorithm detects such candidate it extracts the
square region including mentioned KMCC regions from the given frame
and scales it to 32x32 image. As a polyp classifier we used a convolution
neural network trained by deep learning methods implemented in [15].
The network is an alternation of two types layers, in-cluding convolution
and subsampling neurons. Convolution layers are tuned to local-ize spe-
cific features, such as angles of combinations of lines. The layers located
on the higher level combine more simpler features to memorize fragments
of objects from the training set. The subsampling layers are used to group
closest neurons in the convolution layer that makes classifier less sensitive
to small changes and noise. The last classification layer is connected with
all the neurons located in the previous layer and it performs the aggre-
gation of all detected features. Because a binary classifica-tion (polyp -
non-polyp) the final layer comprising only two neurons associated with
each decision. After activating the network solution related to the classi-
fication neuron with the larger output value is selected.

4. Experiments and results

To estimate the performance of the proposed technique we took 200
training samples of abnormal proliferation of epithelial tissue and 200 im-
ages containing no abnormal features, but having distinctive boundaries,
fecal matter, specific blood vessels and light patches in colon from the
public CVC-ColonDB database. The proposed convolution network was
trained deep learning Adadelta [15] algorithm for 25 minutes. Then we
tested the software with new 200 32x32 pixel patches scaled from CVC-
ColonDB the model demonstrated good quality with AUC=0.92. Then
we took some video records of colonoscopy obtained from Arizona State
University and Arizona clinics and estimated software performance for
candidate region extraction and classification. In research we compared
our results obtained with out-comes of some previous researches, includ-
ing Tajbakhsh et al. [9] [11], Bae et al. [16] and Bernal et al. [17] [18].
Fig. 4 combines all mentioned results as FROC charts presenting the qual-
ity of models. Our technique demonstrated the quality that is compared
with [9] and worse than [11].
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Figure 4. Different polyp detecting models comparison

Although both methods in [11] work better than our approach the
proposed technique works faster. So, the model developed in [11] needs
2.6 second to process a frame and our model estimated with 4 Cores Intel
Core i7-4700HQ 2,4 GHz proces-sor and 8 Gb RAM for takes 1.2 second
per frame.

5. Conclusions

The obtained results demonstrate the combination of KMCC segmen-
tation and contrasting is able to extract the most of polyp colons and
the model doesn’t need so many intense computational resources as it
effectively eliminates the most non-polyp fragments. However the classi-
fication performance is still the question in case of unusual polyp forms
or the specific polyp location that gets KMCC regions including polyp
and neighboring colon tissue. To solve such task we believe the analy-
sis of segmentations from neighboring frames allows observing colon 3D
structure. The second aspect of analysis includes the tuning of algorithm
settings based on concrete patient, as the current algorithm doesn’t take
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into account the specific colon features, such as color, texture features, and
lightness. However even the proposed technique can be used by operators
in their practice.
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Awnnoranusi. B crarbe onmcan mozgxo/; K pazpaboTKe MOZIEIN B3auMOJIEHCTBUS
[10JIb30BaTeNsI C PaCIpeiesieHHON nHMOpMaoHHOi cucremoil. Cucrema 3j1eK-
TPOHHOI'O JIOKyMEHTO0O0POTa PACCMATPUBAETCS B KAaYeCTBE IPUMEpPA peain3a-
MU pacIpeie/IeHHON HHMOPMAIOHHON! CHCTEMBI.

KuroueBble ciioBa: pacupefiesieHHble MHMOOPMAIIMOHHBIE CHCTEMBI, CHCTEMBI
JIEKTPOHHOTO JIOKYMEHTOO0OPOTA, YIPABJIECHUE.

1. Bsenenne

Pacnpenenenabie nndopMaImoHHbIe CUCTEMBI TPEIHAZHATEHBI JIJTsT
[IPEJIOCTaBJIEHUsI [T0JIb30BATEJISIM JIOCTYIIa K MH(POPMAIMOHHBIM PECYPCaM,
HaXOJIANUMCS Ha PA3JINIHBIX Y/IAJIEHHBIX CEPBEPaX, & TaKKe [IJIsi OPraHu-
zanun 3G @HEKTUBHOTO, COBMECTHOTO HCIIOJIH30BAHUS ITUX UH(MOPMAIMOH-
HBIX PECYPCOB 1YesIoBeKOM [3].

[TosTomy mHTEpdeEiic MOMBL30BATENS ABIIETCS BAXKHONW COCTAB/IATONIECH
Kaxk ol mHMOpMannoHHoit cucreMbl. T.K. pacmpesesieHHas wHOOPMAIU-
OHHAsl CHCTeMa, IIPe/IHA3HAYEeHa, JIJIsl [IPEJIOCTABJIEHHUIO [10JIb30BATE/I0 UH-
dopMmaImu, ciie0BaTeIbHO, OT TOIO HACKOJIBKO SPrOHOMUYHO Pear30-
BaH IOJIb30BATEIHCKUI nHTEepdeiic MHMOPMAITMOHHON CHCTEMBI, 3aBUCHUT,
HAaCKOJIBKO OyJ1eT 3(pHEKTUBHO T€TOBEKO-KOMIILIOTEPHOE B3aUMOJIEHCTBIE
[1]. Dpromomuwanbii mosb3oBaTeNbCKU WHTEpDETC 00ycIaBIIBaeT -
deKTUBHOCTh MH(MOPMAIMOHHON CUCTEMBI B PEIIEHNN KOHKDPETHBIX 3a/1a4
CTOAINUX IepeJ] MOJIb30BATEIEM, T.e. UMEHHO II0JIb30BATEIbCKUN WHTEP-
deiic onpenenser 3pPEKTUBHOCTD UCITOIB30BAHNS BCEl CHCTEMBI B IIEJTOM.

2. Onwucanue mMoaejn B3anMOIeHCTBUS

Mogenb B3anMOIEHCTBUS MTOJIB30BATENSI C PACIPEIEeIEHHON nHpOopMa-
UOHHON CcUCTEeMOl, MOXKHO IIPEACTAaBUTL COCTOLAIICH U3 TPeX YPOBHEI:
YPOBEHb IIPEJICTABJICHUAS W/ IIPE3CHTAIIMOHHLIN YPOBEHb, YPOBEHb Opra-
HU3AIUU JIOCTYIIa K JIAHHBIM U YPOBEHb YIPABJECHUS paclpeleIeHHbIMA
JIAHHBIMU WU WH(MOPMAIMOHHBIMUA PECYPCAMU.

Mogenb ypoBeHsT TPeICTABICHHS OIUCHIBAET B3aUMOIEHCTBIE TTOTH30-
BarTesisi ¢ mHTEPGENCOM pacipe e leHHol nHpOopManoHHoi cucremoit. Ha
YPOBHE OpraHu3alluy JOCTYIIA K PaCIIPeIeJIeHHbIM JIaHHBIM MOJIEJIUPYEeTCS
B3aMMO/IEHCTBIE TIOIB30BATE/IS C CEPBEPOM IpUIOXKeHuit. Moeab ypoBeHs
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—
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Mogens ypoBHS
NpeacTaBlIeHUs

Mogens ypoBHA
OpTaHM3aliH TOCTYMa

Mogens ypoBHS CHCTEMBI YIPABIESHHS
pacrhpeneneHHEIMA TaHHBIMH

—)
—

Puc. 1. YpoBHEu Mozen B3auMOI€CTBHUS

CHCTEMBI yIIPABJIEHUS PACIIPEIETEHHBIMU JAHHBIMUA OIICHIBAET (DYHKIMO-
HUPOBAHNE CUCTEMbI YIIPABJEHUS PACIPEIEICHHBIMU H6a3aMU TAHHBIX CM.
puc. 1.

B kadgecTBe 00beKTa MOIETUPOBAHUS PACIPEIETEHHON HHMOOPMAIINOH-
HO¥ CHCTEMBbI ObLiIa UCIOJb30BaHA CUCTEMY JIEKTPOHHOI'O JOKYMEHTO000-
pora [2]. MogenupoBaHue OCyIECTBIISLIOCH C UCIIOAb30BAHUEM MATEMATH-
JecKuii annapara TEOPUH MaccoBOro obciyKuBaHus [4] m reopum mnpu-
uarus pemenuit  [6]. OcHOBHOe NpegHA3HAYEHUE CUCTEM JIEKTPOHHOTO
JIOKYMEHTO00OpOTa - PACIPE/IeJICHNIEe 33/ IaHIi MeXKIy HOJPa3/Ie/IeHIIMA
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OpraHu3alliy, B COOTBETCTBUE C KOMIIETEHIINE 10Ipa3/iesIeHNi, JJId Hal-
JIe?KAITero BHITTOJTHEHN 33 1aHuil. Pactpesesenne 3a/1anuil OCcyIecTBIseT-
Csd COIVIACHO PaCIIPe/IeJICHUIO OIIEPATUBHO IOCTYIAIOMNX JOKYMEHTOB, Ta-
KM 00pa30M, CHCTEMY JIEKTPOHHOIO JIOKYMEHTO000POTa MOXKHO IIPEICTa-
BUTH KaK COBOKYITHOCTD ITPABUJI IIPEJICTABJIEHUS U OOPAOOTKU JTOKYMEHTOB
B opranm3aiuu. OCOOEHHOCTHIO CHCTEM 3JIEKTPOHHOTO JIOKYMEHTOOO0PO-
Ta, OPUEHTUPOBAHHBIX Ha aBTOMATU3AIINIO YIIPABJIEHIECKOIl J1eATeTbHOCTH
SIBJISIETCS] B3aUMOCBSA3b CIIOCOOOB TpeJICTaBICHUsT NHAMOPMAIIMH HEOOX0 M-
MO JIJId IPUHATHUS YyIIPaBJIECHUYECKUX pelleHU!l KOHKPETHBIM YeJIOBEKOM —
JIMIIOM TPUHUMAIONINM PEIIeHUsl C IIPOIeCCaMU YIIPABJIEHUS B KOHKDPET-
Holt opraamzanuu [2]. [Tosp3oBaTesyn, OCYIMECTBIISIONTE B3AaUMOIEHCTBIE
C pACIIPE/IEIEHHON CUCTEMO JIEKTPOHHOIO IOKYyMEHTOODOPOTA, TOJIZKHBI
XOPOIIIO TIPEJICTABIISITH OOIIYI0 CTPYKTYPY BCEIl OPraHU3AINN U CIEIUMUKY
pabOTHI OT/IEBHBIX BEJIOMCTBEHHBIX MOIpas3/ieaeHnil [5], BBIIOIHSTH aHa-
JIn3 JOKYMEHTOB U PACHPEIe/IsTh 33 IaHus — BCE 9TO HEBO3MOXKHO 0e3 ap-
TOHOMMYHOTO TI0JIb30BaTE/ILCKOr0 MHTEepdEca paCIpeIe/eHHON CHCTeMbI
3JIEKTPOHHOIO JIOKyMeHTooOopoTa. Ilpu MomesinpoBanny B3auMoI€fCTBHS
[TOJTb30BATEIIA C PACIIPEIEIEHHON NH(MOPMAIMOHHON CHCTEMOH’, eIeco00-
Pa3HO HCIIOJIB30BaTh COBOKYIHOCTH IIPEJICTABJIEHUN, KaXKJI0€ U3 KOTOPBIX
OIIACBIBaeT B3aUMO/IeiCTBHIE 10/Ib30BaTe I 1101 OlIPeJIe/IeHHOM YIVIOM 3pe-
Husd. B KagecTBe TaKuX IpPEeICTABICHUNA MOy T IIPUMEHATHCH: 1) IpejicTan-
JIEHUE WCITOJIb30BAHUsI PACIIPEIeIEHHON NH(MOPMAIIMOHHONW CUCTEMBI 10JIb-
30BaTENIAMHY; 2) IpejcTaBieHre (DyHKIIMOHNPOBAHUS PACIPEIeICHHON HH-
dopmMarmoHHOil crcTeMbl; 3) TIpeJCTABIEHNEe DA3BUTHs PACIIPEIeTIeHHOI
nuMOPMAITMOHHO} cucTeMbl. [IpHopuTeT TOrO MM MHOTO MPECTABIEHUS,
OIIpeie/IsieTCsd KOHKPETHBIMU 33/Ia9aMU, CTOANAMHA TT€pPe]] pa3padoTInKa-
MU MoJiesin. B paMKax HaCTOAIIEro uCC/IeJ0BaHNs, IIPEICTABICHNIE UCIIO b=
30BAHUS SIBJIAJIOCH OIIPEJIEJISIIONIIM, [TOCKOJIBKY JI00as nHMOPMAIMOHHAS
CHCTeMa ONITUMAJIBHO UCIIOJIB3YEeTCs TOJIBKO TOI/IA, €CJIN OHA YAOBJIETBODSI-
eT KOHKpEeTHbIE TTOTPEeOHOCTH Tosb30oBaTeseit. IIpuopurer npegcraBieHns
IIPUMEHEHUsI CUCTEMBI IIPeJIIIoJIaraeT yueT SprOHOMUYECKUX IIoKa3aTeseit,
TaKUX KaK, HAJIEXKHOCTh, 3(PHEKTUBHOCTD, 6€30IMTNO0THOCTD, & TAKXKe IC-
TEeTUIHOCTH OJIb30BATE/ILCKOT0 nHTEpdeEiica.

3. 3akJirouenue

Vder 3proHOMUYECKHUX IIOKa3aTesell Ipn pa3paboTKe MOIEIHN B3auMO-
JefCTBUS TOJI30BATENS C PACHPEIeIeHHON MH(MOPMAIMOHHON CHCTEMO
[TO3BOJIUT JIOCTUYh BBICOKHMX ITOKa3aTeJiell KAIeCTBa U HAJEKHOCTU JIesi-
TEJIbHOCTH II0JIb30BATEJIS IIPYU B3AUMOIEUCTBUN C PACIIPEIeTIEHHON NHAOP-
MAIIMOHHON CHCTEMOit, OYIeT CIIOCOOCTBOBATEH IMOBBIMIEHUIO I(PPEKTUBHO-
CTH B3aUMOJIEHCTBUS C pacupeie/ieHHON nH(pOPMAIIMOHHON CUCTEMOI B I1e-
JISIX PelleHusl KOHKPETHBIX 3a/1a4, CTOAIIUX [I€PE]] II0JIb30BATETIEM.
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MaremaTuvdeckoe mojiesimpoBanue (bopMupOBaAHUS
3ddekTuBHBIX NOpTdeseit B yCIoBUIX
HeOoIIpe1eJIEHHOCTH

O. B. Bokosa*, A. B. Kpaues*, /. E. CiauBa*

* Hayuonasvnutd uccaedosamenvekut adepruvitl ynusepcumem «MU DU »,
Kawupckoe wocce 31, Mockea, Poccus, 115409

Annoranusa. B nokrae npuBeieHbl cxeMbl OpMUPOBaHUS 3(DDEKTUBHBIX UH-
BECTHUIIMOHHBIX MOPT(EJieii, B TOM YKCJIe B PAMKAX KOTOPBIX, B OTJIUYUE OT KJIAC-
CHUYECKHX CXEM, HEOIPEIEJIEHHOCTh B 3HAYEHUAX (P DEKTUBHOCTH MOXKET OIUCHI-
BaTHCsl HE CIIyYailHBIMM BEJIMIMHAME, a HedeTKuMH ducaamu. OiHa U3 paccMoT-
PEHHBIX CXEM II03BOJISIeT CBECTH 3ajiady (opMmupoBanusi 3hMOEKTUBHBIX IOPT-
deuteit K 3ajave HEJIMHEHHOIO IPOIrPAMMUPOBAHUS, KOTOPAs PEIIAETCS METO/IOM
nrepanuit. [IpeacraBiensl unciieHHble pe3ysbTaThl GOpMUpoBaHus bMOEKTUB-
HBIX TTOpTdeIeil.

Kuarouesbie ciioBa: 3 deKTuBHBIE TOPTQETH, HEONPEIEIEHHOCTb, HEYETKIE
YUcaa, METOJ UTEPAIU.

1. Bsenenne

O/1Ha 13 OCHOBHBIX 3a/1a9 S9KOHOMUKH SIBJISIETCS PACIIPEIeJIEHIE PeCyp-
COB B YCJIOBUSAX, KOr/a 3(hMOEKTHBHOCTD UCIIOJIH30BAHUST PECYPCOB MOCIE
UX pacrpeieieHns UMeeT HeOlPeIe/IEHHbII XapakTep. B HacTosiIee BpeMst
JIJTsl TIOCTAHOBKY U peleHust 3aja4 (opMupoBanus 3OMOEKTUBHBIX TOPT-
deseit MUPOKO UCIOIB3YETCST HECKOJIBKO cxeM. Hambosiee n3BecTHBIME sIB-
asirorest nocranopku Mapkosunia 1 VaR (Value at Risk)- nocranoska. B
HACTOAIIEH paboTe paccMaTpUBAETCs TaKXKe MTOCTAHOBKA, (DOPMHUPOBAHUST
3 PeKTUBHBIX TOpTdeseil, NCIoAbL3YIoNasd HeIeTKNEe UNCIa, JJIsT OIMUCA-
HUsI HEOIIPEIeJIEHHOCTH 3HadeHn! 3D OEeKTHBHOCTH.

2. Marematudeckue moaesiu popmMupoBaHusa 3P HEeKTUBHBIX
noprdeei

B cxeme I'. MapkoBuria poib prucka BBITIOTHSIET JACIIEPCHT THTETPAJIb-
HOM 3 deKTHBHOCTH (JOXOIHOCTH), & POJIb OXKHUJIAEMON BEJININHBI MHTE-
rpajbHOil 3 dekTUBHOCTH €€ cpejHee OXKumaemoe 3Hadenne. Maremarn-
qecKkasi MOJIeNIb cXeMbl MapKOBHIIa B IIPOCTEINeil MOCTaHOBKe 6€3 JOMOJI-
HUTEJIbHBIX OrpaHUueHnil umeer Buf [1,2]:
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0? = (Wx,x) — min,
x

my, = (m, ) — max,
xr

. (1)
dowi=1la;>0,i=1,..,n,
i=1

rjie & - BEKTOP J10JIefl MHBECTUIMOHHOTO TopTderst; W - KoBapUaIHOHHAS
MaTpHIa JOXoaHOCTel R;; 1 = (my, ..., my)7 - BEKTOp cpesHUX OXKuTae-
MBIX 3HaYeHuil qoxoamocteit R;, 1 =1,...,n.

Kak u3BecTHO, MHOXKECTBO DeIleHuil JIByXKpuTepuaibHoii 3amzaun (1)
OTIPEJIENIIETCST COBOKYITHOCTBIO periennii [lapeTo, KoTopoe B Teopun MHBE-
CTUPOBAHUS MPUHATO HA3BIBATH MHOXKECTBOM 3(D(PEKTUBHBIX OPTQhEIEi.

ITTupoxkoe pacmpocTpanenue moaydnia Tak:ke VaR - mocranoska ¢op-
mupoBanus 3¢ derTuBHbX moprdesneii [3-6]:

min(p(R(Z < Ryisk)), T € X,
mal’(Rrisk(f))vf € Xv

(2)
e & - BeKTOp soieit noprdetsi, R - narerpaabaas 3OEKTHBHOCTD TOPT-
dems, p(Ry(Z < Ryisk) €CIb BepoATHOCT HepaBeHCTBa Ry, (T) < Ryisk, X
€CTh MHOXKECTBO OTPAHUIeHUi Ha 10U noprdess .

VaR-nmocranoBra (2) Tak ke, Kak u cxema Mapkosua (1), mmeer
nBa kpurepus. llepsoiii Kpurepmii R,;s, - paBas TPaHUIA MHTEPBAJIA
R(Z) < Ryisk. Bropoil Kpurepuii, KOTOPBI UrpaeT poJib PUCKA, - BEPO-
araoctb p(R(Z < Ryisk)-

Huke mjisi onucanusi HeONPEJIEJIEHHOCTH 3HAYeHUN 3DdeKTUuBHOCTH
paccMaTpuBaeTCs OJ[HA M3 BO3MOXKHBIX MOCTAHOBOK hopMHUpOBaHUs -
dexkTuBHBIX IOpTdQENeil, NCIONB3YIOMAs HEIETKIE TUCIIA.

B Takoit noctaHoBKe MareMaTudeckast Mojesb (popMupoBanus 3¢ dek-
TUBHBIX MOPTQEIell MOXKET UMETh CJIe Ly PO B

R, = ZL - R(x;) — max
i=1

n
Ty = Za:l -ri(x;) — min
i=1

0<z; <l,i=1,...n,

n

in'Vi:&

=1
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rae R, - unrerpansuas sddexrusnocts noprdensd; Ri(z;),i=1,...,n
- oxumaemoe 3uadenne d3POEKTUBHOCTU IS ¢-TO O0HEKTa BJIOXKEHUs pe-
CYPCOB; Tp, -BEeJIMYMHA PUCKA YMEHBINEHNs PeaN3yeMOro 3HaYeHNs MHTe-
rpanbHOil addexkTuBHOCTH TIOpTdENss; 7;(x;), i = 1,..,n - BeAMIMHA PHUCKA
VMEHBITIEHNST PEATN3yeMoro 3HadeHnsa 3POEKTUBHOCTH I i-TO 00bHEK-
Ta, BJIOXKEHUsi; T;,t = 1,..,m - J0Jis BJIOKEHUS PECYPCOB B i-ii OOBEKT,
BKJIFOUEHHBI B paccMarpuBaeMble noprdenn; V;, i = 1, ..., n-11o/IHbIi BO3-
MOXKHBI 00bEM BJIOYKEHUsT B i-if 0ObEKT; S - CyMMapHbBIi 06beM pecypcoB
noprdens (0< S <V =37 V).

Bagaqa (3), Tak ke, Kak u 3aqaun (1) u (2) - ABYXKpHUTEpHAJIbHAS C
JIByMsl HEJIMHEHHBIMUA OTHOCUTEJIBHO UCKOMBIX TIEPEMEHHBIX T;,1 = 1,...,M
KpurepusiMu R, 1 7, IOJIeXKaMIMI MAKCUMUA3AIAN 1 MAHIMHA3AIIH, CO-
OTBETCTBEHHO.

Benmaunet R;(x;),i = 1,...,n - oxxugaeMbix 3uadenuii 3ppekTuBHOCTI
u ri(x;),i = 1,..n - 3HaYEeHUIl PUCKA YMEHBIIEHUS DEATU3YEMbIX 3HaUe-
Huit 3¢pDEKTUBHOCTU MOTYT OIPEIEIAThCS Ha OCHOBE OIEHOK IKCIIEPTOB C
ITOMOIIbI0 HEYETKUX JHUCEJI.

Hust naxoxaenns pemternit Ilapero nByxkpurepuasibHoii 3agaqu (3) ¢
JIByMsl HEJIMHEHHBIMU KPUTEPUSIME PEAJU30BAH METO, UTEPAIHii, COrIac-
HO KoTopomy 3Hauenust R;(x;),i = 1,...n u ri(x;),i = 1,...,n 6epyrca
JUIst Z;,% = 1,...,m ¢ npejplayIero mara. TemM cambiM, Ha KaXKJIOM IIare
urepanuii HeJnHelHAs 380898 (3) CBOAUTCS K 3a/a4€ ¢ JIBYMsl JMHEHHBIMU
KPUTEPUSIMU, PEIIAEMOIl ¢ OMOIIBIO aJIFOPUTMA, [IpecTaBieHHoro B [7]. B
JIOKJIaJIe TIPUBEJEHBl YUCJIEHHbIE Pe3yJIbTaThbl (POpMUPOBaHUsS IPdeKTUB-
HBIX nopTdesteii B mocTanoBke (3).

3. 3akJjrouyenue

B mokmazne mpesncraBieHa HOBasi MOCTAHOBKA 3aa9u (POPMUPOBAHUS
3 dekTuBHBIX mopTdeieil ¢ AByMsi HEJUHEHHBIMU KPUTEPUSIMU, 3HAUE-
HUsI KOTOPBIX MOXKET OIPEJEIATHCS C IOMOIIBIO IKCIIEPTHBIX OIEHOK C
HCITOJIb30BAHUEM HEYETKHX Unces. Takasl IMOCTAHOBKA 33/1a9d JTAET BO3-
MOXKHOCTH YYHUTBHIBATH 3aBUCUMOCTDH XaPaKTEPUCTUK BO3MOXKHBIX HEOIpe-
JIEJICHHBIX 3HaYeHnl 3(DMEKTUBHOCTH UCIIOIHL30BAHUS PECYPCOB OT COCTABA
dopmupyembix 3¢hbEKTUBHBIX TOPTQEIEit.
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* National Research Nuclear University "MEPhI", Kashirskoe shosse 31,
Moscow, Russia, 115409

The report introduces effective investment portfolio formation schemes, such
that risk measure is, unlike classical schemes, not a stochastic variable, but a
fuzzy number. One of the schemes depicted allows to convert the portfolio opti-
mization problem to the nonlinear programming problem, which can be solved
iteratively. Numerical results of effective portfolio formation are presented.
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Awnnoranusi. B jokiajie npeicraBieHbl pe3yiibTaThl UCCye10Bannil 3 deKTuB-
HOCTH COBPEMEHHBIX MaTEMATHYECKUX METOJO0B OOpabOTKM BPEMEHHBIX DPsIZOB
busnyeckux HaOJIOJEHNI B YCIOBUIX HAJTIUYNS AaHOMAaJbHBIX BBIOpoCoB. Vccite-
JIOBaHMS I[IOKA3aJIH, UTO PaCcCMaTPHBaeMble METOJbI 00JIaJaloT CBOWCTBOM PO-
GACTHOCTH U MO3BOJISIOT JOCTATOYHO 3((DEKTUBHO BBHIAEISITH TPEHIOBBIE U AHO-
MaJIbHbIe KOMIIOHEHTBI.

KurroueBbie ciioBa: mMareMaTHYeCKHe MeTO/bl 00pabOTKU JIAHHBIX, AHOMAJIb-
HbIe BBIOPOCHI, POOACTHOCTD, TPEH/I.

1. Bsenenwne

B mamHOM wncciieioBaHuE HCCIeI0BAIACH IDMHEKTUBHOCTL COBPEMEH-
HBIX MATEMATUIECKUX METO/I0B 00PADOTKN BPEMEHHBIX PsI/IOB (DU3UIECKUAX
HaOJIIOJIEHNI HA TIPUMeEpE 3aJ[a9d BBIIEJCHUS TPEHIA B JTaHHBIX HEHTPOH-
vOoro MmoumuTopa. Cerh HEHTPOHHBIX MOHUTOPOB — MHCTPYMEHT JIJIsl UCCJIe-
JIOBaHUII KOCMUYeCKUX nu3Jrydenuii ¢ sueprueii > 400 MsB, nozBossrormuit
GbUKCHPOBATH TPOSIBJIEHUsI COJTHETHON aKTUBHOCTH B BUJI€ KPATKOBPEMEH-
HOJi FeHepaIiy COJHETHBIX KOCMUIECKUX Jiyueit Bbicokoii aneprun (CKJT).
CKJI BBI3BIBAIOT BO3pacTaHUE WHTEHCUBHOCTA KOCMHUYECKHX JIydeil B BU-
Jle HEIPOJIOJIXKUTETBHOIO «BCILIECKa». AMILUIMTY/Ia BCILIECKA HEBEJIUKA W
MOXKET OBITh MAJIO 3aMETHA, C YI€TOM CTATACTUIECKUX (DIIYKTYAIMT n3Me-
peHMsI MHTEHCUBHOCTH B OT/IEJIbHBIX TOYKAX BPEMEHHBIX DPsI0B [1,2].

2. BbigeneHusi TPeHIOB M aHOMAJIAH

B zajade BoieieHnsT TpeH 18 CPABHUBAJIICH TPU METO/Ia, OJUH U3 KOTO-
PBIX Ga3mpyeTcst Ha JIOKAJIBHBIX AlPOKCUMAINAX |3, BTOpoit — Ha mpuMe-
HeHMN POOACTHBIX KyOUYecKux CIUIAiHOB [4,5], a TpeTuii - Ha UCII0JIB30Ba~
HUM METOJIa CHEeKTPaJIbHO-CUHYIsipHOro anammu3a (SSA). g Boiienenus
TPEHJIOB U aHOMaJuil ObLIN BBLIOPAHBI CUHXPOHHBIE H-MUHYTHBIE BPEMEH-
HbIe PSAbI HEHTPOHHBIX MOHUTOPOB C HU3KUM T€OMATHUTHBIM ITOPOTOM,
HaXO/ISIIMUXCS B PA3HBIX TOYKax 3emumn. llocie yrmajieHust TpeHIOB MpPO-
BOJIMJIOCH TIO3JIEMEHTHOE IPOU3BEJIEHUE PSAJIOB OCTATKOB, UTO TO3BOJIMJIO
YBEJUYUTh OTHOIIEHUE CUIHAJI/IIYM 3a CYeT KOrepeHTHOro sdgdexra, B
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Puc. 1. IIpoussejieHre ocTaTKOB HOCJE yJIaJIeHNs] TPEHa MeToAoM SSA

pe3yJibraTe 4Yero, Te yYaCTKH BPEMEHHBIX PsijioB, rye Habsogamncs CKJI
YCHJIUBAJIA JIPYT Jpyra. Jlamubie JeiicTBUs MO3BOIMIA Y€TKO YBUAETH HA
rpaduke MposiBjieHHe cojinevdHoil akTuHocT. Ha puc.l mokasan pesysib-
TaT pabOTHI OIUCAHHOTO AJI'OPUTMa C HMCIIOJIb30oBaHueM meroia SSA. Ha
rpaduke BUJEH OJMHOYHBIA MUK, COOTBETCTBYIOIINN MOMEHTY ITPOSIBJIE-
HUsl aHOMAaJIbHOM costHeuHolt aktusHOCcTH (T.H. GLE NeTl (ground level
enhancement) koropoe 6buio 3aperucrpuposano 17.05.2012 B 03:05 mo
MHUpOBOMY BpemeHnm). Takasi yKe KapTWHa, B BHUJE OJMHOYHOTO IMKA, Ha-
OJII0JIA€TCS TIPU UCHOJB30BAHUY JIJIsI CHITUS TPEHJA METOJa JIOKAJHHBIX
AIIIPOKCUMAIMOHHBIX CILJIAHHOB.

[Ipu mcronb3oBanuM MeTOAa POOACTHBIX KyOMYIECKUX CILJIAMHOB, B OT-
JIM9Ue OT JIBYX MPEJBLIYINUX, He OBbLIO MOJYyYeHO (PUNIECKU ZHAUUMBIX
pesynbraToB. OT9acTH, 3TO MOXKET OBITh CBA3aHO C €r0 MEHbIIeHl THOKO-
CTBIO IIPH CIUVIAXKUBAHUY CUJIHLHOZAIYMJICHHBIX, HECTAITHOHAPHBIX PSIIOB.

3. 3akJjrodyeHue

B nammoit pabore mpecTaBiIeHbl CXEMbBI BBIJEJIEHIS TPEHIOB U AHOMa-
JIil B psgfiaX HERTPOHOB KOCMUYIECKUX JIydeil. /[Ba MeToma u3 Tpex mpoje-
MOHCTPUPOBAJIM PE3YJIbTATHI, COIJIacylonmecsa ¢ (bU3NIecKuMu HabJIIo/e-
nugmu. [IpuMmenenne 3Tux cxeMm K 00pabOTKe JAHHBIX COTHEIHOTO W3JIyte-
HUsI TOKA3aJ10, 9TO C UX ITOMOIIBIO MOYXKHO JIOCTATOYHO HAJIEXKHO BBIIEJISITh
AHOMAJIbHbIE M3MEHEHUsI HHTEHCUBHOCTHU ITOTOKA KOCMUYECKUX JIydeil, CBsi-
3aHHBIE C COJIHEYHOI aKTUBHOCTHIO.
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006 anrebpamvieckux CTPyKTypaX, CBA3aHHBIX C
MeXaHUKOII 6ECKOHEYHOMEPHBIX CUCTEM
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Awnnoraums. Ycranosnena csaspb (S,T)-npounssenennii, G-KOMMyTATOPOB, KOM-
MyTaTopoB ¢ JIu-momyctumbivMu arebpamu u anrebpamvu Jlu. BeisiBiaeHa Takxke
B3aMMOCBSI3b YKA3aHHBIX AJIreOpandecKux CTPYKTYP C MEXAHUKON OGECKOHEUTHO-
MEpPHBIX CHCTEM.

KuroueBble cioBa: koMmmyrarop, G-kommyrtarop, (S,T)-nupoussenenue, Jlu-
noryctuMasi anrebpa, anrebpa Jlu, renepaTop cHUMMETpPHH, OIEPATOD PEKYPCHUH.

1. Bsenenune

3HaveHue ajredpandeckux CTPYKTYP B MCCJIEIOBAHUSIX COCTOSIHUSI CH-
CTeM pAa3IMYHON (PU3NIECKOil IPUPOJBI U3BECTHO C JMaBHUX mop. Tak, B
KBAHTOBOI MeXaHUKe HAO/IOMaeMble SBJISIIOTCS CAMOCOIPSIYKEHHBIMA OITe-
paTopaMu B HEKOTOPOM THJILOEPTOBOM IPOCTPAHCTBE HAJ IOJIEM KOM-
IeKCHBIX qncest. OHu 06pas3yoT JUHEHHOe MPOCTPAHCTBO, B KOTOPOM MO-
ryT OBITH OIpeJIesIeHbl JIBe OUIMHENHHbBIE ONePaIluu:
1) #OpIAaHOBO YMHOYKEHWE

AxB = %(AB—&—BA),

2) KOMMyTaTOD
rie h-nocrosauas Ilnanka.

OTHOCUTEJIBHO IIEPBOi OIEPAlN MHOXKECTBO HAOJIIOJAEMBIX 00pasy-
€T CTPYKTYPY KOMMYTATUBHOI HEaCCOIMATUBHON aare0phl; OTHOCUTEIHHO
BTOPOIi - CTPYKTYpPY ajreopsl Jlu. YKazaHHbIe OIEPAIUH sIBJISFOTCS KBaH-
TOBBIMI aHAJIOTAMHU OOLITHOTO YMHOXKEHUSI U CKOOKH Ilyaccona B Kjaccu-
YECKON MEXaHUKE.

[Ipu uccienoBarny JBUKEHUsI OECKOHEUHOMEPHBIX CUCTEM CYIIIECTBEH-
HYIO POJIb MOI'YT UI'DaTh ajredpandecKue CTPYKTYPbhl, CBA3AHHBIE C YPaB-
HEHUSIMU JIBUKCHUS.

B 2T0i1 cBsI3 OCHOBHOI 11EJIBI0 PAOOTHI ABJSIETCS U3IOXKEHNIE JIOCTATOY-
HO OOIIEro IoAxo/a K YCTAHOBJIEHUIO B3aUMOCBSI3M MEXKIY YPaBHEHUSIMU
JIBUKEHUS GECKOHEYHOMEPHBIX cucTeM U JIu-jomycrumbivu airebpamu (B
ToM gmcste ajrebpamn Jlu).
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2. 06 aarebpax JIu u JIu-monyctumbix ajaredbpax

Wsnoxum wvekoropele cBesenuss o6 anredpax Jlu m Jlu-momycrumbix
ajiredpax, KOTOpbIe OYJIyT HCIIOJIb30BATHCS B JlajlbHENIIEeM.
Ounpenesenne 1. [1] Anrebpoii A HaspiBaeTcs JUHEHHOE IPOCTPAH-
crBO Haj nojieM K, HajiejleHHOe OMJIMHEHHBIM ITPOU3BEIEHNEM *, YIIOBJIE-
TBOPSIONIUM JIJIsi IPOM3BOJIBHBIX a,b,c € A u mobom \ € K cieayromum
YCJIOBUSIM:
ax(b+c)=axb+axc,

(a+b)xc=axc+bxc,
(Aa) xb=ax (A\b) = A(axb).

Eciy ONOJHUTEILHO BLIIOIHEHO (HE BBIIOJIHEHO) YCJIOBHE ACCOLMA-
THBHOCTHU

[a,b,c] =0 Ya,b,c € A,

rae [a,b,c] = ax* (bxc) — (a*b) *c, To A ecTh acconnaTuBHas (HEACCOIH-
aTuBHAasl) asurebpa.

Ounpenesnenne 2. [1] Anre6pa JIu - aTo anrebpa A nag mosem K, miis
KOTOPOH BBIIOJHSIOTCA YCJIOBHS

axb+bxa=0,
ax(bxc)+bx(cxa)+c*x(axb)=0 Va,b,c € A.

Onpenenenue 3. [1] JTobas amrebpa A man nosem K u ¢ mpousseze-
HUEM * Ha3bIBaeTcsd JIu-momyctumoit anredpoii, ecau anredpoit Jlu sBis-
ercst anrebpa A, KoTopasi ecTh JMHEHOe TpocTpaHcTBO A Haj mosem K
HaJIEJICHHOEe OUJIMHEHBIM IIPOM3BEIeHIEM

[a,b] =a*xb—bxa  Va,be A.

AcconmarupHast aarebpa A ectb mpocreituii npumep JIu-pomycrumoit
aareOphl.

Ecnu A - anrebpa JIu, To A Takxke siByisiercst JIu-omyctumoii agarebpoit,
TakK Kak

[a,b] =axb—bxa=2axb Va,b e A.

Opnako cymectByor Jlu-momycrumbie aareOpbl, He SIBJISAIONIAECT AJI-
rebpavu JIu. Takum obpasom, JIu-momycrumas ajiredpa sBisieTcss 0606-
meHneM rnoHsTus aaredpsr Jln.

Boutee mompobusbie cBenenns 06 anredbpax Jlu u JIu-momycrumbix aareod-
pax cozepxkarcs B padorax [2,3].

OTMeTnM, 9YTO IPOU3BEIEHUE A * b IJIEMEHTOB ¢ U b 3aBUCUT OT UX KOH-
KPeTHOH peanusamnuu. Pa3andnblil BBIOOP 9TUX IMPOU3BEACHNI IPUBOINAT K
Pa3/IMYHBIM aJIre0PaAndecKuM CTPYKTYPaM.
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ITycrs Sy u Sy - 3agannbie oneparopsl. Torga ux (S, T)-upousseuenue
orpe/iessieTcst GOpMYyIIoit

(81 % S2)(u) = (S1,82)(u) = S1,SuSa(u) — S5, TuS1(u), (1)
COOTBETCTBYIOMUE (G-KOMMYTATOP UMEET BUJ,
(81 % S2)(u) = [S1, 2] (u) = S1,GuS2(u) — S5,GuS1(u), (2)

orkyua upu Gy = I, tie I - TOXKIeCTBEHHBII Ol1epaTop, MOJIydaeM KOMMY-
TaTOP

(81 % S2)(u) = [S1, S2)(u) = Sy, Sa(u) — S5, 51 (u). (3)

O6oznaunM yepes A(U) muHetHOE TIPOCTPAHCTEO OMEPATOPOB (€ 00bIU-
HBIM OIpEJIEJIEHUEM OIEPAIiil CJIOXKEHUsST ONepaTOPOB U yMHOXKEHUS Ha
JeficTBuTeIbHOE YuCI0), orobpaykaromux U B U.

Ormerum, yro suneitnoe npocrpanctso A(U) sBisiercs anareGpoit Ha
nosieM R ornocuresnsuo (S, T)-nipoussenenusi, G-KOMMYTAaTOpa, KOMMYTa-
topa. Bynem obosuadars st anrebpet (A(U); (S,T)), (A(U); G), (A(U); I)
COOTBETCTBEHHO.

[Mosy4yum ycsioBus, ipu KOTOPBIX JuHelinoe npocrpanctso A(U), naze-
aennoe (S, T)-upousseienneM, G-KOMMYTaTOPOM, KOMMYTATOPOM, 06pa3y-
er Jlu-momycrumyto anrebpy u amarebpy Jlm.

Teopema 1. Eciin jinneiinbie onepatopst Sy, : U - U u T, : U - U
TaKWe, 9TO BBIMOJIHIETCS YCIOBUE

G (h; Gyv) = G (v;Guh) Vh,u,v €U,

e Gy, = Sy + Ty, 1o anrebpa (A(U); (S,T)) siBasercs JIu-nomycraMoit
aJreOpoii.

Teopema 2. Ecnu smneitasit oneparop G, : U — U Takoii, 9T0 BbI-
TIOJTHSIETCST YCIIOBHE

G, (h; Gy) = G, (v; Gyh)  Yhyu,v € U,

to anrebpa (A(U); G) siBasiercs anrebpoit Jlu.
Teopema 3. Asrebpa (A(U); I) sisnsiercst anrebpoit Jln.

3. CumMmMerpuu ONepaTOpPHOro ypPaBHEHUS M CBSI3aHHBIE C HUMU
ajreOpamvyeckme CTPyKTYPbI

[IpommtocTpupyem cBs3b anredp JIu u JIu-momyctumpix anredp ¢ me-
XAHUKON OECKOHETHOMEPHBIX CHUCTEM.

[IycTp ypaBHEHUs IBUKEHUS MAaTEPUAJIHHON CUCTEMBI IIPEJICTABIIEHBI B
OIIEpPATOPHOM BUJIE

N(u) =0, u € D(N), (4)
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rue N : D(N) Cc U — V - auddepennupyembrii 1o Taro oneparop, U, V
- JIMHEiHBIe HOPMHUPOBAHHBIE IIPOCTPAHCTBA HAJl MOJIeM JeHCTBATEIbHBIX
qucest R, D(N) - obsactb oupejieiienus omneparopa N.

B panbreiimem GygeM ciemoBaTh 0O03HAMEHUSM U TEPMUHOJIOTAN Pa-
Gor [4-6].

Paccmorpum va D(N) 6eckoHeYHO MaJjioe npeobpasoBaHue, Opeeis-
emoe (popMyIoit

u=u-+eS(u), (5)

rae S : D(N) — D(N)) - rereparop npeobpasosanusi, N, - MPOU3BOIHASI
Tato oneparopa N B Touke u € D(N).

Ounpenesienne 4. [Ipeobpasosanue (5) Ha3bIBAETCS CUMMETPHE ypaB-
HeHust (4), ecan Jyist JF0GOrO JOCTATOYHO MAJIOTO € U JIFOOOrO DPeIeHust U
9TOro ypasnenus GyHkius U Buaa (5) TakzKe FBJSETCS PEIIEHAEM 3TOrO
ypPaBHEHWUSI.

B sToM ciyuae oneparop S HA3BIBAETCS TAKIKE EHEPATOPOM CHMMET-
pun ypasHerust (4).

Teopema 4. Eciu S1, Sy - reneparopsl cummerpuil ypasaenusi (4),
Sy, Ty, - oneparopsr pekypenn u Yu € D(N), Vh,v € D(N]) Bomosaeno
YCJIOBHE

N/ (h; Syv) = N}/ (v; T,h),

to (S, T)-nipoussesienne (1) TakKe sSIBISETCS FeHEPATOPOM CUMMETPUH 3TO-
ro ypaBHEHU.

Teopema 5. Eciiu S7, Sy - reneparopsl cummerpuil ypasaenusi (4),
Su, Ty, - onepatopsl pekypcenn u Yu € D(N), Yh,v € D(N),) BbimosHeHbI
YCIIOBUS

N/ (h; Syv) = N}/ (v; T,h),
G (h; Gyv) = G (v; Guh),

rne Gy = S, + Ty, TO reHepaTophbl cHMMeTpuil ypasuenus (4) oGpasyor

JIu-pomycrumyto anrebpy oraocuresbho (S, T)-npoussenenus (1) .
Teopema 6. Eciu S7, S5 - rereparopsl cummerpuit ypasuenust (4), Gy,

- onieparop pekypeuu u Vu € D(N), Vh,v € D(N]) Bbliosineno yciosue

N/'(h; G,v) = N/!(v; G,h),

10 G-KOMMyTaTOp (2) TaK:Ke SIBJISETCS TeHEPATOPOM CHMMETDHU 3ITOIO
yPaBHEHUS.

Teopema 7. Eciu S1, S5 - rereparopsl cummerpuit ypasuenust (4), Gy,
- onieparop pekypecuu u Vu € D(N), Vh,v € D(N])) BbloJHEHbI yCJI0BUS

Ng(ha Guv) = Nﬁ'(v; Guh)y
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G, (h; Gyv) = G, (v; Gy h),

TO reHepaTopbl cuMMeTpuil ypaBHenus (4) obpa3yior anrebpy Jlu orHOCH-
resibHO G-KOMMyTaTOpa (2).

Teopema 8. T'eneparopsl cummerpuil ypasaenus (4) obpa3yor ajaret-
py JIu orHOCHTEIBHO KOMMyTaTOpa (3).

4. BbiBoOabI

B pabore ucciremoBanbl ajnredbpandecKkne CTPYKTYPBI, CBI3aHHBIE C Me-
XaHUKOI OECKOHEYHOMEPHBIX CHCTEM. B YacTHOCTH, MOJIyUeHBI YCJIOBUS,
IIPU KOTOPBIX JIMHEHHOE IPOCTPAHCTBO T€HEPATOPOB CHMMETPHi 3a1aHHO-
'O OIIepPATOPHOro ypaBHeHust obpazyet JIu-romycrumyio aiaredbpy u anredbpy
JIn.
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Abstract. We describe the approach to a collective behavior of robots ma-
nagement organization based on the excess modeling a wide problem domain
robots action. Such modeling is the basis for the creation of intelligent control
system with collective behavior of robots unconditional provision of information
- system security robots groups.

Keywords: Robots, purposeful system, excess modeling, radical, radical mod-
eling, distributed computer networks, distributed communication networks, in-
telligent control.

1. Introduction

We consider the purposeful system consisting of robots, where each
robot separately is also a purposeful system. With the active state of the
robot his private purpose consistent with the overall objective of the team
and contributes to the effective work of the team [1]. The achievements
of modern purpose oriented systems (PS) are well known. However, along
with achievements for PS the excessive use of resources, and numerous
conflicts and accidents are common. The role of informatics methods and
means constantly increases in the modern word. It is especially increasing
in the sphere of creation and support of the PS intended for the solution
of tasks in certain subject domains. Such tendency is caused by rapid
growth of capabilities of such systems and as a consequence complications
in managing such systems. Most common PS has complex tiered hierar-
chical structure. Such systems consist of a large number of components
which are also PS and so that is robots [1]. Thus, the PS can be seen as
a team of robots.

This work was partially supported by RFBR grant No 16-29-04326.
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2. Information system security of purposeful systems

The key problem of PS is information system security (ISS-problem).
This concept was entered by A.V. Chechkin [8]. Concept of ISS includes
two parts.

Information part of the ISS - is to create the excess model of general
problem area PS, which is “the PS action theater”; ensuring the protection
of information of the model and the logical receiving additional information
required on the basis of the information available in the problem area of
the PS model for the successful solution of staff tasks PS lifecycle; ensuring
effective attempts to solve emergency non - staff tasks, development and
self-PS on this basis;

The system part of the ISS - is to ensure system integrity and efficient
functioning of the system, taking into account all the effects of treatment
and solving the tasks in the problem area PS, including avoiding conflicts
emerged in the problem area PS and PS development.

ISS requires intellectual management of PS. That means that it is nec-
essary to be able to solve not only staff, but also non-staff tasks, which are
the “PS growth points”, modify the PS and PS development.

The modeling of the expanded problem area of PS in the form medium
of radicals (multi-tired radical model) is the foundation for the intellectual
management. Such modeling is called radical modeling [3]. Intellectual
management is based also on idea of radical programming which, in turn,
is based on the systematic accounting of the semantics of programs [5].

Radical modeling and radical programming are based on the concept of
the medium of radicals by A.V. Chechkin [6-8] and a formalism of schemes
of radicals (the universal RADICAL language [2, 9, 10]). This language
can be applied in any problem area.

The concept of expanded problem area of PS; i.e. “the robots team ac-
tion theater” includes the objects which directly belong to the PS and its
environment, with their properties and suprasystem connections of such
objects. Such objects have significant impact on ISS of PS. Including
consideration of the potential resource requirements of PS. Such as in-
formation resources and not only material or energy. It is essential for
functioning of the developing systems and the description of their behav-
ioral activity.

3. Advantages of radical modeling

3.1. Redundancy of radical model of PS reflects expanded problem area
factors influencing ISS of PS. The problem area of PC covers: the robots
and another components of the PS and components of that suprasystem
within the PS functions; connections between of all components; the ser-
vice personnel and its communications with PS, as well communication
between experts. The problem area includes developers, manufacturers,
suppliers of PS; numerous and various documentation of the system in
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particular, technical, legal, and financial documentation, various govern-
ing and operating documents. All staff tasks of PS (target, touch and
certified tasks), and also various methods and solutions of these tasks (in-
cluding heuristics, algorithms, hard- and software), many other things,
and, taking into account possible variability, belong to expanded problem
area of PS.

All staff tasks of PS (goal, touch and certified tasks), and also vari-
ous methods and solutions of these tasks (including heuristics, algorithms,
soft- and hardware), many other things, and, taking into account possible
variability, belong to expanded problem area of PS.

The objective unity of expanded problem area of PS requires its repre-
sentation in a unified form of the medium of the radicals (radical model).
In such model all information units are expressed in the form of radicals.
Therefore such type of excessive modeling is called radical modeling. The
radical is any functional system which has two types of states — active and
passive [8].

The medium of radicals requires the operating system to activate var-
ious parts of the environment. It any point in time the operating system
highlights active part of radical model which is called systemquantum.
The other part of the model is in passive (switch-off) state and defines
potential opportunity of the radical model.

The systemquantum carries out current functions of the life cycle of
PS (goal, touch or certified functions).

3.2. Universality of the language of radical modeling of PS for various
objects of problem area of PS and various PS. Designs of the universal
RADICAL language are as follows. The alphabet is fixed. Names of
radicals are constructed from alphabet symbols. Chains of radicals are
constructed from the names of radicals and an arrow symbols.

For example, Namel — abc — Name2; is a chain of radicals. (Here ¢}’
is the end of the chain symbol.)

The scheme of radicals is defined as a set of chains of radicals.

The radical environment, i.e. radical model of PS, is described by the
scheme of radicals. Standard radicals — ‘unicums’ (unique objects) and
containers are introduced.

Unicums correspond to components of problem area. The names of
unicums start with ‘w’. Containers correspond to properties and connec-
tions of the components. The names of containers start with ‘c’. System
radicals of d[1],d[2],... call the directions in containers. Below is an ex-
ample symbolical representation of the scheme of radicals:

c_b_t—d[l] - uB;d[2] = uT1;d[3] = uT2;
c¢_exe_source — d[1] = uA;d[2] — uT1;

c_exe_receiver — d[1] = uA;d[2] = uF;
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¢_exe_source —1

c bt .l} H

oa Y1 Vi
uB 1!

T *z Y2
ul2 *3
uF ¥

v

Figure 1. Geometrical representation of the scheme of radicals

Here in the container ¢_b_t unicums B, T'1 and 72 are available. It is
a database B and its tables T'1 and T'2. The executable module A and the
table T'1 which is data source for this module are enclosed in the container
c_exe_source. The container ¢ _exe receiver contains the executable
module A and file F'. This file is the receiver of data filled by the working
module A. There are various representations of schemes of radicals. In
Fig. 1 geometrical (vector) representation of the above scheme of radicals
is presented.

On the plain the rectangular system of coordinates is introduced. With
horizontal axis H facing right. And vertical axis V facing down. Horizon-
tals correspond to the types of containers and the unicums connected by
them. Verticals correspond to examples of containers. Tabular represen-
tation of the same scheme of radicals is given in Fig. 2.

Here the fields A, D, E, F are integer, the fields B and C are strings,
and primary key is the field A.

Usage of the schemes of radicals can be similarly represented: purposes
of PS; resources of all types; conflicts; rules; inquiries; tasks and methods
of their decision; all significant components of problem area of any PS,
their properties and connections. Such representations both in static and
in dynamic state.

In both geometrical and tabular representation of schemes of radicals
sections of the radical environment can be formed by removal of certain
verticals and horizontals and pasting of the remaining fragments.

The considered types of representations aren’t unique.
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A| B €

3| e | ¢ exe receiver

22| ¢ C_exe_source

1| ¢ chit

1 u uA

2 | u uB

3| u ull

4 | u ul2

5| u ufl

Figure 2. Tabular representation of scheme of radicals

They make a basis for the visual and flexible user interface of the
radical environment. The considered geometrical and table representations
show possibility of application for schemes of radicals of numerous, various
powerful tools of the graph theory and databases.

3.3. The standard technology of solving staff tasks of life cycle of PS
is based on search of the demanded scheme of radicals. Search is carried
out in accordance with the initial and target schemes of a task (dedicated,
touch or certified).

3.4. Permanent certification of radical model of PS provides testing of
all schemes of radicals, recovery of the damaged schemes and elimination
of conflict situation in the model. Certification of all radicals in the library
of standard radicals is carried out. All solution methods for the standard
tasks and corresponding to them soft- and hardware represented in schemes

of radicals and included in radical model of problem area of system are
verified.

4. Radical model like tool

The soft- and hardware implemented radical model of PS is an Ins-
trumental tool for Ensuring of Complex Development (IECD) of such PS.
This means is intended for creation of new components of PS (including
the components relating to soft- and hardware), and also for creation of
new connections between components within suprasystem of PS. In the
first place - are new soft- and hardware (radical programming).
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IECD of PS serves for continuous updating (in touch process) of the
data and knowledge of all of the problem area of PS. This means it is ac-
countable for the organization of process of self-training and development
of radical model in the mode of “trial and error” at the solution of non-staff
tasks of life cycle of PS.

At the same time continuous testing, certification and conflict-free in-
clusion of information about new objects of problem area in radical model
of PS is performed (see above 3.4).

Thereby, within and under control of radical model and by means of
activation of the imbedded rules, ultracontainers, development of PS, in
particular, creation and development of soft- and hardware is carried out.

The radical model reflects semantics of all soft- and hardware of PS.
Such model allows consideration, including, resource requirements of PS
and is thereby, moderately (rather) excess system for consideration of PS
as locally open and constantly developing system.

These circumstances allow to organize purposeful synthesis of system-
quants by activation of part of radicals and to realize purposeful behavior
of robots team.

5. Conclusion

Only on the basis of a radical model intellectual control is possible
to organize the collective behavior of robots and its development with a
constant PS ISS. Radical model of the expanded problem area PS and
its radical scheme implemented via soft- and hardware - a way to ensure
the intellectualization of the PS and conflict-free solution of goals tasks,
sensory and certification tasks of the team of robots, the real way to ensure
PS ISS.

The uniform radical model of the expanded problem area PS, IECD of
PS, the corresponding schemes of radicals realized by means of soft- and
hardware is the most “main thing” , without which significant progress in
the management of collective robots are now impossible.

There is an ideological predecessor of radical programming in domestic
informatics. In the mid-eighties the academician A.P. Ershov has pub-
lished article about a programming Lexicon [4]. In this article A.P. Ershov
has proved need language programming environment.

Lexicon has to contain semantics of all problem area. Also the system
has to contain the formal notation for expression of all valid designs which
are used at a formulation and the solution of various tasks, and also at
synthesis, transformation and verification of programs. The program ex-
pressed by means of the Lexicon contains the description of the semantics
in the text. The Lexicon is open system. He differs in it from a program-
ming language. Besides, the Lexicon is a developing system of carefully
selected designations.

The purposes formulated by A.P. Ershov become achievable by means
of radical modeling, schemes of the radicals realized by means of modern
soft- and hardware.
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This article was briefly considered radical modeling technology and

radical programming, their advantages in relation to the team of robots.

10.
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AnHOTaUSA.

B pa6ore JIronebepra mpeiioxKeHa MOJIENb HIealbHOr0 ONTHYIECKOr0o Tpudbopa
(B paMKax reOMeTPUYECKON ONTHKH), BIOCJIEJACTBUN HA3BAHHOIO JUH30H JIoHe-
6epra. [lozauee kmaccuueckyro w3y JIooHEOEpTa BKIIIOYUIN B CEMEHCTBO HJe-
aJIbHBIX ONTUYECKUX IMPUOOPOB — 00600IeHHbIX JuH3 Jlronebepra. B pabore Ilep-
HUKE 6]31.7]0 IIOKa3aHO, 9TO JIOKaJbHOE yBeJ'II/I‘{eHI/Ie TOJIIIUHBI BOTHOBOJHOT'O CJIOLA
MPUBOJIAT K JIOKAJTBHOMY 3aMe IJIEHUIO (Pa30BOit CKOPOCTH PACTIPOCTPAHSIIOIIENCST
BOJIHOBOZHON MOZABI. DTOT 3P EKT MPUBE K UIee U3TOTOBJICHUS BOJHOBOIHBIX
(xByMmepHBIX) suH3 JIoHEeGepra B3amMeH 06beMHBIX (TpexMepHBIX). B paGore uc-
cienmytorcst MaOrocoitasie TOBJI.

B ocHoBe 3TOTO MeETOMA JTEKUT aanabaTudeckoe MPUOIUKEHNEe aCUMIITOTHIE-
CKOTO Da3JIoyKEHUsl JIOKAJIBHO-TIOCKUX BOJIH, YIIPOIIEHHOE JIBYMS JOTOJTHEHUSI-
MI: 1) B IPOU3BOAHBIX & abaTUIECKUX BOTHOBOIHBIX MOJL Y IUTBIBAIOTCS TOJILKO
BKJIa/IbI HyﬂeBOI‘O IIOPAOKA, 2) BMECTO KacaTeJIbHBIX IIJIOCKOCTEH B TOUKAX Hepe-
TYJISIPHBIX TPAHUIL JJIsi (POPMYJIMPOBKYM MPAHUYHBIX YCJIOBHUI MCIIOJIB3YIOTCS WX
HpI/I6.HI/I}KeHI/I${ «T'OPpU30OHTAJIBHBIMU ITPOCKIUSAMU »>.

KurroueBble cJyioBa: MHOIOCJIOMHbBIE WHTEIPAJILHO-OIITUYECKUAE BOJIHOBO/IBI,
060b1tenHbIe JTUH3BI JIoHEOepra, MeTO T MOePEYHBIX CeIEHUIA.

1. Bsenenune

Hac nnTepecyer kjacc Tak Ha3bIBAEMBIX MHOT'OCJIOWHBIX NHTErPaJIbHO-
OITUYECKUX BOJIHOBOJIOB, COCTOAIIMX M3 OJHOPOJHBIX JUIJIECKTPUYECKUX
CJIOEB TOCTOSTHHOM WM TEPEMEHHOU TOJIIUHBI. Ec/in TOMIUHBI CJI0EB T0-
CTOAHHBI W T'DAHUIBI pazjiesa MeXK/Iy HUMHU SABJIAIOTCH HapaJlie/bHbIMU
IIJIOCKOCTSIMU, BOJIHOBO/BI Ha3bIBAIOTCA DETYJISAPHBIMU IIJaHADHBIMU OT-
KpbITbIMU. VIX Teopermueckoe (aHAJUTUIECKOE) OIMCAHUE DEAN30BAHO
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OKOJIO TIOJIyBeKa Ha3aJl U M3JI02KEHO BO MHOIMX 0030pax nm kuurax. Cu-
cTeMaTHYecKoe OIMCAHNe YUCJIEHHBIX (KOMIIBIOTEPHBIX) MOJIEJIEN PeryIisip-
HBIX ILUIAHAPHBIX OTKPBITHIX BOJIHOBOJOB BCTPEYaeTCs pexke (CM., HAIPU-
Mep, [1,2]). Ecoin onmus nim HECKOIBKO CJIOEB UMEIOT TIEPEMEHHY IO TOJIIIITHY,
BOJTHOBO/T HA3BIBAETCST HEPETyJIIpPHBIM. Kitacc BOJIHOBOJIOB C IJIABHBIM H3-
MEHEHHEM TOJIIIUHBI, Ha3bIBAETCS IIJIABHO-HEPErY/ISIPHBIMUA HHTErPAJILHO-
ONITHIECKUMU BOJIHOBOaMU. Teopusi TAKUX BOJIHOBOJIOB, TaK HA3BIBAEMBII
MeTOJI, TIoTepedHbIX cedennit, co3mana lllesuenko B.B. u onybaukosana
B [3]. MBI ucnosib3yeM 9acTHBIM BAPUAHT ITOIO METOJA JJIsl IIPOEKTUPOBA~
HUsI TOHKOIJIEHOUHO# 0600IIeH O BoTHOBOMHOM JinH3bI JItoHeGepra [4].

2. MeToa mornepevyHbIX cedeHUin

B meTone momepedyHbIX ceueHuit pacupoCTpaHEHUE IOJISIPU30BAHHOIO
MOHOXPOMATHYECKOI'O CBETA B INIABHOM JMIJIEKTPUIECKOM Iiepexoje (Hepe-
IYJSIPHOM BJ10Ib ocu Oz) MEXKJIy JBYMsl PeryJsipHBIMUA IIJIAHAPHBIME JIH-
JIEKTPUIECKUMU BOJIHOBOJAMHU OIUCHIBAETCH C IIOMOIIBIO IIOJIHOIO HAOO-
pa MOJI, PEryJisipHOro BOJIHOBOJA cpasuenus [5,6]. MoryT npucyrcreoBarh
MOJIbI, Oeryiue cjieBa HAIPaBO, U MOJIbI, OEryIue cripaBa HaJieBo. Perrre-
HUs PACIPOCTPAHSIONINXCS MO B CJIydae PEryJsipHOrO BOJIHOBOJA OIIHCA-
ubl B paborax [1,7]. B nanuoii pafore HAC MHTEPECYET 3aKOH SBOJIONUU
OTJIEJILHO B3SITOM MOJIbI, SBOJIIONMS €€ JUCIEPCUOHHOTO COOTHOIIEHUS TIPU
paCIpOCTPAHEHNH B ILJIABHOM II€pexoze. PacCMOTpUM OTHEsIbHBIN BKJIA
HanpasJisseMoil MosbI ¢ KoaddurmenToM dazosoro samemaenns KO3 3;:

Cj+ (=) w;f (x; z) exp ¢ —iko / Bj (2) dz (1)

3. ,Z[I/ICHepCI/IOHHI)Ie COOTHOIIIeHUd OJId OAHOPOAHBIX IIJIaBHBIX
nmepexoaoB

Sajaua onucanus Hanpasisemoii TE- Monel B miaBHOM mepexoje (B
paMKax MeTOHa IIOINEPEUHBIX CedeHMil) IpU KaxKIOM Z (bOPMYJIHPYeTCs
B BUJe MATPUYIHON MOJIEN PEryIsgpHOTO BOJHOBOJAA cpaBHeHNd. Tak 4uTo
K®3 f; (2) B 3aBUCHMOCTH OT TOJIIMHBI BOJIHOBOIHOIO CJ10s1 d (2) sIBJIsI-
eTcsl pellleHneM HeJIMHeHHOro ajrebpandeckoro ypasaenns (1):

det (MIE (d(2), (z))) =0 2)

Amnayiornuno noydaercs ypasuenue jqiug KO3 TM- mosb.
XopoIo W3BECTHO, YTO BOJIHOBOJIHAS JIMCIIEPCHOHHAS 3aBUCHUMOCTH
537 (d(z)) mpunuMaer 3Hadenus: B untepsaie 37 € (ng,ny). Ipuaem, qus
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KazKJ10ro KopHs (37 cymmecTByer cBost KpUTHHYecKast TOMIMUHA (CM., HAIIPH-
mep, [1])

W arctg (ve (ns)/x s (ns)) + g,

Xs (ns)

HaunHas ¢ KoTopoit 37 > ng. Ormerum taxwxe, uro (37 (d (z)) T) I
d

Henuueiinoe TpaHncuennenTHOE anrebpanveckoe ypaBHeHHe (2) IPH Kaxk-

nom dbukcnposannom d > d7 > ... > dl. > dY. umeer KomedHOE WHCIO

kopueit 30 > B > B2 > .. > g™ Yrobbl ycTOfIMBLIM 06Pa3OM BbI-

quCauTH Jucnepcenonnble 3apucumoctu 37 (d) npu d > dl., npuvensem
CJIEYIONLYIO IPOLELYPy YMCICHHOIO peleHust ypasaenus (2).

4. Asgropurm

Brauase 3aaeM ITapaMeTpbl BOJIHOBOJa W H3JIYYCHUA: KOMIIJICKCHBIE
qUCJIa Tbg, T f 5 Toe M BEIIECTBEHHOE 9HCJIO A HOpMI/IpyeM IIepeMCEHHbIe JIJIMHBbI

B eIUHMIIAX \: T = x/)\,ci = d/)\ uk = 2”/;\ = 27. B HOpMHPOBAHHBIX

€JIMHUIIAX BBIYUCIIAEM HAYAJIbHYIO TOUKY KaKJI0U JUCIEePCUOHHOIT KPUBOH,
a UMEHHO

= = ,j=0,...,.N
Xf (nS)

oo ) e

i 50 (40 =
B KOTOpOii (dcr) = ng.
Havmmast ¢ sroit HaUaIbHON TOUKM IBHYKEMCS C HAIEPE, 3aaHHbBIM
MajbM maroM Ad B CTOPOHY yBeJHYEHUsI TOJIIUHBI BOJTHOBOAA. B Kak-

70f HOBOH Touke d; MaTPUIHbIE 3JIEMEHTBI MaTPHITHI M TE ( (2),3 )
M M ( (2),p7 ) SIBJISIIOTCST. KOMILIEKCHBIMEU unciiamu. CrieoBaTesbHO,

u det (M Ie (d (2),p7 )), U MUHHUMAJbHbIE 110 HOpME COOCTBEHHBIE 3HA-

wenns ALE - komiutexcuble uncsa. Yesosue (2) sKBuBaJeHTHO obpaie-
TE
HUIO B HOJIb MI/IHI/IMaIH)HI)IX coOCTBeHHBIX 3HadeHmit A, o Ilporemypa BbI-

YUCJICHUA )\ opoIne 1 3KOHOMHYIHEE, Y€M BBIYHCJICHHE OIIPEaeIUTEe IA

min?

det (M4T B ( (z),ﬂj)) , TIOSTOMY BMECTO MHUHHMU3AIUU (DYyHKIMOHAIA
F(B7) = det (M4TE (J(z),,@f)) no 37 € R, MBI pemaeM SKBUBAJIECHT-
HYTO 3289y MI/IHI/IMI/IS&H,I/II/I dyuxnmonana F () = |Amin ()| co mrpadom

Fy (87) =

2
%1‘ 1t 0OecredeHnsl HeIIPEPBIBHOCTHU UCIIEPCHOHHON
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Puc. 1. Cxema BosiHOBOgI2 THna "pymop".

kpuoii S (d) npu yucsenHolt peasmsaimu. Becosoit koabdunuent ¢ BbGH-
gl_p |
4 i—1

U B, 1 Amin (B) - KOMILUIEKCHBIE YHCJIA, IOSTOMY B KAUeCTBE MeTOJa M-
HuMEU3AIUN (DYHKIUA MHOTUX MEPEMEHHBIX HCIOJIB3YEM METOJ, 1ePOpMu-
pyemoro muororpanuunka Hemmepa-Mua.

Ilocne nocrpoenus pucnepenonnoit kpusoit (Y (d (z)) Beraucisiem mo-
creyoparesbio B (d(2)), 82 (d(2)) u T.1. B HEOGXOAUMOM JIIs HCC/IEI0Ba~

HUSI KOJIUYECTBE.
Anajornuno s TM-MOIBI BEIYUCISEM

pPAaeM COTJIACOBAHHBIM C BeJTnIuHOil mara Ad, Hanpumep g ~

~ 2 .
. \TM arclg (%‘ (”S)”f/gf (ns)ng) +om
( ) = ,0=0,..,N

&, =
Xt (ns)

30 0
U, naunnas ¢ TOIKA d,., CTPOMM JUCIEPCHOHHYIO KpuByIo 375, (d (2))
C TIOMOIIBIO AHAJIOTUYHOM MPONEeIyphl MUHIMEU3AIWHA. Jlajee BLIIUCTsIeM
nocie10BaTenblo B, (d(2)), B2y, (d(2)) 1 T.0. B HEOOXOMMOM KOJIHIe-
cTBe J10 f = ny B Cilydae TPEXCJIONHOrO BOIHOBOJA.

5. JlucnepcuoOHHBIE COOTHOIIEHU JJISI HEOJHOPOJHBIX
MJIABHBIX IIE€PEXOI0B

Baytava onmcanus HanpassieMoit TE-Moibt B HeopHOopoaHoM (cM. pucl)
IJTABHOM Tiepexofie (B paMKax MeTO/a MOTEPEYHBIX cedeHnil ) dbopmysn-
pyeTcst IIpU KaxKJOM 2 B BUJIe MATPUYHON MOJIEIN PeryIspHOrO YeThIpex-
cJIoiiHOrO BOIHOBOIA cpaBHenust. Tak uro, KO3 §; (2) B 3aBUCHMOCTH OT
TOJIIIH OCHOBHOTO d W JIOTIOJTHATENHHOTO N () BOJHOBOJHBIX CJIOEB SBJIS-
eTCsl pereHneM ypasHeHust (cM., Hanpumep, [1]):

det (MgE (d,h(2), B (z))) —0. (3)
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Amnayiornano BeimuceiBaercs ypasuenue s KO3 TM-mompr:
det (MGTM (d,h(2), 5 (z))) —0. (4)

VcroitunBble YUCIEHHBIE IIPOIEIYPHI PENIEHUs] HEJNHEHHBIX TPAHCIEH-
JIleHTHBIX ypaBHenuii (3) u (4) cozep:kaT IO OTHOINEHUIO K AJILOPUTMY
perieHnsi ypasHeHust (2) JIONIOJHUTENBHBIH cerMeHT. B ciryuae mputim-
JKenusi 3Havenus (37 (z) K BeJMYHHE Ny BO3HMKAIONAsl JONOJHATEIbHAS
HEYCTOMYMBOCTD AJIFOPUTMA, JTUKBAIUPYETCS C TIOMOIIBIO BEEICHAS JTOTIOJ-
HUTEIHHOTO MTpada, MO3BOJIAIONIEro 0G0RTH HEOCPEICTBEHHOE BHIIUCIE-
nue 37 (z) B Majoif OKPECTHOCTH 3HAYMEHHS N .

6. ToukomseHoYHast 0600IIEHHAsT BOJTHOBOAHAS JIMH3a
JIronebepra

Tonkomienoynyo 0600IIEHHYIO BOJIHOBOAHYIO Jina3y Jlonebepra mpo-
eKTHUPYEM B BUJIE JIONOJHATEIHLHOIO YTOJIIEHNS BOJTHOBOIHOTO ¢jiost I (1),
obecreunBaroNIero gedopMalo HabeXKaBIlleil BOJTHOBOIHONW MO/IbI, a 3Ha-
9uT U (POKYCHPOBKY BOJHOBOTO (DPOHTA M CEMEHCTBa JIOKAJIHLHO OPTOTO-
HaJIbHBIX €My JIydeil IOCpecTBOM C(OPMHUPOBAHHOIO YTOJIIEHUEM DPac-
npegesenns: 3ddexkTuBHOro Kodbdunuenta mpeaomieHus nefy (r, f) =
n(r,f),r < R (cm., manpumep, [4]), Tak urto pacnpenenenne 3bdex-
THBHOrO Kodbduimenta $HazoBoro 3aMeIeHus: MOAbl pasHoO (7. (1, f) =

Brgness (ro f),r < R (B (1, f) = Bragnesy (1, f) 7 < R) [4]. JDomommu-
TEJILHOE YTOJIIIEHNE BOJHOBOIHOTO CJIOST MOYKET OBITH CPOPMUPOBAHO KaK
13 Marepuajia OCHOBHOI'O BOJIHOBOJIHOI'O CJIOs, TaK M U3 JPYTrOro Marepua-
JIa C TTOKA3aTeJIeM IIPEJIOMJICHUS 7).

Hanpasnsiemast Moma peryJsisipHOro TPEXCJIONHOIO BOJHOBOJA C TOJI-
muHOM BosHOBeAyIero cios d/\ obuagaer koaddurmenTom $hazoBoro

sameyiennst (7., . Ilpm HaGeraHunm Ha JIMH3Y BOJIHOBOAHAS MOJQ Jie-
dopMuUpyeTcst JOMOTHUTEIbHBIM BOJTHOBOIHBIM CJIOEM, U3MEHSIFOIIUM TOJI-

muHy or h(R) = 0 Ha Kpaio JHH3bL J0 [ h(0) B ee meH-
Tpe, a 3areM cHOBa J0 (0 HAa IPOTHBONOIOXKHOM Kpaio JHH3bL IIpn
sroM B (1, f) = Bhgness (r, f),r < R usmensiercss or [ (d,0) 1o

B (d,0) = ey (0, ). Oymctun By, (doh () 1 B (. f) nempe-
PBIBHBI, MOHOTOHHO Bozpacratoute u upu S5, (0, f) < B (d,h(z)) <
,B%E (R, f) ypaBuenue ﬁ%E (d,h(2)) — ,B%E (r, f) = 0 oguo3HAUHO pa3pe-
MIIMO OTHOCHTETBHO (CM. PHC.2) HCKOMOro mpodms Tommmmabt b, (1)
(cm. puc.2a). Amasormumsiv o6pasom 110 (4., (d,h(2)) u B, (r, f) =
Bhagners (ry f) ;7 < R MBI yeTAHABIHBACM HCKOMBIH TIPODHIL TOMITHALI
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hlas (r) (em. pue.26). IIpoduin TOIIMHBL IOMOIHATEILHOTO BOJHOBOIHO

J J
ro ciost Mg (1) u by, () 1ust pasianaHbIX BOJTHOBOIHBIX MO/, IIPUBE/EHbI
Ha puc.3.

a) 6)
Puc. 2. Jluciepcnonnasi 3aBUCHMCTD U TPOMUIL TOJIIIHBI 11 HyJIeBbIX 1TE- u
TM-Mmopz,
s ey . . . . . .
1 094
1.7 SO 08
S | 074
1.65 4 I’ l»/ [ o6 4
LS 05
1.6 4 g L
¢ 0.4 4
155 4 B ntun’ | 031
ot 02
15 4 L = L 014
e 0
1.45 T T T T T T T T 0.1 T T T T T
12 14 16 1.8 2 22 24 26 2.8 3 0 0.2 0.4 0.6 0.8 1 12
a) 6)

Puc. 3. lucnepcnonnasi 3aBUCHMCTD ¥ TPOMUIL TOJIIUHBI A1 mepBbix 1TE- u

TM-Mmop,

7. 3akirodyenue

B pabore paccmoTpenb! TpobJIeMbl YUCTIEHHON PEATUIAIIH METO/Ia BOJI-
HOBOJIOB CPABHEHUS IBOJIIOIUY BBIIEJEHHON MOJILI B IIJIABHOM II€PEXOJIE
13 OJHOIO IJIAHAPHOIO PEryJISPHOIO OTKPBITOIO BOJHOBOAA B JIpyroii. B
paboTre UCHOIB3YETCS TMOMIXOJ, PA3JIOYKEHUsT UCKOMOIO peIlreHust 1m0 (yH-
namenTaibabiM cucremaM pemennii (PCP) B 10X U HOCJIEIYIONIEro ux
CINIMBAHUS HA IPAHUIIAX.
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[Ipu otHOKPATHOM PEINIEHNH ITUX BCIIOMOTaTEIbHBIX 3821 HE BOSHUKA~
€T HUKAKHUX BBIYUCJIUTE/IBHBIX IIpobjieM. B ciydae MHOMOKpaTHOTO UX pe-
meHns B OJIM3KUX TOYKAX IIEPEXO0/Ia JIOMOJTHUTEIBHO IIPEIbIBIIAETCS TPe-
6oBaHUe OJIM30CTA B COOTBETCTBYIONIUX BBIYUC/IEHHBIX MOJ. DTO TpeboBa-
HU€ YCJIOZKHSIET UCIOJIb3YEMbIil BRIYUC/IMTEIbHBIN ajiropuTtM. asee, ecim
9TOT [IEPEXOJT HE SIBJISETCS OJHOPOIHBIM U JIOIOJHATEHHBII BOJTHOBOIHBIN
cyoit 00s1a/1aeT 6osiee BBICOKUM ITOKa3aTesIeM IIPEJIOMJIEHHS 1, 9€M OCHOB-
HOI Ny, JUCIIEPCUOHHAs KPUBas lepeceKaeT yposeHb 3 = ny. llpu srom
BO3HUKAET JOIOJHUTEIbHOE BBIPOXKIEHUE, KOTOPOE MPUBOJIUT K JIOKAJIb-
HOII HEyCTOUYUBOCTU.

Hamu npemraraercst ajropuT™M, yCTORYUBBIA K JTAHHOU HEYCTONYIMBO-
ctu. B paccmarpuBaemom citydae B obsactu 3 > my y JHCIIEPCHOHHBIX
kpuBbX, Kpome T Ey— u T My—, Bozuukaor obsactu (HeJIOKAJIbHbIE) AHO-
MaJbHOH mucnepcuu. B 3Tmx 00J1acTsIX, BO-IIEPBBIX, BOZHUKAIOT YUCJIEH-
Hble HEYCTONYUBOCTU, BO-BTOPBIX, IIPOUCXOIAUT KPUTHIECKOE COJIMYKEHUe
PAa3/IMYHBIX MUCIIEPCUOHHBIX KPUBBIX. [IpemaraeMblil aJirOpuT™ SBISETCS
YCTOWYMBBIM K OOOUM STUM sIBJIeHUSIM. Pabora ajaropurMa, peajn30BaHHO-
ro B cpefe Delphi, mpogeMoHCTpUpOBaHa Ha MOCTPOECHUN OTACTBLHBIX JIHC-
[IEPCUOHHBIX KPUBBIX W HA IMOCTPOEHUU CEMEHCTBA IUCIIEPCHOHHBIX KPHU-
BBIX, JIEMOHCTPUPYIOIINX UX KPUTHIECKOe cOJImKeHne. B KadecTBe J10110J1-
HATEJILHOTO PE3yJIbTaTa CHHTE3UPOBAHBI IIPOMUIIA TOJIIIIH JTOIOJHATE b
HOro (HEPEeryJgpHOro MO TOJIIUHE) BOJHOBOIHOIO CJIOfA, (POPMUPYIOIIErO
TOHKOILIEHOYHYIO0 00OOIIEHHYIO BOJTHOBOIHYIO JuH3Y JItoHe6epra.

Buaaropmapuoctu

Pabora BeimosiHeHa TpU YacTHIHOM o ep2KKe rpanToB POOU Ne 14-
01-00628,Ne 15-07-08795 u Ne 16-07-00556.
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Thickness profile synthesis of thin-film generalized
waveguide luneburg lens by cross-sections method

G. D. Dashitsyrenov*, K. P. Lovetskiy*, N. E. Nikolaev*',
A. L. Sevastianov*, L.A. Sevastianov*?

* Department of Applied Probability and Informatics
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Joliot-Curie 6, Dubna, Moscow region, 141980, Russia

In the work by Luneburg a model of an ideal optical device (in the framework of
geometrical optics) was proposed, later called the Luneburg lens. Subsequently
the classical Luneburg lens was included in the family of the ideal optical in-
struments — the generalized Luneburg lens. In the work by Zernike it was shown
that a local increase in thickness of the waveguide layer leads to a local decrease
of phase velocity of propagating waveguide mode. This effect has led to the idea
of manufacturing the waveguide (two-dimensional) Luneburg lens instead of vol-
ume (three-dimensional) ones. We investigate the class of multilayered thin-film
generalized waveguide lenses.

Numerical studies of such waveguides are conducted by the cross-sections
method. This method is based on the adiabatic approximation of the asymptotic
expansion of locally plane waves simplified by two additions: 1) in derivatives
for adiabatic waveguide modes only the zero-order contributions are taken into
account; 2) instead of the tangent planes at the points of irregular boundaries
for the formulation of boundary conditions their approximations of “horizontal
projections” are used.

Keywords: multi-layered integrated-optical waveguides, generalized
Luneburg lens, the cross-sections method.
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YIK 517.9

Ananus ynpaBjsgeMbIX JUHAMUYECKUX CUCTEM Ha
ocHoBe nnpuMenenusi TC-mozeneit n
MOAMPUITMPOBAHHBIX JIMHEWHBIX MaTPUIHBIX
HEpPaBEHCTB

O. B. JIpy>xununa*, O. H. Macuna', E. B. Uronuna!

* Borwucaumenvrnit yenmp um. A.A. Jopodnuywna PAH,
ya. Basuaosa, 0. 40, Mockea, Poccus, 119333
t Kagpedpa mamemamuseckozo modesuposarius
U KOMNLIOMEPHBLIT METHONOLUL,

Eneyxuti 2ocydapcmeennonti ynusepcumem um. M. A. Bynwuna,

ya. Kommynapos, 0. 28, Eaey, Poccus, 399770
¥ Kagpedpa npuraadnoti mamemamury u unbopmamury,

Eaeyxuti 2ocydapcmsennviti ynusepcumem um. M. A. Bynuna,

ya. Kommynapos, 0. 28, Eaey, Poccus, 399770

Awnnoranusi. Pazpaboran 1moixos K CUHTE3y yIPaBJIEHUs JUHAMUYECKUMU CH-
creMaMu, 6a3UPYIONIUICSA Ha IIPEJICTABJIEHNH UCXOIHBIX CHCTEM MOJesaMu Taka-
ru—Cymxeno (TC-monenavun) n Ha npuMeHenun TeopeMm Merona dbyHKmit JIsa-
IIYHOBa W MOJM(DUIIMPOBAHHBIX JIMHEHHBIX MaTPUYHBIX HEPABEHCTB. Paccmar-
puBaeMasi HeJWHeHasT MOJE/b IPEJCTAB/IEHa B BUJE BBIMYKJIONH KOMOWHAIIMI
HECKOJIbKUX JIMHEWHBIX CHCTEM, TJIAJKO CBSI3AHHBIX MEXKIy COOOU TOCPEICTBOM
byHKIMit TprHAIEXKHOCTA. [l TOCTpOeHUsT CTaOMIM3UPYIONIETO JIOTHIECKO-
T'O PEryJsiTOpa UCIOJIB30BaHA MPOIEAYPa JMHAMUIECKON TapaslIe/IbHOM pacIpe-
JeJIEeHHOU KOoMIeHcanuu. Pemrenne Bompoca 06 yCTONINBOCTHA CHHTE3MPOBAHHOMN
TC-Mozesn cBeIeHO K aHAJIU3Y CBOWCTB MOIAMMDUIMPOBAHHBIX JIMHEHHBIX MaT-
PUYHBIX HEPABEHCTB, IOJYIEHHBIX HA OCHOBE JJOCTATOYHBIX YCJIOBHUI CUMIITOTH-
qecKoi ycroiiunBocTn B TepMuHax dynkimii Jlsnynosa. Ha npumepe mepesep-
HYTOI'O MasITHHUKA OCYIIIECTBJIEH CUHTE3 YIIPaBJeHus C IepeksodenueM. Vccie-
nosana TC-Mozenb epeBepHyTOro MasTHUKA M HailIeHbl TapaMeTPhbl CTAOHMIIM-
supyitomiero JAITPK-perynsaropa. Ilpu nmpoBeneHnn BBIYUCIUTEIBHOIO SKCIEPU-
MeHTa WCIIOJIb30BaH aJropuT™m JIoycoHa pereHusl CUCTEM JIMHEWHBIX U KBa3U-
JIMHEWHBIX TudEPEHITNATBLHBIX YPABHEHNN. BBITOTHEH CpaBHUTEIBLHbBIN aHAIN3
Ka4eCTBEHHBIX M YHCJIEHHBIX PE3YJ/IbTATOB MOJETUPOBAHUS MAsTHUKOBON CHCTE-
wmbl. [Ipemroxkennplit MOAXOM K CHHTE3Y YIPABICHUS MOXKET ObITh HUCIIOIH30BAH
JJIsI MOJIETTMPOBAHIUST YIIPABJISEMBIX CHCTEM B YCJIOBHUSX HEOIPEIETeHHOCTH.

KurogeBrble ciioBa: ynpasisieMble JUHAMAYECKHUE CHCTEMBI, YCTONTIHBOCTD,
dyuknusa JlsmyHnoBa, jguHeliHbIe MaTpUYHbIe HepaBeHCTBa, T C-Mozes.

1. Bsenenwne

OHNM U3 COBPEMEHHBIX MTO/IXOJIOB K PEIIEHNIO 3a/Ia91 CUHTE3a, yIIPaB-
JIeHUSI OOBEKTAMH B YCJIOBHUSX HEOIPEICJTCHHOCTU SIBJISIETCS ITPUMEHEe-
HHE CHUCTEeM C IIepeKJIOYeHneM, OTHOCHAIIUXCH K KJlacCy HelpepbIBHO-
JUCKPETHBIX cucTeM. MaTremaTrudeckne MOJETN CUCTEM YIIPABJICHUS C TIe-
PEKJTIOYUEeHNEM TTPEJICTABIIAIOT COO0I MOJIEIN, B KOTOPBIX HEIPEPLIBHAS M-
HaMUKa, IOopoxKJaeMas B KaXKJblii MOMEHT BpeMEHM OJIHOIl U3 allpUOpPHO
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3aJIAHHOTO0 HAOOPa HEIPEPBIBHBIX CHCTEM, ITEPEMEKAETCS C JIUCKPETHBIMA
OTIepaIusIMU, TOIAFOIIMMI KOMAH bl JIMOO Ha MIHOBEHHOE IEPEeKJIF0UeHHe
C OJIHOH CUCTEMBI Ha JAPYTYIO, JIMOO HA MTHOBEHHYIO IEPECTPOUKY C 3a/1aH-
HBIX TEKYIUX KOODAWHAT HA JPYTHUe KOOPJAWHATHI, JTUOO HA TO U JAPYroe
oJiHOBpeMeHHO. lcciieioBadme cucTeM ¢ MEPEKII0YEHNEM W PelIeHne pas-
JINYHBIX 33129 YIPABJIEHAS JJIs HUX [TO3BOJIET 3HAYATEIHHO PACIIAPATD
06JIacTh UX OPaKTUIecKoro npumenenus. B [1] paccmarpuBaiorcst 3aia-
91 JOCTUXKUMOCTH, BEPU(MDUKAIINNA ¥ CHHTE3a YIIPABJIEHUN JIJIsi THOPHUIHBIX
cucreMm. CHUCTEMBI C MEPEKJTIOYEHUEM MOTYT OBITH MPEJCTABICHBI ¢ TOMO-
IIbI0O KYCOYHO JIMHEHHOHU alIIPOKCUMAIUUA CJIOXKHOM HEeJIUHEHHON CUCTeMbL
muddepeHnmaIbHBIX ypaBHeHUH. B [2] n3yueHbl BOMPOCH CTAOUIN3AIMN
MHOTOCBA3HOI YyIPAaBJIAEMON MAHUIYJIANUOHHON CHCTEMBI C HCIOJB30Ba-
HUEM KYCOYHO-TIOCTOSTHHOTO YIIPaBJIEHUS.

BazkHoit cocTaBigonieil Ipy IOCTPOEHNHN CUCTEM C IIEPEKTIOYEHIEM B~
JIsieTCs COOJIIOJIEHNE YCJIOBHUS YCTOWYMBOIO WX (DYHKIIMOHUPOBAHUS. Dd-
(EeKTUBHBIM CPEJCTBOM AHAJIN3a YCTONYMBOCTH U CUHTE3a YIIPABJIEHUN
ABJISIIOTCS pa3IndHble Moaudukanun Metoa GyHkimit JIsmyHnosa, mpe-
craBjieHHbIe B paborax [3,4]. B MHOrocBa3HbIX cucTeMax s yupaBiie-
HUsI HEIIPEPBIBHBIM OObEKTOM YaCcTO HMCIIOJIB3YIOTCS IMMPOBBIE PEryJIsiTO-
pot. s popMupoBanust yIpaBiIeHus U CTAOUIN3AINN JHTHAMAIECKUX CH-
CTeM B YCJIOBUSX HEOIPEIETEHHOCTH IeJIeCO00PA3HBIM SIBJISI€TCS ITPUMEHE-
HIE JIOTUIECKUX PeryasaTopoB. B [5] oxapakrepusobaHa 06JacTh UCIIOIB30-
BaHUs JIOTHYECKUX PETYJITOPOB, PACCMOTPEHBI BOIIPOCHI MOJIEJINPOBAHUS 1
CTabMIN3AINN TUHAMIIECKAX CUCTEM C JIOTHIECKUMU PETYJIATOPAMHE, TAHO
pasBuTHE METOOB JIsIIIyHOBa UCC/IeI0BaHUSI YCTONYNBOIIOI00HBIX CBONCTB
YKA3aHHBIX CACTEM.

B nacrosiimieit paboTe MpeTozKeH MOIAX0[T K CUHTE3Y YIIPABJIEHUS] CH-
CTeMBbI C IIepeKJIIoUYeHneM, Oa3UPYIONUNACS Ha WCIOJIb30BAHUU JIOTHYE-
CKOI'O PEryJIaTOpa U IIPEICTABJIEHUN UCXOJHOW CHCTEMBI MOJEIbI0 Taka-
ru—Cymkeno (TC-moznennio). st MOCTPOEHHsI JIOTMYECKOIO PEry/IsaTopa
HCII0JIb30BaHa IMPOIEAyPa JIUHAMUYECKON IapaJliesIbHO paclpejie/IeHHOM
komnencaruu (JIITPK). Ioay4ensr ycaoBust yCcTOYMBOCTU B BUJIE MOJIU-
GUIMPOBaHHBIX JIMHEWHBIX MATPUIHBIX HEpaBeHCTB. Ha mpumepe cucremsr
YIPaBJIEHUS [IePEBEPHYTHIM MAATHUKOM OCYIIIECTBJIEH CUHTE3 YIIPABJICHUS
MagTHUKOBOI cucTeMbl ¢ mepeksodenueM. OmpeiesieHbl TapaMeTphl Jio-
ruueckoro JIITPK-peryssitopa, crabuim3upyromnero nmepeBepHyThiii MasiT-
HUK, U IIPOBEJIEH BBIYUCIUTEIbHBIN IKCIEPUMEHT B KOMIIBIOTEPHOIl cpejie
MATLAB. IlpemiaraeMmblii B HACTOsIIEH CTaTbe IIOAXOI OCHOBAH Ha pas-
sutun noaxona K. Tanaku u X.O. Banra [6].

2. TlocTpoeHue n aHAJIN3 yCTOMYNBOCTHU IEPEKJIIOYATEIbHOMN
cucTeMbl ynpasJienus, onucbiBaemoii TC-mo/iennbio

B psime 3ajau yrupasiieHusl m3ydaemble HeJUHEHHbIE CUCTEMBI YI00-
HO omuchiBaTh ¢ momombio TC-momeneit [6]. YHuBEpcasbHOCTH MOAXOIA
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ma ocaoBe TC-mogmeneil 3akogaeTcs B TOM, 4TO Jiiobas ryiajakas (pyHK-
st (IpeJICTaBIAIIAsl, HAIPUMED, IPaBylo 4acTh JnddepeHnaabHOro
YDABHEHUs) MOKET ObITh HA BBIILYKJIOM MHOXKECTBE C 33J[AHHON CTElNeHbIO
TOYHOCTH TPUOJIMXKEHA YKa3aHHOUW KombuHarmeit. HeueTkne MHOXKecTBa
7 TPABUJIA JIOTMYIECKOTO BBIBOJIA HCIIOJIB3YIOTCS I OIMHCAHUS TJI00Ab-
HOHI HeJIMHEHHOHN CHUCTEeMbl B TepMHUHAX MHOXKECTBa JIOKAJIbHBIX JTUHEHAHBIX
CHCTEM, TJIAJIKO CBSI3aHHBIX MKy CODOM 1MocpencTBOM (DYHKIUN IPUHAT-
seskaocT. TakuM 06pa3oM, nCxoiHast HeJIMHEeHHAS MOJIE/Ib [IPEJICTABIISIET-
cst (BO3MOXKHO, JIAIIb B HEKOTOPOIi 06/1aCTH) B BUJE BBINYKJIOH KOMOMHAIMN
HECKOJIbKUX JINHEHHBIX cucreM. B [5| mpusesen amropurm anmpokcnMaryn
JuHaMuaeckoit cucreMbl 1T C-MOe/bi0, n3ydeHa u moka3aHna 3hderTus-
HOCTB ucHoJib30Banust TC-Mojiesieil npyu onucaHuu JUHAMUYECKUX CUCTEM
C JIOTUYIECKUMU PerysisiTopaMu. Kirne ofHuM IPEenMyIecTBOM HUCIOJIb30Ba-
Hust tepexona K TC-Momenu siBjisieTcsi TO, 9TO aHAJN3 yCTOWIUBOCTHA MO-
2KeT 6bITb CBeJIeH K 3a/lavdaM, peniaeMbIM C ITIOMOIIBIO JIMHENHBIX MaTpu4-
HBIX HEPABEHCTB, KOTOPBIE 00ECIeYnBaOT TpebyeMble CBOMCTBa (DYHKITUN
JIsmmyHOBa M JOIyCKAIOT YHCJIEHHOE PEIeHNE C ITOMOIIbI0 BBIYUC/IATE b
HBIX ITAKETOB.

[TepeksrouaTenbHas cuCTEMa IPEICTABISET COOOW MHOTOCBA3HYIO
VIPABJISIEMYIO CUCTEMY, OIUCHIBaeMYO nudpepeHInabHbIMI Y PaBHEHU-
siMu BUzA [2]

T
2i(t) = Aizi(t) + Bawi(t) + Y Aij, i=1,2,...,m, (1)
j=1,5i

rae x; € R™ — BexTop cocrosuus, A;, A;j — IIOCTOAHHBIC MATPHUIIBI PA3MeD-
HOCTH COOTBETCTBEHHO 1; X N; W N; X Ny, B; — maTpuma-cronber pasmep-
HOCTH M, T — YUCJIO MOJICUCTEM MOJECJIH. YIIPaBJICHHUE U; 3aBUCUT OT JIHAC-
KPETHBIX MOMEHTOB BPEMEHU U IIPEJICTABJISET CODOI KyCOYHO-TIOCTOSHHY O
GYHKIINIO Ha KasKI0OM ITPOMEXKYTKe BpeMeHu. B ciiydae, Korma ypaBiieHne
BOBJIEHCTBYET TOJIBKO HA IIOJACUCTEMBI

z(t) = Aizi(t) + Biug(t), i =1,2,...,7, (2)

ucxonHo# cuctembl (1), T.e. 3aBUCAT TOJBKO OT €e COCTOSIHUSI B OIIpe/ie-
JICHHBIT MOMEHT BpPEMEHHU, TO OHO BBIOMpaeTcs Kak u; = k;x;, vae k; —
K03 DUIUEHTHI YCUJIEHUST PErYJISITOPA.

IIpeanonaraercs, aro paccMarpuBaemasi cucrema (1) mmeer mostoxe-
HUEe PaBHOBECHUSI, U CUCTEMa OTCYETa BHIOpAHA TAK, YTO OHO COOTBETCTBY-
et HysjeBoMy pemiernio ypasuenus (1). Kpome Toro, cauraem, 9to cucre-
Mma (1) paccmarpuBaercss B HekoTOpOiH obsactu D C R™, comeprkaieit
HAYAJI0 KOoOpAuHAT (3ajaHue yKa3aHHOI 00JacTH MOXKeT ObITh 00YyCJIOB-
JICHO, HAIIpUMED, (DU3UYECKUM CMBICJIOM [EPEMEHHBIX COCTOsAHUs ). [IycTh



70 DCCN—2016

z(t) = (z1(t),...,2(t)) — BeKTOpHAS BeJMYMHA, 3HAYEHUS KOTOPOIl B Te-
Ky MOMEHT BPEMEHH 3aBUCAT OT () ¥ ONMCBIBAIOTCH HEYETKUM MHO-
skecTBoM M;;. Ha MHOXKecTBe M;; ompeaes M HeIpephIBHBIE (DYHKITIH

1
= [ M0, o) = )
1 > i)

rae M;;(zj(t)) — creneHb NPUHAJIEXKHOCTH JIEMEHTa 2;(t) K MHOXKECTBY

M;;. pennonoxum, aro w;(t) > 0,7=1,2,...,7, 1 Y w;(t) >0 Vt. U3
i=1

T
peoNoXKenuii caeyer, aro h;(t) > 0, tne i =1,2,...,r,m Y hi(t) =1
i=1
vt

Paccmorpum cucremy
/(1) =Y hi(z(0){As(t) + Buu(t)}, (3)
i=1

KoTopas onpegnenser TC-Momenb ynpasisgeMoii cucrembl. Ha ocnose nmpun-
[UIa YHUBEPCAJIbHON anmnpokcuMaiuu [5] U ¢ y4eroM CymiecTBOBAHU
dbyukuumit nupunamieskaoctu h;(t), Momesnsb (2) MOXKeT ObITh PeyIMPOBAHA
K Mozenu (3).

s TC-momenu (3) i-e npaswmio, coorBercryiomiee byuxiuu h;(t),
UMeeT BUJL:

II; : ecom 21 (t) ects M1 u ...m z(t) ects M,
to 2’ (t) = A;x(t) + Biu(t), y(t) = Ciz(t),i =1,2,...,r,

rue y(t) € R? — Bekrop BhIxOHa, C; € R?T*™. Ilpemnosnaraercs, 4To uc-
XOJ[HBIE TIEPEMEHHbBIE He ABJIAIOTCS (DYHKIIUSIMEI OT BXOJAIIUX T€PEMEHHBIX
u(t).

OpauM u3 5¢pPEeKTUBHBIX IPUEMOB CUHTe3a yipasienus st 1T C-Mo-
JieJiel IBJISIeTCS UCTOIBL30BAHNE JIOTHIECKOTO PETYJISITOPa, IIOCTPOESHHOTO C
ITOMOIIBIO TTPOIEYPhI JUHAMUIECKON IMapaJlIe/IbHO PACIIPE/IEIEHHON KOM-
nencaru (ITTPK-peryasaropa) [6]. Iponeaypa JIPK sakmouaerca B
TOM, 9TO KaXKJ0€ MPABUJIO PErYJISTOpPa CTPOUTCS U3 COOTBETCTBYIOIIETO
npasuiia TC-momesn. Ilpu 3TOM JIOrMYecKuii perysisaTop HCIOJb3yeT Te
JKe HeYeTKHEe MHOXKECTBA, 9TO U MOJeJIb B UCXOJHBIX JACTAX, U B PACUET
GepeTrcst TOJIBKO JIOKaJIbHAas 3((MEKTUBHOCTD KAXKI0T0 ITPABHUIIA.

TIpaBusa ynpasiaeHust i MOJen (3) UMEIOT BHL

I1; : ecotm z1(t) ectb My u ...u z(t) ects M,
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o u(t) = K;z(t),i=1,2,...,r,

rae K; — marpuria Ko3dUIMEHTOB yCUIeHNs JOKAJIBHON 00paTHOM CBsi-
3u. O6muit JIITPK-perysnsrop mpejcrasiisier coboii coueTaHune OTe/IbHbIX
JINHEHHBIX PEryJIsiTOPOB U 33Ia€TCs B BUJE

i=1

B pabore m3yden Bompoc 0O cTaOMIM3AINN TEPEKITI0YATETHHON CHCTe-
Mbl. B kauecTBe dyHKIun JIsiiyHOBa paccMoTpeHa (DyHKIUS BUIA

V(z) = 27 Qu,

e P — mosoxxuresibHO onpesiesieHHast MaTpuiia. [losydensr ycioBus cra-
Gusmsupyemoctu Moziesn (3) B Buje OrpaHUYeHUil HA COOTBETCTBYIOIIUE
matpuisl Q, K; = M;Q 1.

s cuHTE3a yIpaB/ieHUsI HA OCHOBE MOINMUINPOBAHHBIX JIMHEHHBIX
MAaTPUYHBIX HEPABEHCTB IPEIBAPUTEILHO PACCMOTPEHA, JTUHETHAST MOJIEb,
3aBHUCHAIIAs OT nmapamerpa p. [logydensr ycioBust crabumsupyemoctu T C-
mogenu (3) mocpencrsom AITPK-peryssitopa, B Buie MOAudUIIPOBAHHBIX
JINHEHHBIX MATPUYHBIX HEPABEHCTB, YIUTHIBAIONINX [IAPAMETD P.

3. CuHTe3 ynpaBJieHUsI MasiTHUKOBOM CHUCTEMBI C
epPeKJII0YEeHNEM

IIpumenenmre onmmcaHHOTO MOAXOA K CUHTE3Y YIIPABJIEHUs] B TEPEKJIIO-
YaTeJIbHBIX CUCTEMAX PACCMOTPEHO Ha, IPUMEPE CHCTEMbI YIIPABJIEHUS IIe-
peBepHyTHIM MagTHuUKOM. [Iporemypa ammpokcumarn auddepeHnaib-
HOIt Moziesn niepesepHyTOro MastHuka TC-Mozenbio npusesena B [5]. o-
Ka3aHo, 910 TC-MOo1e/b IIepeBEPHYTOr0 MasATHIUKA MOXKeT 0e3 moTepu ObIII-
HOCTH IIPYU KAIECTBEHHOM HCCJIEOBAHUN CBOJIUTHCHA K MOJIEJIH C By MSI IIPa-
utamu (r = 2) Buja

I1; : ecom 21 (t) ectb 0,10 7' (t) = Ar1x(t) + Byu(t),
I, : ecom a1 () ectn =+ g(|x1| < g),To 2 (t) = Apa(t) + Bou(t), (4)

rine A1, Ao, By, By — Marpuibl napaMeTpoB MasTHUKA. 3ajada yIpaB-
JIEHUS 3aKJ/II0YAETCsI B CTAOUIM3AINYA MasTHUKA B BEPXHEM BEPTHUKAJIHHOM
IOJIOYKEHUH.

[Ipeamonaraercst, 9T0 mEPEXOJ, ¢ OJHON MMOJICUCTEMBI Ha JPYTYIO C yde-
TOM HAYAJIBHBIX YCJIOBUN OCYIIECTBIISIETCS C MOMOIILIO (DYyHKIWIA TPUHA-
JIEZKHOCTH hy U ho , OTHOCSIIIMXCS K KJIACCY TPEYroJibHBIX. Vcoib30Banmne
dbyukmmit hy 1 hy TpeyroabHOro BUIa O0OYCIOBJIEHO TUIIOM HEOIPE/Ie/IeH-
woctu B yactu ECJIN npasun momenm. Buibop Buma dbynkumit npuaai-
JIEZKHOCTH CYIIECTBEHHO YIIPOIAeT COOTBETCTBYIOIINE aHAJUTHYECKUE U
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YHUCJIeHHbIE PACYeThl B KOHTEKCTEe peraeMoil 3a1auu. B [5] manbl yciaoBus
ycroitunsocTu TC-Mo/ie/IU TIepeBepHyTOro MasiTHUKA, 6e3 MepeKIIoueHnsl B
BuJle HabOpa JMHEeHHBIX MATPUYHLIX HEePaBEHCTB.

ITokazano, aro TC-Momenb MAATHUKOBOH CHCTEMBI C IMEPEKJIIOICHIEM
HA OCHOBE TIpaBWJI Mojesn (4) IpuMeT BuJ

2 2 r .
2 =" hi(y)h;(y) Az + ; hiB'y, u= ; hi(y)Ciz + Dy, (5)

i=1 j=1

e A% B, C*, D — MaTpuIipl, OlpeJieieHHbIe C yIeTOM MOIUMUITPOBAH-
HBIX ycaoBuil ycroirausoctu u mapamerpos IIIPK-perynaropa, mosry4uen-
HBIX B HACTOMAIIEH padore.

BermosHeH gucieHHbI aHamm3 cuHTe3upoBanHoi TC-monenn (5) B
KoMIbloTepHOH cpesie Matlab ¢ ncronbsosannem amropurma Jloycona [5).
Ussecrabie uuciennbie MeTonnl (Meros Pynre-Kyrror, meron Amamca u
JIp.) HE [O3BOJISIIOT BBIIOJIHUTD JJIs YKA3AHHBIX MOJIEJIe a/leKBaTHDIE YHC-
JIEHHBIE KCIIEPUMEHTBI. DTO 00YCJIOBJIEHO OIPAHUYIEHHO 00IACTBIO YCTO-
YUBOCTHU PEIIeHU, IOy IeHHBIX TPAJIUIIMOHHBIMU YHUCIEHHBIMY METOIaMH,
7 OBICTPOTOM MPOTEKAHMUSI POTIECCOB B YIIPABJISIEMbBIX CUCTEMAaX. AJropuTm
Jloycona 3akJjiouaeTcs B IpeoOpa30BaHUU UCXOIHON cucTeMbl auddepeH-
IUaJIbHBIX yPaBHEHUIl B cucreMy IuddepeHnuaabHbIX YPaBHEHUN OTHO-
CUTEJIbHO HOBOW HEM3BECTHOW (DYHKIMH C TMOMOIIBIO CIEIUAJbHON 3aMme-
ubl. [loce nposeseHHOrO peobpazoBaHust, KOTOPOE BBIIOIHSIETCS CaMOi
IpOrpaMMOii, TPeICTABIEHHO B BuAe paciupenns ais Matlab, permrenne
[TOJIy9eHHO# crucTeMbl TpoBoauTcs MerogoMm Pyrre-KyrThr.

B X016 KOMIIBIOTEPHOI'O MOJIEJIMPOBAHUSI JIJIsi KOHKPETHBIX HaYaJIbHBIX
YCJIOBUIA TIOJIyYeHBI I'PAMUKH YTIJIa OTKJIOHEHUS U YIJIOBOI CKOPOCTH II€pe-
BepHyTOro MaaTHHUKA. [JoKazana cOryiacOBAHHOCTD PE3YJIHTATOB YNCICHHO-
r'0 aHAJIN3a MAsITHUKOBOI CHCTEMBI C IepeKJIoYeHneM, onucbiBaemoit TC-
MozIesbIo (5), ¢ pe3yJibTaTaMu KaueCTBEHHOIO ee MCCJIeI0BAHUSL.

4. 3akJjo4yeHue

[IpemyioxkeHHbIIT B HACTOSAIIEH PabOTE MOIXOM K CHHTE3Y YIPABJIECHUS
CHUCTEMBI C MEPeKJII0YeHneM 0a3upyeTcs Ha IPUMEHEHUHN JIOTUIECKOIO pe-
DYJISTOPA U MPEACTABICHIN UCXOMHOM HesmHelHo cuctembl T C-Momembio.
DTOT TOIXOM HAIpaBieH HA 3MMOEKTUBHOE YIIPABICHNE TUHAMUIECKAMU
O0beKTaMU ¥ IPOIECCAMH IIPU MTOCTOSTHHO M3MEHSIOIUXCsI BHEITHUX BO3-
JeHCTBUAX U HAJIUIUU IIaPAMETPUIECKOI HeolpeiesieHHOCTH o0 beKTa. J1Ist
[TIOCTPOEHUsI JIOTUIECKOTO PEryJIsiTOPa MCIIOJIH30BAHA IIPOIEIyPa JTANHAMUI-
YeCKOIl MapaJuIeIbHO PAcIpe/ieeHHol KoMiercanuu. [losydensl ycaoBus
YCTOWYHUBOCTH B BUJE MOAUMUIMPOBAHHBIX JUHEHHBIX MATPUIHBIX HEpPa-
BercTB. Ha mpuMmepe cuCTeMBI yIpaBJIEHUsI MEPEBEPHYTHIM MAasTHAKOM
OCYIIIECTBJIEH CUHTE3 YIIPABJIEHUs] MaITHUKOBOI CUCTEMBI C ITEPEKJIIOUEHN-
€M ¥ MPOBEJIEH BBIYUCIUTEIbHBIN 3KkciepuMenT. OnpeiesieHsbl mapaMeTphbl
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sgormaeckoro JITPK-perymsTopa, cTabuIn3upyonero mepeBepuyThIil Ma-
arauk. [losydeHnbie pe3yabTaThbl MOTYT OBITH HCIIOJBL30BAHBI B 33/Ia9aX
YCTOWYUBOCTH U CTAOMJINZAIII CUCTEM.
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The approach to synthesis of control of dynamic systems based on represen-
tation of the initial systems by the Takagi-Sugeno models (T'S-models) and on
application of theorems of a Lyapunov functions method and the modified linear
matrix inequalities is developed. The considered nonlinear model is presented in
the form of a convex combination of several linear systems, smoothly connected
among themselves by means of membership functions. For construction of the
stabilizing logical controller the procedure of the dynamic parallel distributed
compensation (DPDC) consisting that each rule of the controller is built from
the corresponding rule of TC-models is used. The solution of stability prob-
lem for the synthesized TC-model is reduced to the analysis of properties of the
modified linear matrix inequalities obtained by the aid of sufficient conditions
of asymptotic stability in terms of Lyapunov functions. On example of the in-
verted pendulum the synthesis of the control with switching is carried out. The
TC-model of the inverted pendulum is researched and parameters of the stabi-
lizing DPDC-controller are set. When carrying out a computational experiment
Lawson algorithm for solving of systems of the linear and quasilinear differential
equations is used. The specified algorithm is based on transformation of initial
system of the differential equations to the system solved by Runge-Kutta nu-
merical method. The comparative analysis of qualitative and numerical results
of modeling of pendulum system is performed. Proposed approach to synthe-
sis of control can be used for modeling of controlled systems with switching in
the conditions of uncertainty, and also by development of design technologies of
dynamic systems of intelligent control.

Keywords: controlled dynamic systems, stability, Lyapunov function, the
linear matrix inequalities, T'S-model.
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YIK 519.689.1

KuaacrepHbiii MeToa onncaHuda MoeJieil JaHHBIX
MH(POKOMMYHUKAIIMOHHBIX CHUCTEM, ITIOCTPOEHHBIX HA
0a3e MHOIOMEPHOTO MOAXO0Aa

M. B. ®omun

Kagedpa ungopmayuornvir mexronrozud,
Poccutickuti ynusepcumem dpyotcbo. Hapodos,
ya. Muxayzo-Maxaas, 0.6, Mockea, Poccus, 117198

Annotanus. Mosenibio JaHHBIX B THHOKOMMYHUKAITMOHHBIX CUCTEMAX, TIOCTPO-
€HHBIX Ha 0a3e MHOTOMEPHOTO IO/IXOJIA, sIBSETCS MHOTOMEPHBIH KyO JTaHHBIX.
B cucremax ¢ MHOroacmeKTHBIM OMMCAHWEM IIPEIMETHOH obsracTu KyObl JaH-
HBIX XapaKTEePU3YIOTCsI OOJIBINON pa3perKEeHHOCTHIO, YTO 3aTPYIHSIET OpraHu3a-
U0 XpaHEHUsT JAHHBIX U IMOPOXKJAET CJIOXKHOCTH B IPOIECCe aHAIN3a WHGOP-
maruu. [IpeyraraemMplit KJ1acTEpPHBIM METO/T OITUCAHUS CTPYKTYPhI MHOIOMEPHOT'O
Ky0a JaHHBIX Oa3upyeTcs Ha, UCCJIEJIOBAHUU CEMAHTUKU IPEIMETHON 0bJiacTu u
IIOMOTaeT OPraHn30BaTh P MEKTUBHBIN aHAIN3 JaHHBIX. [Ij1s1 n3Mepennii, KOTO-
pble SIBJISIFOTCSI PA3MEPHOCTSIMU MHOTOMEPHOTO Ky0a, BBISBJISIFOTCSI TPYIIBI X
3HAYEHUI, KOTOphle CEMAHTHUYECKN CBS3aHBI C IPYIIIAMU 3HAYEHUH APYTUX U3~
Mmepenuii. IlocTpoenne cBszeit MexKly IpylIIaMy 3HAYEHUIH PA3HBIX WU3MEPEHUH
MMO3BOJISIET BBISIBUTDH B KyOe JJAHHBIX KJIACTEPHI — HADOPBI TYEEK, KOTOPhIe 001312~
IOT CXOIHBIMHU CBOMCTBAMH U MOTYT OBITH OMMUCAHBI €UHBIM 0Opa3oMm. Kiacrepst
HCIIONIB3YIOTCA B KAYECTBE OCHOBHBIX 3JIEMEHTOB MOJENH JAaHHBIX MHMOOKOMMY-
HUKAITMOHHOU CHUCTEMBI.

KuroueBrble citoBa: nHGOKOMMYHUKAIMOHHAS CETh, MHOIOMEPHAsI MOJIEJIb JaH-
HBIX, Pa3PEXKEHHBIH KyD, MHOXKECTBO JOIIYCTUMBIX COYUETAHUMN, KJIACTEDP COYeTa-
HU 3HAYEHUI U3MEepeHni.

1. Bsenenmne

st orlepaTUBHOIO aHaju3a OOJIBIIOr0 00beMa JAHHBIX HUCIIOJIb3YIOT
MHOTOMEpHBIe WH(POPMAIMOHHBIE CHUCTEMBI, TTOCTPOECHHBIE HA MPUHIAIAX
OLAP. AnayimTudecKumM IIpOCTPAHCTBOM B CHCTEME TAKOTO THUIIA, SIBJISIETCSI
MHOT'OMEDHBI KyO ITaHHBIX, PA3MEPHOCTSIMU KOTOPOTO BBICTYIIAIOT U3Me-
peHUsi, COOTBETCTBYIOIINE PA3INIHBIM ACIEKTAM HAOJIOIAEMOTO ABJICHUS,
JIJIsE OIUCAHUsI KOTOPOT'O CO3/IaeTCsl CucTeMa. B ciiydae MHOr0acIeKTHOrO
aHaJim3a OOJIBIIIOTO 00beMa JMAHHBIX, OTHOCAIINXCA K OTHOMY HabOJIIOIa-
€MOMY SIBJICHUIO, HO CEMAaHTHUIECKN PA3HOPOIHBIX, MHOTOMEPHBIN Ky0 xa-
pakTepu3yeTcsi BBICOKON Pa3peKeHHOCTHIO U HEPABHOMEDHOCTBIO 3aII0JTHE-
uust [1]. IIpu sTom BosHUKaeT mpoGiieMa paspaboTKK aIeKBATHOTO CIIOcoba
OIMCAHUS CTPYKTYPHI AaHAJIUTUIECKOTO ITPOCTPAHCTBA, UCIOJb30BAHNIE KO-
TOPOTO TO3BOJINJIO OBl 3((PEKTUBHO OPraHM30BaTh MPOIECC aHAJIN3A JIaH-
HbIX. Tako# MpaBUJILHBIN CIIOCOO JTOJKEH 00eCIIednBaTh yUIeT CEMAHTUKU
HCCJIEyeMOTO HabJII0IAeMOr0 SBJICHUS.
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2. TIlocraHoBKa 3aga4u

CTpyKTypa aHAJIATHIECKOrO TPOCTPAHCTBA MHOTOMEPHON HH(MOPMAIIH-
OHHO¥l CHCTEMBI JIOJ?KHA OTPayKaTh CBOWCTBA TE€X ACIIEKTOB HMCCJIELyeMO-
ro HabJIIOIAEMOT0 SIBJIEHUsI, KOTOPbIE MCIIOJIB3YIOTCS B MPOIECCe aHAIN3a
JaHHBbIX. KaxKmoMy TakoMmy aclieKTy COOTBETCTBYET OIHO U3 U3MEPEeHW
muHOoroMepuoro Kyba H. Ilonmbrit Habop namepenuit obpa3yeT MHOKECTBO
D(H) = {D',D?,...,D"}, rae D' — i-e usmepenne, n = dim(H) — pas-
MEPHOCTh MHOTOMEpHOT0 Kyba. Kak1oe m3mepenue 3a1aeTcst MHOYKECTBOM
3HadYeHuit u3Mepenns D* = {dll, Dy eeey A, }, rie ¢ — HOMep u3MepeHus, k;
— KOJIMYECTBO 3HAMEHUH M3MepeHusl. SHaUeHns u3Mepenns D’ HabuparoT-
¢S U3 MHOXKECTBA MO3UIUI 6a30BOr0 CIPABOYHUKA WA KJIACCH(DUKATOPA,
KOTOPBIIl COOTBETCTBYET TOMY ACIEKTY HabOJIFOIaeMOro SIBJIEHUsI, KOTOPbIiA
cBs3an ¢ D°.

MuoromepHbiit Kyd JAHHBIX ABJISETCS CTPYKTYPUPOBAHHBIM HABOPOM

ageek. Kaxkas adeiika ¢ 3a/jaeTca cOueTaHHEM C = (dzll,di, o dfn) 3Ha-
JeHUl W3MEepeHWil, 110 OJHOMY 3HAYEHUIO [JIsi KaXKJOr0 U3 H3MEpPEHWIA.
B ciywae ncnonb3oBanus mpu aHaIm3e HAOJIOIAEMOTO sIBJEHUsT OOJIBITIO-
ro Habopa Pa3sHOTUITHBIX ACIEKTOB, HE BCE BO3MOYKHBIE COUCTAHUS 3HATE-
HUl U3MEPEeHnit 33/1a10T 3HAYNMBIE, TO €CTh COOTBETCTBYIONTHE HEKOTOPOMY
daxkTy, g9efiku MHOrOMEPHOTo Kyba. DToT 3h@deKT BOZHUKAET KaK CJIel-
CTBUE CEMAHTHUYECKOTO HECOOTBETCTBUSI HEKOTOPBIX 3HAYEHUN M3 Pa3HBIX
U3MEpEHUil JAPYT APYry U MOPOXKIAET PA3PerKEHHOCTh B KyOe.

CJI0XKHBII XapaKTep COYeTAEMOCTH 3HAYCHWH M3MEPEHUl MOYKeT IIpHU-
BOJUTH K CUTYAIlAU, KO[/Ia HEKOTOPOE M3MEPEHUE CTAHOBUTCS CEMaHTUIE-
CKHU HeOIpeJIeJIeHHbIM B COYETAHUU C HaOOPOM 3HAYEHUIN OCTAJIBHBIX W3-
Mepennit. [Ipn onrcanny 3HAYNMON A9I€KN MHOTOMEPHOTO Kyba, COOTBET-
CTBYIOIIEH OIMCAHHOW CUTYAINW, IJjIs 3aJaHUsl 3HAYEHUs] CEMAHTHUIECKU
HEOIPEJIeJIEHHOTO M3MepeHusi OyJeM MPUMEHsITh CIeluaIbHOe 3HAYeHUe
«He ncnonsayercss |2].

Takum 00pa3oM, CTPYKTYPY aHAJIUTHIECKOTO IIPOCTPAHCTBA MHOTOMED-
HO# MHMOPMAIMOHHON CUCTEMBI OIHCHIBAET MHOXKECTBO JIOIYCTUMBIX CO-
YeTaHUl 3HAYEHUN U3MEPEeHUil, COOTBETCTBYIOIEE MHOXKECTBY 3HAYUMBIX
siIeeK MHOTOMEpHOro Kyba. /[jist 06o3HatdeHust 9T0Oro MHOXKECTBa Oy1eM UC-
osib30oBaTh abopesuarypy «MJICs. IIpu (dpopmuposanuu coueranuit MJI1C
JUIs 33/IaHus M3MepeHuii OyjIeM WCIIoIb30BaTh 3HAYEHUs, HAOPAHHBIE U3
6a30BbIX CIPABOYHUKOB MJIA KJIACCH(MUKATOPOB, COOTBETCTBYIONINX U3Me-
peHusM, U crenuaibHoe 3Hadenne «He mcrnosnb3yercss.

3asaga cCOCTOUT B TOM, 4TOOBI pa3paboTaTh (DOPMAIBHBINA TOIXO, JIJIsT
ommcanuss MJIC, mo3BoJisionuii nmpecTaBuTh MeTa aHHbIE MHOI'OMEPHOIA
MHMOPMAITMOHHOM CHCTEMbI B KOMIIAKTHOM (hopmMe, oTpaskaromeil ceMan-
TUKY aHAJU3UPYEMOTO HaOJIIOIAEMOr0O STBJICHUS.
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3. KuacTepHsblit mOaX0/1] K ONNCAHUIO AHAJIUTUYIECKOTO
HIPOCTPAHCTBA

st TpaBUIBHOTO OINMCAHUS CTPYKTYPhI aHAJIUTHYIECKOTO TPOCTPaH-
cTBa TPeOyeTCsi IPOBECTU CEMAHTUYECKHI aHAJIM3 COYETAEMOCTH 3HAYEHMI
u3Mepennii. Moryr cymecTBoBaTh 3aKOHOMEDHOCTH B COYETAEMOCTU 3HA-
JeHuit AByX u Oojiee m3mepenwmii, ornpeuessionie crpykrypy MJIC. Ho
B OOJIBIIIMHCTBE CJIyYaeB MpaBmia coderaeMocTH, ompesensioniue MJIIC,
3a/1aI0TCS MOMAPHBIMU CBA3SIMU MeXK 1y m3MepeHussMu. Mbl orpanmdmmcs
PaCCMOTPEHUEM TaKO CUTYAIUU.

B kadecTBe MLIIOCTPATUBHOIO IpUMepa OyIeM paccMaTpUBATh CTPYK-
TYpPY AHAJUTAIECKOTO IMPOCTPAHCTBA NH(MOPMAIIMOHHONW CUCTEMBI, OIIACHI-
Baroreit Haburoiaemoe siBjeHne «Bbigada kpeauToBy. [laHHbIE mMOKa3a-
Teslell CUCTEMBI Oy/IeM IPEJICTABJIATh B IIECTH AaCIEKTax, COOTBETCTBYIO-
IUX CJIeAYIONNM m3MepenusM: «BpeMs Beigadn kpeaurtas, «Mecto Bbima-
qu Kpeauras, «Tum 3aemmukas, «[lon 3aemimukay, «Bu nesiresibHOCTHS
un «Bujg xpeauras. IlepBoe m3mepenne 0a3zupyeTcss HA JAHHBIX KaJIeHIIA-
psi, BBIOPDAHHBIX B PACCMATPUBAEMOM BPEMEHHOM Jnaras3oHne. Bropoe — Ha
CIIPABOYHUKE TEPPUTOPUAIBLHO-aIMUHUCTPATUBHOIO JjiesieHusi. OcTajibHbIe
U3MepeHns 333/ IUM CJIEAYIOMUMI 3HAYEHUIMU:

— Tun 3aemmuka = {«IOp. auno», «Pus. aumo» };

— Tlon 3aemmuka = {«Myxckoit», «ZKenckuii» };

— Bug gearensrocru = {«CrpourenncrBoy, «Toprosis», «BankoBckast
JIeSITETTBHOCTD> };

— Bug kpemura = {«O6oporubiity, «Mexb6ankoBckuii», «/noreanpiis,
«IToTpebuTenbekmiis }.

Wcrounukom nuMOpPMAIIT O CEMAHTUYECKUX CBA3AX MEXKIY U3MEPEHM-
sIMU SBJISIETCH HOPMATHBHO-METOINIECKAsl JTOKYMEHTAINS. 3a/1a9a aHAJII-
THKa — (POPMaIn30BaTh 3Ty WH(POPMAIIUIO B BHJIE [IPABUJI COYETAEMOCTH,
no3Bouisitonux rnocrpouts MJIC. B ciyuae aHa/im3a nomapHbIX ¢BsA3eil npa-
BIJIA JTOJI?KHBI OIIPEJIeNIATh, KaKas Ilapa 3HAYeHUI IByX U3MEPEeHU MOXKeT
BcTpedarhbes B coueTanusix MJIC, a kakue 3HAYEHMS OJJHOIO U3 U3MEPEHMi
HECOBMECTHUMBI C JIPYTUM n3MepeHueM. Takoil I0X0/1 IO3BOJISET BbIAETUTD
BO MHOXKECTBE 3HAUECHUIT M3MepeHus IPyIbl 3HadeHnii. ['pynmna 3HaveHunit
u3MepeHus — HaboP, BKIIOYAIONTNI OJTHO WM HECKOJIBKO 3HAUEHU n3Mepe-
HUSI, KOTOPBIE «OJMHAKOBO» COUETAIOTCS CO 3HAUEHUSIMU HEKOTOPOT'O JIPY-
roro n3mepenus B MJIC.

Mo2KHO BBIICTUTH HECKOJIBKO BUJIOB CBSA3M MEXKJYy U3MEPEHUSIMU, Pa3-
JIeJINB WX HA «IIPOCTBIE» U «CJIOXKHBIE». IIpocThle BUabI CBA3M:

1. Acconmanusa. B mape msmepennit D' u D? cymecTsyer accommanys,
€CJIN BO MHOXKECTBE 3HAUEHU I KarK/I0T0 U3 HUX MOTYT OBITH BbIJIEJIEHBI
n TPYWI, N > 2, U MEXJIy STUMHU T'PYIIAMUI MOXKET ObITH YCTAHOBJIE-
HO B3aMMHO OJTHO3HAYHOE COOTBETCTBUE, ITPOSBJIAIOINIEECS] B TOM, 9TO
B coueranns u3 MJIC snauenust D' u D? MOT'YT BXOJUTH TOJIBKO I1a-
paMu, B3ATBHIMH U3 COOTBETCTBYIOIIUX JIPYT APYTY TPYII 3HAUEHUI;
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2. Tommas acconmanus. B mape usmepenuit D' u D? cymecTByer morHas

ACCOIUAITNST, €CJIM MEXKJTy 3HAUCHUSIMU ITUX MU3MEPEHNN MOXKET ObIThH
YCTAHOBJIEHO B3aWMHO OJIHO3HAYHOE COOTBETCTBUE, IPOSIBJISIONIEECS B
toM, uro B MJIC 3nauennsa D' u D? MoryT BXOAUTE MapaMi B JIIOOBIX
COYETAHUSIX;

Basucumocts. Mexkmy msmepenusvu D! u D? cymectsyer saBucu-
mocth (D? zasucur ot D'), ecqu snauenust D! moryT 6u1Th pazsesne-
HBI Ha JIBE TPYIIILI 3HAYEHUI TaK, 9TO B CJIyUae, €CJIU B HEKOTOPOE CO-
vetanne n3 M/IC BXoIuT 3HAUEHHE U3 TIePBOi IPYHITBI 3Havennit D!,
TO 3HaMeHneM D? B 9TOM COUETAHUN ABJIACTCA JIONYCTHMOE 3HAYCHNE,
a ecJii B COYETAHWE BXOJUT 3HAYEHHE M3 BTOPON I'DYIIBI 3HAYCHUI
D', 1o D? B 5TOM COdYeTaHNN IPHHUMAET 3HadeHne «He mCIoap3yer-
csi».

B mape uzmepennit MOryT OBITH 3aaHBI CJIOXKHBIE CBSI3U, SIBJISIIOITIECS

KONI6HHaHH€ﬁ HECKOJIbKHX IIPOCTBIX CBsA3e€l:

1. Accormmanus u 3aBucuvocts. Mexxny D' u D? cymecTrsyer accoru-

aIlfs W 3aBHCUMOCTB, eci B D? MOryT ObITh BBLIIEICHBI 7. PYII,
n>1,as D' — (n+ 1) rpynma Tak, 9To Me¥K/ly TepBBIMH 1 IPyTIIa-
v D! u rpynmmamu D? ycranoBjieHa accoIMAIyst, a eCIM B COYeTaHTe
u3 MJIC Bxomut 3nadenue uz (n + 1)-it rpynmsr 3mavennit D, o
D? B 3TOM coueranun npuHIMaeT 3Hadenne «He ncronbsyercsas. Ilpu
sToM 3Hauenus u3 (n + 1)-it rpymb sHadenuit D! ne BeTpeuaroTcs B
OCTAJIbHBIX TPYIIIAX 3TOTO U3MEPEHHS;

Accormanus n nBycTopoHHss 3aBHcEMOcTh. Mexkmy D' u D? cymie-
CTBYeT acCOIMAlUs W JIByCTOPOHHSIS 3aBUCUMOCTD, €CJIM BO MHOMKE-
CTBE 3HAYEHUN KasKJIOTO U3 3TUX U3MEPEHMI MOT'YT ObIThH BBIJE/ICHDI
n rpymm, n > 2, Tak, 91o ecau B coderanue u3 MJIC Bxonut 3nadenne
3 mepBoit rpynmel D!, To D? B 3TOM coueTaHNH IPHHNMAET 3HATeHHe
«He ucnonbsyerca», ecim B coueranue uz MJIC Bxoaur 3HadeHune us
nepsoil rpynnsl D?, To D! B 3TOM cOUYeTaHWH IPUHIMAET 3HAMEHUE
«He ucnosbsyercsi», a ocraBuinecst (n — 1) rpynna 3HadeHuii uamepe-
uuit D' u D? o6pasyior acconmanuio. IIpn 3ToM 3HaUEHUS U3 EPBOt
rpymme! B D! 1 u3 mepsoit rpymme! B D? He BCTPEYAIOTCS B OCTAIBHEIX
IPYIIax CBOMX U3MEPEHUii;

3. JIBycroponHsia 3aBucuMocTb. Mexxay mamepenusivu D' u D? cyme-

CTBYET JIBYCTODOHHSISI 3aBHCUMOCTH, €CJIM BBITOJIHSIETCS TTPABUJIO: B
ciaydae, Koria B coderanue n3 MJIC sxoaur 3madenue uz D', To D?
B 9TOM COYETAHWN NpWHUMaeT 3HadeHue «He mcmosb3yercsi», a Ko-
IIa B COUETAHIe BXOAUT 3HadeHme w3 D2, To D' B sToMm coveTannu
puHUMaeT 3HadeHne «He ucmosb3yercsis.

Ha puc. 1 npegcrapienbl guarpaMMbl, CoepzKalire 0003HAYEHUsT 110~

IIAPHBIX CBA3EH MeXKJly U3MEPEHUAMU JJId CIyvas UIJI0CTPATUBHOIO IIPH-
Mepa, OIMMCAHHOTO BBIIIIE.
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n=2 B
pemMs Bblaauu
3aeMmk Bua kpeauta Bua kpeguta kpapuTa
a) 6)
n=2
3aeMLmk lMon Bun kpeguta Bup
™| OesTensHocTH
B) r
Bug, a— Mon
OeATenbHOCTH

Aa)

Puc. 1. Buapl auarpaMu, ONUCHIBAIONIME TIOMAPHbIE CBI3H MEXKJLY
M3MepeHUsIMU: acconualys (a), nosHast acconuanust (6), 3aBUCHMOCTS (B),
acconuanys U 3aBUCUMOCTD (I'), JBYCTOPOHHSISI 3aBUCUMOCTD (1)

s onucaHust conepKaHUs IONAPHBIX CBA3EH MKy H3MEPEHHIMU
Y/I0OHO MCIOJIb30BATH MUArPAMMBI COOTBETCTBHS T'PYIII 3HAYECHUN n3Mepe-
uwuit. Ha puc. 2 npejicraB/ieHb OMapHbIE JIMArPAMMbBI COOTBETCTBUSI TPYIIIT
JJIe TIPEJJIO?KEHHOI0 UJIJIIOCTPATUBHOIO IIPUMeEpA.

3aeMunK

Bux kpeanra 3aeMunK Iox
MoTpebuTenscknit Myskckon
®us. nuuo = ®us. nnuo e
WnoteuHeiin Kenckmia
OB6OpPOTHLI
1Op. nnuo MexBaHkoBCkWit Op. nuuo
WnoteuHeii
a) 6)

Bua kpeanra Buja aesresibHoCTH Buj aesTeibHOCTH Hoa
OB6OPOTHBIN CrponTenscteo He ncnonsayetcs
MnoTteuHbli Toproens Bee Buasl

Mex6aHkoBCkunin BaHkosckan Rl EE )
UnoTeyuHsiin AEATENBHOCTH Bce BapuaThl nona

He ucnon b3yeTca

MoTpebutensckmnii  — He ucronbayetcst

B)

r

Puc. 2. IlonapHsle quarpaMMbl COOTBETCTBUS IPYII 3HAYEHUI N3MepeHHUit:
acconmanud (a), 3apucuMocTb (6), acconuanus 1 3aBIUCAMOCTD (B),
JIByCTODOHHSISI 3aBUCUMOCTb (T)

WNmest pesysnbrar aHam3a MOMAPHBIX CBA3€i M3MEPEHUl MHOTOMEDPHO-
ro Ky6a, MOYXKHO IIOCTPOUTH JUATPAMMY CBSI3HOCTH M3MEPEHU, Ha KOTOPOi
[IPEJICTABJIEHBI BCE N3MEPEHUs U YKa3aHbl Bce cBsA3u Mex 1y Humu. Ha 6aze
9TOI AUArpaMMbI MOXKET OBITH IOCTPOEHA AMarpaMMa, COOTBETCTBHUSI TPYIII



80 DCCN—2016

3HaAYCHUIT M3MEPEeHUi, Ha KOTOPOU IIPeCTaBJIEHbl BCE IPYIIILI U yCTaHOB-
JIEHO COOTBETCTBUE MEXKJIy HUMU. DTHU JUATPAMMbBI MOT'YT OBITH UCIOJIB30-
Baubl 1pu dopmupoBannun MJIC aHATUTHYIECKOTO TTPOCTPAHCTBA.

B caysae ecim Bo MHOKecTBe wu3MepeHmit D(H) MOXKHO Bblje-
JUTh IIOJMHOXKeCTBO (Oy/leM Ha3blBATh TaKOe IOJMHOMXKECTBO CJI0EM
umamepenuit) L* = {D’ D72 ... D’*} | rue j; — HOMEp U3MePEHHUsl B CJIOE,
j =1,..,k, k — xomuuecrBo m3mepenuit B i-Mm cioe, 1 < k < dim(H)
, KayKJioe M3MepPEeHHe M3 KOTOPOro HAXOJUTCHA B IIOJHOW aCCOIUAIMH CO
BCEMM W3MEPEHMSIMU, He BXOAAIMMHU B L', codeTaeMOCTbh 3HAYCHUN u3-
MepeHnit u3 L' MOXXHO DacCMaTpPUBATHL HE3ABUCUMO OT JIPYTUX HU3MeEpe-
unii. Cjoit m3Mepennit — 570 HAOOp U3MEPEHUil, COYeTaeMOCTh 3HAYECHUN
koropbix B MJIC He 3aBuCHUT OT TOrO, KakKue 3HAYEHUsI B COYECTAHUSIX
[IPUHAMAIOT U3MEPEeHNUsi, He BXOdIue B cjioil. B ciyvae pasbuenus MHO-
JKECTBa M3MEPEHUil aHAJUTUIECKOrO0 MPOCTPAHCTBA HA CJIOW MOXKHO IIO-
CTPOUTH JUATPAMMY CBSI3HOCTH U3MEPEHUil u chOPMUPOBATH MHOXKECTBO
JOIIyCTUMBIX COYETAHUII 3HAYCHUII M3MEPEHUN I KaxKJIOro CJIod II0 OT-
nesapHOCTH. [locie storo MJIC MOXKHO TOJIyIUTh HEKAPTOBBIM IIPOU3BE-
JIEHIEM MHOXKECTB JIOIlyCTUMBIX codeTaHuii jyuisi Beex caoes: MJC(H) =
MJIC(LY) x MIAC(L?) x ... x MIIC(L™), rae m — uwucio cioes. B pacemar-
pUBaeMOM TIPUMepe MOYKHO BbLaesuTb Tpu cios: L' ={Tun zaemmmuxa,
ITon 3aemmuka, Bus nearensnoctu, Bug kpeural, L? ={Bpems Bbitaun
kpemuta} u L3 ={MecTo BBLIAYMH KpeaTal}.

Ha puc. 3 npezcrasiiena guarpaMma CBSI3HOCTU U3MEPEHU JJIsl CJI0s
L' B WuIOCTPATHBHOM TIpHIMeEpe.

3aemMumk

2

Bua AeaTensHocTH

Bug kpeguta

Puc. 3. JlnarpaMma CBSISHOCTH M3MepeHHit st ciaos L

Ecian anaimmsupoBaTh HEKOTOPOE M3MEpPEHUE KAK JIEMEHT JTHarpaMMbl
CBA3HOCTH CJIOSI, YIUTHIBAs IIPU 9TOM CBSI3U PACCMaTPUBAEMOI0 U3MEPEHUS
CO BCEMU OCTAJIbHBIMU U3MEPEHUAMU CJI0s, TO UMEIoIuecs B 9TOM U3Mepe-
HUU I'PYIIIBI 3HAYEHUIT MOXKHO ITPeobpa30BaTh TaK, 9TO OHU OYILyT COOTBET-
CTBOBATH BCEM CBS35IM PACCMATPUBAEMOrO U3MepeHus ogHoBpeMmenno. Ho-
BbIe TPYIIIBI JOJIZKHBI JIe2KaTh HAa MEPECeIeHNH IPYII, 3aIal0INX Iomap-
HbIE CBA3U C PA3HBIMHU U3MEPEHUsIMU. ByieM Ha3bIBATH TAKYIO IIPOIEILYPY
dbopMupoBaHus IPYII, IPU IOMOIIY KOTOPBIX MOYXKHO OIHMCHIBATH COYeTa-
€MOCTB BCell COBOKYITHOCTH U3MEPEHUI CJIOsA, pa30neHneM I'PYII 3HATCHUN
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M3MEPEHNil, ONMUCHIBAIONINX MTOIAPHbIE CBsA3U. [Ipu pa3dueHnn rpyi g0K-
HBI HACJIEI0BATHCS CBA3M MEXKJy U3MEPEeHUdAMHU, OIPEJIedoIe coueTae-
MOCTBH 3HAYCHUII M3MEPEHUl, BbIABJICHHBIC Ha dTAlle IOIIapHOTO AHAJIN3A.

Tlocse BhIMONTHEHUST pa3bMeHns TPYII B AMarpaMMe CBSI3HOCTH H3Me-
PeHMil AHATMTUIECKOTO IIPOCTPAHCTBA (UJH, B CIIydae pasOueHus Ha CJou,
CJI0sl M3Mepenuii) B mporecce 00X0[a JIMarpaMMbl BJIOJL €6 CBA3el MO-
I'yT OBITHb BBISBJIEHBI IEMOYKNA T'PYII 3HAYCHUN W3MEPEHUil WU, MOYKET
OBITH, criennajbHoe 3Hadenne «He ucrnosb3yercs> B3aMeH IPYIIIbI, 33/1aH-
HBIX BO BCEX M3MEPEHUsSX Kyba Wi M3MEPEeHUsX CJI0sl, 3HAUYEHUs] U3 KOTO-
pbix coderatorcss B MJIC 1o mpaBuily «KaxKplii ¢ KaxKJIbIM». Takue Iie-
[MOYKHU OIPEJIEIAIOT HAbop coderanuii, Bxomasmux B MJIC, koTopbie MoryT
OBITH MOJIyYEHBI JIEKAPTOBBIM IPOU3BEIEHUEM DY 3HAYEHUI M3MePEeHUA
1 CIIelIMaJIbHOI'O 3HaYeHUA <<He HCIIOJIB3YETCA», €CJIN OHO IIPUCYTCTBYET
B IlelOYKe. By/neM Ha3bIBATH TAKOH HAOOD COYETAHUI KJIACTEPOM COYeTa-
umit. Knacrep coueranmit — MHOXKECTBO COUYETAHUI 3HAYCHUN M3MEPEHUt,
KOTOPO€ MOYKET OBITh ITOJIy4eHO IIPU ITOMOIIU OIIEPAIIH JEeKAPTOBA ITIPOU3-
BEJICHUs], B KOTOPOII OIlepaHIaMu SBJIAIOTCA IPYIIIBI 3HAYCHNI N3MepeHnin
WK creruajbaoe 3Havenue «He ucrosnb3yercs», o 0HOMY ONepaH/y JIJIst
KaXKJIOr0 U3 U3MEpEeHHuil, 33/ IaHHbIX B MHOI'OMEPHOM KyOe MJIN B CJI0€ U3-
MepeHnit MHOroMepHOro Kyb6a. Ha puc. 4 mpencraBiieHbl KiIacTephbl COUe-
TaHmit, COOTBETCTBYIONINE THarpaMMe CBS3HOCTH U3MepeHmil mis ciog L'
U3 WITIOCTPATUBHOIO IIPUMeEpPA.

Bnja nesiTeIbHOCTH BunKpennra 3aeMuIAK IMon
CTpouTenscreo OB6opoTHBII “ He ucnonbayerca
. tOp. nuuo
Toproens MnoTeuHbIi
baHkoBckas MexbaHkoBCKui —| He ucnonbayercsa
— = HOp. nuuo
[EATENbHOCTE MnoTeuHbin
Motpebutensckui Myxckoin
M Puna. nuuo — -
He ucnone3syercs ’/ MnoTe4Heli 2 XKeHcknia

Puc. 4. Knacrepsr coderannii mis cios Lt

[Ipu orcyrcrBUM pa3dbueHusi MHOXKeCTBa, coderanuil Ha cjiou MJIC mo-
2KeT OBITh IIPEJICTABICHO KaK O0beqMHEeHNe KIACTEPOB, COOTBETCTBY IOIIIX
JuarpaMMe COUYeTaeMOCTH M3MEPEHUN AaHAJIUTUYeCKOro MPOCTPaHCTBa. B
ciydae pasbuenusi coyeranuit Ha cjou, MJIC st KaXKJI0ro CJIosi JI0JIK-
HO OBITH ITOCTPOEHO KaK 00beIMHEeHNE KJIACTEPOB coueTanuii cyios, a MJIC
3HAYEHUI M3MEePEeHni MHOIOMEPHOI'O Ky0a IOJIyYeHO KaK pe3yJibTaT JeKap-
toBa npoussesenus MJIC ms citoes.
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4. 3akJjo4yeHue

B ciygae pazpaboTku 60IBIION MHOTOACIIEKTHOM MHOTOMEPHON HHMOP-
MAaIIMOHHON CHCTEMBbI UCIIOJb30BaHNE KJIACTEPHOT'O IIOJIXOJIa JIJisl OIUCA-
HUS MHOXKECTBA JIOIYCTUMBIX COYCTAHUN 3HAYECHUN U3MEPEHUN I103BOJIAET
C OZHO# CTOPOHBI 0OECIIEUNTHh KOMIAKTHOCTD MIPH 3aJaHUN METAIaHHBIX, C
JIPYTOI CTOPOHBI BHIPA3UTH OCOOEHHOCTH CTPYKTYPhI AaHAJTUTUIECKOTO TIPO-
CTPAHCTBA CHCTEMbI W CEMAHTHUKY AHAJIU3UPYEMOTO HAOJIOMAEMOTO SIBJIE-
nus. B ocHOBe mpejmaraeMoro mojxoa JIesKUT BLISIBJICHUE CBA3€H MEKTy
M3MEPEHUsIMU, OTPArKAIONINX CBOMCTBa HAOJIIOIAEMOro siBJIeHHs, U (Op-
MHUPOBAHHUE TPYIIT 3HATCHUI N3MEPEeHUit, 37IeMEHTHI KOTOPBIX 00hEeINHEHDI
OJIMHAKOBBLIM IIOBEJIEHHEM II0 OTHOIIIEHHUIO K 9THM CBSI3SIM.
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The cluster method of describing data models of
infocommunication systems constructed on the basis
of the multi-dimensional approach

M. B. Fomin

Department of Information Technologies
Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, Moscow, 117198, Russia

The data model in infocommunication system based on the multi-dimensional
approach is a multi-dimensional data cube. Systems with a multi-aspect descrip-
tion of the subject area are characterized by large data cubes with sparseness. It
complicates the data storage organization and creates difficulties in the process of
data analysis. The proposed clustering method of describing a multi-dimensional
data cube structure is based on a study of the semantics of the subject area and
helps to organize the effective data analysis. The task is to identify groups of
members for the dimension of data cube, which are semantically related to groups
of members of other dimensions. The relationship between groups of members
of different dimensions allows identifying clusters — sets of cells in data cube that
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have similar properties and can be described in a unified way. The clusters are
used as basic elements in the infocommunication system data model.

Keywords: infocommunication network, multidimensional data model, set
of possible member combinations, sparse cube, cluster of member combinations.
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Waveguide Modes of a Planar Gradient Optical
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Abstract. The mathematical model of light propagation in a planar gradi-
ent optical waveguide consists of the Maxwell’s equations supplemented by the
matter equations and boundary conditions. In the coordinates adapted to the
waveguide geometry, the Maxwell’s equations are separated into two indepen-
dent sets for the TE and TM polarizations. For each polarization there are
three types of waveguide modes in a regular planar optical waveguide: guided
modes, substrate radiation modes, and cover radiation modes. In this work we
implement the numerical-analytical calculation of all types of waveguide modes.

For the eigenvalue problem with a piecewise linear-constant potential we used
the Airy functions to calculate the cover radiation modes and substrate radiation
modes. We took advantage of reducing the initial potential scattering problem
(in the case of the continuous spectrum) to the equivalent ones for the Jost
functions: the Jost solution from the left for the substrate radiation modes and
the Jost solution from the right for the cover radiation modes.

Keywords: waveguide propagation of electromagnetic radiation, equations of
waveguide modes of regular waveguide, complete set of modes of a planar waveg-
uide.

1. Introduction

Propagation of monochromatic polarized electromagnetic radiation is
described by the vector homogeneous Maxwell’s equations [1], the tangen-
tial boundary conditions at the interfaces of the waveguide layer with the
substrate and the cover, and by asymptotic conditions “at infinity”.

In a Cartesian coordinate system associated with the geometry of the
waveguide, the Maxwell’s equations, after the separation of variables, split
into two linearly independent systems with reduced boundary conditions
[1,2].
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2. Statement of the problem

As a result the problem of describing the full set of waveguide modes
of regular gradient planar optical waveguide is formulated as an eigenvalue
problem (for discrete and continuous spectra) and eigenfunction problem
(for classical and generalized functions) of essentially self-adjoint ordinary
differential operator of the second order [1,3]:

d 1 dy
— — | ——(k . 1
o) (o ) )
Here p(z) = e(x), V(z) = —n?(x) is piecewise-continuous (continuous in
layers) function, k2 = —/3? is spectral parameter, and

Yre(2) = Ey(2), drm(z) = Hy(z).
Let’s introduce the auxiliary functions

dore
xXr) = X xr) =
¢re(T) dr (), ¢rm(z)
Using these functions we can write down reduced boundary conditions
at points of discontinuity of the potential, and therefore of the second
derivative of the solution:

w|x1—0 :w|w1+0’ w|w2—0:w|xz+0’

1 derw
p(z) dzx (z)

90’.“—0 = s0|.acl+()’ S0’.&62—0 = sD{ac;_)+0'

Besides, the asymptotic conditions are satisfied

lim [$(x)| < O, (2)

rz—+o0

The spectrum of operator (1)—(2) consists of [4,5]:

— a finite number of discrete eigenvalues k; = ik;: k:72 € (min V(z),
min(V_,V,)) and the corresponding classical eigenfunctions (of
guided waveguide modes);

— a single continuous spectrum k_: k% € (V_,c0) and corresponding
generalized eigenfunctions (substrate radiation modes);

— a single continuous spectrum ki: ki € (V,00) and corresponding
generalized eigenfunctions (cover radiation modes).

For a constructive description of the problem solutions, i.e. eigenfunc-
tions of three types, we shall restrict our consideration to piecewise-linear
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Figure 1. V(x)

potential:
V_, when z < zq,
V X)) = _ V-V _ Vixzso—Voxy
(2) ar +b, when 1 < z < x5, where a= e b= e,
Vi, when z > zs.

The function V(z) has the view shown on Fig. 1.

3. The solution for the eigenvalues (of the discrete spectrum)
and eigenfunctions (classical) problem

The method of solution is the expansion on the sub-intervals of the
general solution in terms of the fundamental system of solutions. To the
left and to the right there are decreasing exponential functions in the case
of real €5, £, (due to the asymptotic conditions):

Ys(k,2) = Cs exp{ys(z — 21)},
Ye(k,2) = Ceexp{—e(z — 2)}.
In the waveguide layer (with a linear potential in the subdomain) the

fundamental system of solutions consists of the functions Ai(x) and Bi(z),
such that

B fa(zr—x2)+ b falr—xz2)+ b
’l/)f(k,ll?) = ClA’L <(_a)2/3) + CQBl <(_a)2/3 .
These common solutions in the subdomains form a single particular solu-
tion of the problem (1)—(2), therefore, the equalities must be satisfied:

'l,bs(k,l'l) :¢f(k»$1), q)s(kaxl) :(I)f(kvxl)v
Vy(k,z2) = Ye(k,z2), Pk, 72) = Po(k, 22).

As a result we obtain a homogeneous system of linear algebraic equa-
tions for the indefinite coefficients for the TE modes:

[ —ad+b [ —ad+Db
CS = ClAZ <(_a)2/3> + CZB@ ((_a)2/3) s
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dAi (—ad+b dBi (—ad+b
— _ PR VA Reshid e T 13wl e Y
== (T ) - 0 G ()
C14i(0) + C2Bi(0) = C,,

dAi dB1
701(70)1/3%(0) — 02(70)1/3%(0) = *’VCCC.

The resulting homogeneous system of linear algebraic equations

Myg(k)C(k) =0
has a non-trivial solution provided that
det MTE(k) =0.

Solutions of nonlinear transcendental algebraic equation &; are substituted

in SLAE(z) and then this system is solved with respect to éj = é(kj)
The obtained coeflicients are substituted in the expressions for the fields.
The results of calculations are presented in Fig. 2-3.

0.0014 0.012

0.0012 — Re(®™) 0.010 —  Re(w™)

0.0010 --- Im(yTF) 0.008 .- Im(p™)

oo

0.0004 3-88‘21

0.0002 —j .

0.0000 S Q 0.000 ——J ------- | NS S

- Ly T2 — 1 Ty

00002g——3——3"06 2 4 6 0992 —3 =2 06 3 4 &

Figure 2. Wave modes T'E1, Figure 3. Wave modes T'M;,
ne = 1.0, ny = 2.15, n, = 1.515, ne = 1.0, ny = 2.15, n, = 1.515,

BTE =1.6752, 7™ =1.5955 BTE =1.6752,8TM = 1.5955

4. Calculation of cover radiation modes

Similarly to what was done in [1,3] for piecewise-constant potentials,
let’s move from solutions of the problem (1)—(2) satisfying the asymptotic
Jost conditions, to the solutions satisfying the “scattering problem” con-
ditions. A one-to-one correspondence between them is set in [1,3] for the
potentials of a more general kind.

So, in the region (—oo,x1) the general solutions of equation (1) with
constant coefficient Vy are of the form (for TE modes):

1/1;FE(k, x) = T_TE(k:) exp{—ips(z — x1)}.
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In the region (z2,00) the general solutions of equation (1) have the form

Yo Pk, z) = exp{—ipc(x — 2)} + RT®(k) exp{ipc(z — x2)}.

In the region (a,b) the general solutions of equation (1) have the form
(for TE modes):

Thus, the solutions (for TE modes) are given by sets of amplitude co-
efficients (TTE,C’}, C'J%,RTE)T7 satisfying the system of linear algebraic
equations:

T;FE(k) — C}Ai (—ad—|—b> + C]%Bi (—ad—l—b) ,

CORE CORE
 Ps pTEy g 1y3@Ai (—ad+b\ oy 3dAi (—ad+b
ko,uST_ (k) = =Cy(=a) dx ((—a)2/3 Cj(-a) dr \ (—a)2/3 )’
C}Ai(0) + C7Bi(0) = 1+ RT®(k),
dAi dBi P
1l 173440 20 \1/3950 __ _Pe _ pTE
Ct(—a) I (0) = Cf(—a) I (0) - [1— RI®(k)].

The resulting SLAE can be rewritten as:

T
M (k)(T™®, C},C3, R™)" = (0,0,1,—kpc ) :
ote

so that the solution exists for any k% € (V,,00) and is unique up to a
complex factor (Fig. 4-5).

5. Calculation of substrate radiation modes

Solutions have different view for different values of spectral parameter
k from the two spectral subregions k? € (Vj, V..) and k2 € (V,, o0). But for
both regions the solution, as in the case of guided modes, is constructed
by matching at the boundaries of the general solutions of equation (1) in
the regions of the argument (—oo,x1), (21, 22) and (22, 00).

In the region (—oo,z1) the general solutions of equation (1) with a
spectral parameter k? € (Vy, V,) have the form:

3Bk, x) = exp{ips(k)(x — 1)} + RE®(k) exp{ips (k) (z — 21)}.
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Figure 4. n. = 1.0, ny = 1.59, Figure 5. n. = 1.0, ny = 1.59,
ns = 1.515, k% = 0.250 ns = 1.515, k% = 0.250

In the region (z1,22) the general solutions of equation (1.9) with a
spectral parameter k% € (Vj, V..) have the form:

w@@@mcﬁl@;§+@&0@;@;$.

In the region (x2,00) the general solutions of equation (1.9) with a
spectral parameter k% € (V, V) have the form (by virtue of the asymptotic
decay at infinity):

s P (k, ) = Acexp{—7e(w — 22)}.

Thus, the solutions (for TE modes) are given by sets of amplitude
coeflicients (R};E,C},CJ%AC)T satisfying the system of linear algebraic
equations:

TE, 1y 1 4. [ —Qd+Db 9. [ —ad+Db

Ps dAi [(—ad+b dAi [ —ad +b
[1-R{"(k)] :—C}(—G)I/S% (MW;)—C?(—G)I/?’M Capi )

kO,U/s
C}Ai(0) + C7Bi(0) = A,
dAi dBi 0
Ot N3 N 2 N1/38 Pty e

The resulting SLAE can be rewritten as:

T
MTE(k)(Rf-EvC}’aCJ%vAC)T = <_17_k}0p;’0,0) )

so that there exists a solution for any k2 € (V;, V.) and it is unique up to
a complex multiplier (Fig. 6-7).
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Figure 6. n. = 1.0, ny = 1.59, Figure 7. n. = 1.0, ny = 1.59,
ns = 1.515, k* = —1.648. ns = 1.515, k* = —1.648.

For the spectral parameter k from the region k% € (V.,00), in the
coordinate regions (—oo,z1) and (z1, z2) common solutions have the same
form as in the case k% € (V;, V.), and in the region (72, 00), they take the

form:
by Pk, x) = TP (k) exp{ipe (k) (x — x2)}.

Consequently, the second pair of boundary equations at the point = =
zo for TE modes take the form:

C}Ai(0) + C3Bi(0) = T (k),

dAi dBi pe(k)
1/3 20 \1/3 _ TTE
7. (0) = Cf(=a) " ——(0) Foe 1+ (k).

The resulting SLAE can be rewritten as:

~Cj(-a)

T
TR (REE, C O TR = (-1 00)
Ofs

so that there exists a solution for any k? € (V,,00) and it is unique up to
a complex multiplier (Fig. 8-9).

6. Conclusion

This paper presents the numerical implementations on a computer of
square-integrable eigenfunctions corresponding to discrete spectrum k; =
ir; for a piecewise-linear potential V'(x) (for the gradient waveguide). The
present study also shows the numerical implementations on a computer of
the cover radiation modes and substrate radiation modes. For modeling
these modes, the problems of scattering on the potential V(z) of Jost
functions equivalent to the original problem in the case of the continuous
spectrum were used: the problems of scattering on the left for the substrate
radiation modes and the problems of scattering on the right for the cover
radiation modes.
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O MozenpoBaHUM METPUK JIJIsd UJIeHTUDUKAITUA
dopMBbI 0OBEKTOB C HEMOJIHOI BXOAHOU MH(MOpManueii

. M. TocreB

Havyuonaavhull uccaedosamenvckutl yHusepcumem «Boicwas wxona
IKOHOMUKUY, YA. Macnuykas, 0.20, Mockea, Poccus, 101000

Amnnoranus. [Iponecc pacnoznaBanus GopMbl rpaduIecKux 00bLEKTOB COCTO-
T U3 HECKOJIbKHX 3TarnoB. Ha nepBom sTare B pe3ysibrare 06paboTKu n3006parke-
HUH BBIAEJISIOT HEKOTOPBI HAOOp XapaKTEePHBIX IPU3HAKOB HEKOTOPOI'O O0'bEKTa.
Ha Bropowm sTane npousBoasar nmeHTHOHUKAIMIO 00BEKTA TOCPEICTBOM CpPABHE-
HUS 3TUX TPU3HAKOB C IPU3HAKAMU 3TaJIOHa. [[pucyTcTBre IIIyMOB Ha PeasibHBIX
n300parKeHNsIX 9acTO IPUBOIUT K HAPYIIIEHUIO KOJIMIEeCTBA U 3HAYEeHN B Habope
TaKUX XapaKTEePHBIX MPU3HAKOB. B pabore paccMaTpwBarOTCs METObI WIEHTHU-
dbukanum, MO3BOJISIONNE UACHTUMUIINPOBATH (opMy rpadUIecKuX 00HEKTOB B
YCJIOBHUSX, KOT/Ia 9aCTh HAOOPpa XapaKTEPHBIX ITPU3HAKOB 00bEKTA OTHOCUTEIHHO
9TAJIOHA OTCYTCTBYET WU MCKaxkeHa IryMamu. OCOBEHHOCTBIO MPEJIOKEHHBIX
METOJIOB sIBJISIETCS MX WHBAPUAHTHOCTH K addUHHBIM mpeobpa3oBaHusM (hop-
MBI OObEKTa, & TAKXKe BBICOKAsi CKOPOCTb HMIACHTH(MDUKAIUN, HE 3aBUCAIIAS OT
CJIO’KHOCTH PACIO3HABAEMOIO0 O0'BEKTA.

KuroueBbie ciioBa: ob6paboTKa M300parkeHuii, pacio3HaBHUE OOpPa30B, MOJie-
JINPOBaHUEe, METPHUKMU.

1. Bsenenune

Pemtennie 3a7a1 nnenrudukanum rpadgudeckux 00beKTOB OOBITHO CO-
cToUT u3 JIByX dTanoB. Ha mepBoM sTarme, 06paboTke n300parkeHuit, omnpe-
JIEJISAI0T XapaKTePHbIE IIPI3HAKN PACIIO3HABAEMOr0 00bEKTa, a - Ha BTOPOM
pa3pabaThIBalOT METOJ, IO3BOJISIOIINI 110 STUM IIPU3HAKAM IIPOU3BOIUTH
KJIACCHUKAIINAIO OObEKTa [0 HEKOTOPOMY 3Tasiony. CII0KHOCTH BTOPOTO 9Ta~
a [porecca UACHTU(MUKAINKA 3aKJII0YACTCs B HEOOXOIUMOCTH OIIEPUPO-
BaTh TPYAHO (POPMAIU3YEMBIMU U YACTO BepOAJIbHO HE BBIPAYKAEMBIMU Xa-
pakrepuctukamu GopmMbl rpaduaeckux 06bekTos [1]. B mocmennee Bpemst
60JIbIIIOE BHUMAHUE YJIEJSIETCS OJIHOMY U3 HAIIPABJICHUIT PACIIO3HABAHUS,
[IpA KOTOPOM B pPe3yJIbTaTe IMePBUIHON 00pabOTKU M300parkeHusT BbIIEJIs-
€TCsT KOHTYD HEKOTOPOro o0bekTa [2]. DTOT KOHTYp majiee MepeBOIUTCS
B MAaCCUB TOYEK, IPEJICTABJSIIONMA HEKOTOPYI 3aMKHYTYI KpUBYIO [3].
B kadecTBe omnmcanus TAKOro KOHTYPa MCIOJIb3YIOTCS 3HAYEHUS (DYHKIINN
KPUBU3HBL [4], 8 XapakTepHbIMU IPU3HAKAMHU 37€Ch CUUTAIOTCI YIJIOBbIE
TOYKH, MPUHAMAIOIIAE €€ MAaKCUMAJIbHbIE 3HaveHns [5]. Hecmorpst Ha muO-
JKECTBO BAPUAHTOB PEIIEHNs ITOH 3a/1a9n, CTAOMIBHOCTD €€ PEIleHnst OT-
CyTCTBYET, TaK KaK B peajbHOM M300parKeHUN BCerjla IIPUCY TCTBYIO Iy MblI,
KOTOPbIE IIPUBOIAT K UCKAXKEHUIO KPUBOIA U, CJIEIOBATEIHLHO, K BADUAIIASIM
3HaYeHUN (DYHKIMM KPUBHU3HBI. A 3TO B CBOIO O4Yepeb MPUBOJAUT OO K
CIVIa’KMBAHNIO (yJIAJIEHAI0) HEKOTOPBIX 9KCTPEMYMOB, JIMOO K MOSBJIEHUIO
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HOBBIX, He SIBJISIOININXCS XapaKTepHbIMU Tpu3HakaMu oobekTa. [leapio Ha-
crosmeil paboThl SIBJISIETCS M3JI0XKEHIE METOJIOB JaJibHeiIneit dpopmalin-
3aliy XapaKTEPHBIX IIPU3HAKOB OObEKTOB U IIPEICTaBJIEHUE METOI0B HMX
UIeHTH(DUKAIIN.

2. tam 06paboTKuU M300pa>keHusd.

B nacrositiiee Bpemst [utst 00pabOTKM M300paskeHuil CYyIEeCTBYIOT XOPO-
110 U3YUEHHBIE METO/IbI IEPBUTHON 00paOOTKM N300PAKEHUST U [TOJIY ICHUST
3aMKHYTBIX KOHTYPOB B BHJIE X BepOAIbHOro omucanus [1], peajausoBanbt
B mmpoko m3BecTHoM nakere Matlab. Ilpumensis dyHknum u3 paszmena
Image Processing jiss mpeBapuTeIbHON 00pabOTKN M300paKeHUsT U BbI-
JleJIeHnsi KOHTYPOB, MTOJIydaeM puc. 1, Kak pe3yabraT 0OpabOTKHU CHIyITa
camosieTa (cyieBa BBEPXY) ¢ HEOOJIBIINM yPOBHEM IIIYMA.

FileN = airplaned.png NPoint = 1100

I I I I L
0 200 200 600 800 1000 1200

Puc. 1. Cunyer camosiéra ¢ HaJOXKEHHAMHU IIIyMaMu (CJI€Ba BBEDXY ), €r0
TIOJTy ICHHBIN KOHTYD (CIpaBa BBEPXYy) ¢ HAHECEHHBIMU TOYKAMHU BBICOKOI
KPHUBU3HBI U (DYHKIM KPUBU3HBI KOHTYpa (CHU3Y), C TOUKAMU MaKCHMAJIbHOM
KPUBU3HBI

B mmxmeit wactu puc. 1 m3obpazkena (pyHKINA KPUBA3HBI KOHTYPa 00b-
€KTa, KOTOopas WCIOJIb3yeTcs Jajee Jiisd uiaeHTUduKarmym ero hpopMbl B
KavyeCcTBe MCXOIHBIX JIAHHBIX. [lo/yueHHBIN B pe3ysbTare IpeIBapuTeb-
HOIl 00paboTKu u300pazkeHusi KOHTYP o0bekTa, cocrosimuii uz (n > 1)
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ToueK Py, Ps, Ps, ... P,, 3aMKHyTOI TapaMeTPU3NPOBAHHON TIJIOCKOU KPH-
soit I'(¢t) = (x(t),y(t)), 1 <t < n. ucnoab3yercs 1y1s MOy IeHnsT DYHKIAN
kpuBusnbL,MeTonoM Arch Height [6], naest koroporo 3akiodaercst B BBIYKC-
slennn EBKiMIoBOrO paccrosHus d; MeXKJy TOYKO#l KpuBOil P; m Xop/oii
KaK IM0Ka3aHO HA PHUC. 2, KOTOPOE IPOMOPIMOHAIBHO 3HAYEHUIO MOJYJIS
KPUBU3HBI B 9TON TOUYKe. Pe3yabraToM mpOABUZKEHUST XOPALI BIOJIb KOH-

Puc. 2. ®parment kpusoit I' ¢ Toukamu Py, u xopgoii (P, Pj).

Typa fABjseTcd (QyHKIUs, IPONOPIUOHAJIbHAS KPUBU3HE JIAHHONH KPHUBOI
u u3obpazkenHas Ha puc. 1 (BHu3zy). B KauecTBe XapaKTepPHbBIX IPU3HAKOB
TaKOIl KpUBOIi 6y/IeM UCII0JIB30BATh MACCUB 3HAYEHUN CAMBIX OOJIBITAX IKC-
TPEMYMOM, KOTOPBIE TIOJIyYeHbI C UCIIOJIb3oBaHueM ¢yHkiuu findpeaks ma-
kera Matlab. [Iis oTcedeHnss MeIKMX SKCTPEMYMOB HCIIOJIb3yeTCs 3HATE-
HU€ HEKOTOPOIO IIOPOra, BEIYHUC/ISIEMOTO HA OCHOBE MATEMATHIECKOTO OXKU-
JlaHus U aucrepcun (OyHKINN KPUBU3HEL. B pesysibraTe 910t onepariun mo-
JIyIaeM MAaCCHB TOYEK KOOD/IMHAT, B KOTOPBIX KOHTYD MMEET MAaKCHMAJIb-
HYIO KPUBU3HY, KaK ITOKa3aHO [IPOHYMEPOBAHHBIMU TOYKAMK Ha puc. 1.

3. IIpomecc umentTudukamum

B mpomecce wpenTndukammm 00beKTa HEOOXOANMO YIATHIBATD
HECKOJIbKO (baKTOPOB, BJIUSIOMNX HAa €€ KadecTBO. A MMEHHO, IIpU Ha-
JINYAW TIYMOB M M3MEHEHUHU MacliTada KOHTYDa, a TaKKe ero IIoBOPOTa,
HEKOTOPBIE YKCTPEMAJbHBIE TOYKH MOTYT M3MEHSTHh CBOE 3HAYEHUE, KaK
B CTOPOHY yBeJIMYeHWsI, TaK M yMeHbIIeHusl. B 1mepBoM ciiyyae 31O O3Ha-
qaeT IOsSBJIEHNE HOBBIX TOYEK B MACCHBE MAKCHMYMOB, & BO BTOPOM HX
orcedenne. Takum 06pa3oM, Ha PEATHHOM M300PaKEHUN, UIACHTUDUKATIHS
dOpMBI 00bEKTa 3aTPYIHSAETCs U3-32 BAPUAIUI KOJINIECTBA, TOYEK IKCTPE-
MYMOB B MaCCHBaX 3TAJIOHA U TEKYIIEro OObEeKTa.

st perternst mpobJieMbl aBTOPOM OBILT pa3paboTaH MeTOJ, UIeHTHdHU-
Kamuu (popMbl 0OBEKTA HE3aBUCUMO OT €r'0 IO0JIOXKEHUsI Ha U300parkKeHun
(ciBur), KosmyecTBa TOYEK €ro KOHTypa (Macirrab) U yrjia ero moBOpo-
Ta. MeTo aHaToruyeH MeTpUKaM Te€OMEeTPUIECKON U JTUHEHHON Koppesis-
un [7] 1 3aKJI092eTC B BBIIOJHEHUU CJIEYIONIUX OLEPAIIMIA.

Bo-1iepBbix, nmpeobpasyemM KOOpAUHATHI MACCHBA IKCTPEMAJIBHBIX TOYEK
73 JIEKAPTOBBIX B IOJISIPHBIE, MCIOJB3ys B KAYECTBE MEHTPA KOODIAUHAT
[TOJITPHOI CUCTEMBI TIEHTP TsKeCTU 00beKTa. Bo-BTOPBIX JIJTst IOCTPOEHUN
METPHUKHU MEXKTy OObEKTOM U STAJIOHOM, BBEJIEM CJIELYIOIIUE OlPEIETICHISI.
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Ompenesenne 1. 3amuireM MHOXKECTBO TOYEK IKCTPEMYMOB (DyHKITUU

srasiona f(t) kak Gy = {a = tp < t1 < ... < {; = b}, vue t;-yrum
noBopoTa 3Hadenuit f(t) B MOJAPHBIX KoOpjuHATAaX. VI MHOXKECTBO TOYEK
unertudunupyemoro oobekra: G, = {¢ = 10 < 71 < ... < T, = d}

s dbyaxnun h(7). Ilyers KoaumdecTBo TOUEK 3TasoHa Oyaer GoJbiie yeMm
006beKTa, TO €CTh | > M, B IPOTUBHOM C/Iydae MEHsIEM MEeCTaMu O0BEKT C
3TAJIOHOM.

Jtst mocTpoeHnst MeTPUKY UIEHTH(UKAIMHA JOMOJTHIM MHOYKECTBO 3Ta-
JIoHa T TOIKaMH cyieytomeM obpasom: Gy = {to, t1, ..., t, tip1 = t1+t1 —
to, .-y t1i4m = t1 + tm — to}. To ecTb J0GaBMM B KOHEI[ MACCHBA €r0 Ha-
JaJIbHbIA (DparMeHT U3 1M TOYEeK.

Oupegenenue 2. Jnga vekoroporo natopa touek G = {a = tg < t1 <

. < t, = b} ompezmenum ero 3epkaJabHbIi HAGOp Kak G, = {b = yo =
tn > Y1 =1ln-1 >~-->yn:t0:b}

Oupenesienne 3. 3anuineM JIBYMEPHYIO (DYHKIUIO Pa3HOCTH MEXKLY
byukuuavu f u h:

Mi,j :f(ti+j)7h(7_i)7 jzoalfma ZZO,m T€Gh7 tGGf

Oupenestenne 4. 3amnuineM IUCKPETHYO (QYHKINAIO aOCOJIOTHON OMuo-
KU:

1 & —
0j = —— i, |9 :Oal_ )
=l §=0Tm

1 JUCKPETHYIO (byHKL[I/IIO OTHOCHUTEILHON OIMOKN:

m

1 .
95 = m+ 1 E :|6J _ni,j|7 J=0,(=m).
=0
Oupejenenne 5. SanumeM QYHKIMO PACIO3HABAHUS JUIs UACHTUDN-
KAI[IJ KPUBBIX DU HEIOJIHBIX JAHHBIX Ha OCHOBE KOPPEJIAIMHU [0 HEHOJI-
ubM ganebiM 1 (KH/1) kak

)1, (pnp1 <enp1)V (Pipr <eEnD1),
ANDL = (1)

1
0, (pnp1 = enp1) A (Pip1 = END1)

re pyp1 = Mind; MeTprKa KOpPPeIANnd IO HEeMOTHBIM JaHHBIM Nel, a
J

P%p1 METPHKa KOPPEJIAIUI 110 HeHOTHbIM JaHHBIM N¢l, BBIYMCIIEHHAs HA
3epKaJbHOM HAOOpEe MAHHBIX U €N p] - KAACCU(PUKAIMOHHBIN fomycK. Pa-
BEHCTBO Ar g1 = 1 O3HAYAET YCIEMIHYIO KJIACCU(PUKAIUIO 00BHEKTa 1O OT-
HOIIIEHWIO K STAJIOHY, & 3HAYEHHUE j COOTBETCTBYET YIJIy MOBOPOTa 00BEKTA
OTHOCHUTETLHO STAJIOHA.
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Ompeneserne 6. 3anumnreM (QYHKIUIO PACIO3HABAHUS I UACHTU(DU-
KAI[UU KPUBBIX IIPU HEIOJIHBIX JTAHHBIX HAa OCHOBE KOPPEJSINAN O HeloJ-
ubeiM aaabiv Ne2 (KH/12) kak

1, <e V (p% <e€ ,
AND2 = (pNDz NDz) (pND2 ND2)

0, (pnp2 > enp2) A (Pipa = END2)

Ijle pNyp2 = Mino; METPUKa KOPPEIAIMN [0 HEeTIOJHBIM JAaHHLIM N2, a
J

P73 pa METPHKa, KOPPEJIAINN IT0 HEMOTHBIM JaHHBIM N2, BBIUMCIIEHHAs Ha
3epKaJbHOM HAOOpEe JAHHBIX U €N p2 - KIACCH(MDUKAIMOHHBIN TomycK. Pa-
BEHCTBO AN p2 = 1 O3HAYAET yCHEIHYIO KJIACCH(MUKAINIO 00bEKTa 10 OT-
HOIIIEHUIO K 9TAJIOHY, 8 3HAYEHUE ] COOTBETCTBYET YIJVIy IIOBOPOTA OOHEKTA
OTHOCHUTEJIHHO ITAJIOHA.

Paccmorpum mpumepsr uaeHTHGUKAIIIT 00BEKTOB HA OCHOBE IIPEIIJIO-
JKEHHBIX MeTOJOB. Tak Ha puc. 3 m306paker 06bekT Tuia “kpect’(ciesa) u
€ro uckaxkenuoe nzobpazkenue (crnpasa). Merpuka, BoraucjienHas mno Gop-
myte (1) auist atx o6bexToB pasaa 0.0796, a st 06beKTa “KpecT’- CHTyITa
camosiéra Ha puc. 1 - pasua (.24, To ecTb OoJiee YeMm B Tpu pasa OoJIbIIIe.
CraTucTuyecKue WCC/IeI0BaHNS 3HAYEHUII METPHUK IOKA3aJIM, UTO BeJIH-
YUHBI METPUK MEXKJly OObeKTaMu OfHON (hOpMbI (ITAJIOH-ITAJIOH), JIaKe
o/IBepTHY ThiMU a(OUHHBIM MTPe0OPA3OBAHUSAM, PA3IUIAIOTCS MEHEE IeM
na 1% . A 3HauyeHusI METPUK, BLIMACICHHBIC MEXKIY OObEKTaMU Pa3/IMIHOM
dopmbl (3TAIOH-HEITANIOH) UMEIOT 3HAYEHHs B CPEJIHEM B TPHU pa3a 60JIb-
me. YCTaHaBIUBas KJIACCH(DUKAIMOHHBINA JIOMYCK B CEpEINHE WHTEPBAJA
MEXK/Iy MaTeMaTUYeCKUMU OXKMJIAHUSIMU METPHUK THIIA STAJOH-3TAJIOH U
9TAJIOH-HEITAJIOH, Oy INM HAUJIYUIIHEe PE3YJIbTAThl PACIIO3HABAHUS.

4. O6cyxkJeHue U 3aKJII0YeHne

PazpaboTka mpeacTaB/IeHHBIX METOMOB HICHTU(MUKAINM Ha OCHOBE
METPHUK KOPPEJISIIIUU 10 HEMOJIHBIM JAHHBIM IIPEC/Ie/yeT HECKOJIBKO IIe-
Jsieit. Bo-TiepBBIX, TIpEACTAaBUTH MMPOCTOH METOJ MACHTUMUKAIUN (HOPMDI
00BEKTOB, 00/IAIAIONINY 3HAYATEIFHO MEHbBINEH TPYA0EMKOCTHIO BBIUUCIIE-
HUIA, IO CPABHEHUIO C METOJaMM, OCHOBAaHHBIMU Ha T€OMETPUYIECKON KOppe-
asimyn [7]. 3mech ke HEOOXOIMMO OTMETHTB, UTO TPEJJIOKEHHBIE METOIbI
PAKTUIECKHU He 3aBUCAT OT CJIOXKHOCTU (POPMBI UACHTUDUIUPYEMBIX 00b-
€KTOB, ITOCKOJIbKY JIOIYCKAIOT M3MEHEHUe ‘NeTajbHOCTU IIPEJCTaBJICHUs
dopMbI 00BEKTA 38 CIET BHIOOPA YPOBHS OTCEUEHUST SKCTPEMYMOB (DYyHK-
MW KPUBU3HBI, U TEM CAMBIM TOYHOCTU MPEICTABICHUA (POPMBI OO BEKTA.
Bo-BTOpHIX, B Ha3BaHUU PACCMOTPEHHBIX METPUK 3aJI02KEHO CBOICTBO, J10-
[IyCKAIOIllee OTCYTCTBUE WJIM HAJIMYNE JIOTOJHUATEIHHBIX SKCTPEMYMOB BO3-
HUKAIOMUX B QYHKIIUN KPUBAZHBI M3-3a [IIyMOB Ha BXOJHOM U300paKeHUH.
Taxk, manpumep, s durypst “krestDm2”, nokazanuoit Ha puc.3 u ume-
IOIeli HA J[Ba SKCTPeMyMa MeHbIle (JiBa yIjia UCKYCCTBEHHO CIJIAYKEHBI),
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Puc. 3. O6bextsr “Kpect” (cieBa BBepx), “Kpect2” (cmpasa BBepxy),
“KrestDm2” (csieBa BHU3Y) C JByMs CIJIa2KEHHBIMHA YTJIAMA U OOBEKT
“KpectKrestDp2” (cpasa), ¢ JONOJTHATEJILHBIMU yITIAMHE.

3HAYEHNE METPUKN MEXKIY JTaHHOU (PUTypoii 1 00bEKTOM “KpecT” yBeIUIu-
sock pubmusuresHo ¢ 0.05 10 0.06, ato cocrasasier menee 1%. ITosropHO
BBIUNCJIEHHOE 3HAYEHNE METPUKU MEXKJy OJIMHAKOBBIMHU OOBEKTAMU, HO C
HUCKYCCTBEHHO BBEJIEHHBIMHU HMCKAKEHUSIMH, HAIIPUMeD KaK Ha puUc. 3, e
CJIEBa Ha PHUCYHKE OOBEKT C ABYMS CIVIAYKEHHBIMHU YIJIAMA U OTCYTCTBY-
IOIUME TOYKAMH SKCTPEMYMOB, a CIIpaBa, HA00OPOT C JOHNOJHUTEIHHBI-
MU yTJIAMH, TTOKa3aJo, aTo 3Hadenne metpuku KHJI1 mexay stumu du-
IrypaMu NPaKTHYECKH He M3MEHUJIOCh W PasHocTh He mpesbimaer 0.5-1%,
YTO MO3BOJIAET YCTOWYINBO CPABHUBATH (DOPMY HUCKAXKEHHBIX 00BEKTOB. B-
TPEThUX, IIPOBEJIEHHBIE NCCIIEOBAHUS [TOKA3BIBAIOT, YTO JTAHHBIE METPUKH
XOPOIIIO PAbOTAIOT JJIsi PA3INIHBIX TPYII Ipeedpa3oBanmil naeHTudUIN-
PYEMBIX OOBEKTOB, 3HAYUTEILHO IepeKpbiBaonux addunnse. Tak, Ha-
puMep, 0ObEKTHI, [IPEJICTABIEHHbIE HA PUC. 3 CBEPXY TOJIHLKO HE(POPMAJIb-
HO MOYKHO OTHECTH K OOBE€KTaM OJMHAKOBOI (DOPMBI, TAK HE CYIIECTBYET
rpymIbl mpeobpasoBaHuil, TpaHCHOPMUPYIOMINX OJUH U3 ITUX 0OHEKTOB B
apyroii. Tem me menee, nmpu uctoab3oBannn Metpuk KH/I1 n KHJI2 onn
OyIyT OTHECEHBI K OJHOMY KJIACCY, aHAJIOTMIHO KJIacCUMUKAum (popMbI
00'bEKTOB BBITTOJIHAEMOIN 1es10BeKOM. 1IpeiokeHHble MeTPUKU HAXOJSTCS
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Ha Ha4YaJbHOM 3Talle CBOEr0 M3y4YeHHUsd, HO Yy2Ke IepBble Pe3yJIbTaTbl MUC-
JIEJIOBAHUI ITOKA3bIBAIOT UX BBICOKYIO YyBCTBUTEIBHOCTH U YCTONYUBOCTH
K BO3feiicTBuio myMoB. Kpome TOro, oHM MMEIOT 3HAYNUTEIHHO MEHBIILYIO
BBIYHCJIUTEBHYIO TPY/I0EMKOCTh II0 CDaBHEHUIO C aHAJIOIMYHBIMHU METPH-
kaMmi [7]. Bcé 910 mo3BoJIsIeT PEKOMEH/IOBATD UX K IIPIMEHEHUIO B IITMPOKOM
JMANa30He yCTPONUCTB KOMIIBIOTEPHOI'O 3PEHUS U PODOTOTEXHUKH.
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About modelling of metrics for identification form of
objects under incomplete input information

I. M. Gostev

National Research University Higher School of Economics,
20 Myasnitskaya Ulitsa, Moscow, Russia, 101000

Process of recognition of the shape of graphic objects consists of several stages.
At the first stage as a result of processing images receive some set of character-
istic feature of some object. At the second stage make identification of object
by means of comparison of these feature with sample. Presence of noise on real
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images often leads to fault of quantity and values in a set of such character-
istic feature. In article methods of the identification are considered, allowing
identifying the shape of graphic objects in conditions when the part of a set of
characteristic feature of object concerning the sample is absent or is deformed by
noise. Feature of the presented methods is their invariance to affine transforma-
tions of the shape of object, and also high speed of identification, not dependent
on complexity of recognized object.

Keywords: image processing, pattern recognition, modelling, metrics.
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Symbolic numerical algorithms and programs for the
solution of boundary-value problems of dynamics of
few-body quantum systems
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V. P. Gerdt*, V. L. Derbov!
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Abstract. Symbolic numerical algorithms and problem-oriented complex of
programs for the solution of boundary-value problems of dynamics of few-body
and low dimensional quantum systems available from Program Library JINRLIB
and Computer Physics Communications Program Library are described. Appli-
cations to photoionization and a laser and stimulated recombination of atoms
and molecules in magneto-optical traps, channeling and tunneling of ions and
clusters, near-surface diffusion of molecules, photoabsorption under the elec-
tronic and impurity conditions inherent in semiconductor nanostructures are
presented.

Keywords: Symbolic numerical algorithms, problem-oriented complex of pro-
grams, boundary-value problems, few-body quantum systems, low dimensional
quantum systems.

1. Introduction

Creation of symbolic numerical algorithms and a problem-oriented
complex of programs for the solution of the boundary-value problems de-
scribing dynamics of few-body quantum systems are important problem in
development of methods, algorithms and the software for computer mod-
eling of dynamics in low-dimensional physical systems and the analysis
of experimental data. Relevance of the presented researches is caused by
needs of the Russian and international scientific programs and projects on
studying of physical processes for few-body quantum systems: photoion-
ization and a laser and stimulated recombination of atoms and molecules
in magneto-optical traps, channeling and tunneling of ions and clusters,
near-surface diffusion of molecules, photoabsorption under the electronic
and impurity conditions inherent in semiconductor nanostructures.

In a series of works [1-26] the symbolical and numerical algorithms and
problem-oriented complexes of programs implementing efficient computing
schemes for the numerical solution of boundary-value multidimensional
problems of the Schrédinger type in a finite domain of multidimensional
configuration space are presented. They are based on the method proposed
by L.V. Kantorovich in 1933 [30] for the numerical solution of boundary-
value two-dimensional problems of elliptic type by reducing them to a
system of the ordinary differential equations (ODEs). The essence of the
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method consists in decomposing the required solution over the basic func-
tions of one variable, which are continuously depending on the second vari-
able as a parameter [31], whereas in commonly used projective methods of
solving two-dimensional boundary problems the basic functions depend on
one variable only [31,32]. It is known that if the domain of definition of the
desired solution can be divided into subdomains or has a complex-shaped
boundary, the compound basic functions with nonlinear variation param-
eters that allows for the features of the solution sought for are commonly
used [31,32]. For example, application Kantorovich method to the solution
of Maxwell’s equations in an integrated optical waveguide with an irregular
change of parameters along two horizontal directions is given in [34]. Using
analytic calculations, a system of differential equations for the coefficient
Kantorovich functions using computer algebra system Maple was derived.

The Kantorovich method (KM) can be considered as a generalization
of the variation approach [33] in which the modified compound basic func-
tions additionally depending on the second variable as a parameter are
applied. Therefore, the KM occupies an intermediate position between
the exact solution of the problem and other variational and projective
methods [29], and allows the implementation of an economic algorithm for
calculating the one-parametrical basic functions, allowing for the solution
features and boundary conditions of the initial problem. Moreover, the KM
offers an opportunity to construct the optimal asymptotic expansion of so-
lutions of a multichannel scattering problem, necessary for transferring the
asymptotic boundary conditions to the boundary of the finite domain in
the form of third-kind conditions, using the asymptotic methods (AM) im-
plemented in symbolic and numeric algorithms. As the basic functions for
the MK numerical solution of Schrédinger-type multidimensional bound-
ary problems, describing the dynamics in low-dimensional few-body quan-
tum systems, the eigenfunctions of the so-called fast subsystem operator,
a part of the original operator of the system, were used. The expansion
of the required solution over the set of basic functions depending on the
slow variable as a parameter makes an essence of the adiabatic method,
widely used in various fields of physics [35]. As a result of projecting
on the set of such basic functions, the initial multidimensional boundary
problem is reduced either to a bound-state problem, or to a multichan-
nel scattering problem for the set of second-order ODE with respect to
the slow variable. The matrix elements of real-valued variable coeflicients
(MVPK) of this set of equations are expressed in terms of the integrals,
containing basic functions and/or their first derivatives with respect to the
parameter. The analytic expressions for the asymptotes of the MVPK of
self-adjoint second-order ODE set and the asymptotes of the required reg-
ular and irregular matrix solutions, necessary for reducing the problem to
a finite interval, are calculated using the AM implemented in the symbol-
ical and numerical algorithms. Therefore, the MK solution of the original
boundary-value problem is divided into a sequence of several boundary
problems, optimally discretized using the finite element method (FEM).
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Thus, it is necessary to develop efficient stable computing schemes, eco-
nomic symbolic and numeric algorithms, and problem-oriented complex of
programs, implementing them for solving this class of problems.

2. Algorithms and programs

In the series of works presented by the authors [1-26] within KM, FEM
and AM effective variation and projective schemes and symbolical and
numerical algorithms are developed for solving the Schrodinger-type mul-
tidimensional boundary problems with uniform boundary conditions nu-
merically with the required accuracy, and for analyzing the dynamics in
few-body quantum systems.

The problem-oriented complex of programs [1-8] for the numerical
analysis of various processes in few-body quantum systems has been de-
veloped. The following complex of programs which is of interest for a wide
range of users is transferred to Program Libraries of the Computer Physics
Communication Journal and JINR [27,28]:

KANTBP [1] - the program for solving a bound-state problem and a
multichannel scattering problem for self-adjoint second-order ODE systems
with real-valued variable coefficients and uniform boundary conditions (of
the first and the second kind at large and small values of the independent
variable and the third kind at large values of the independent variable).
The program is written in Fortran.

KANTBP 2.0 [2] - the new version of the KANTBP program. In this
version the option is added for solving a continuous-spectrum problem
with the uniform boundary conditions of the third kind at large and small
values of the independent variable. The program is written in the Fortran
language.

KANTBP 3.0 [3] - the new version of the KANTBP 2.0 program. In this
version of the program the option is added for the solving the continuous-
spectrum problem with uniform boundary conditions of the third kind at
large absolute values of the independent variable and for calculating the
square matrixes of reflection and transmission amplitudes (the complex
arithmetics is used). The program is written in Fortran.

KANTBP 4M [4] - the new version of the KANTBP 3.0 program, the
FEM based on the algorithm using interpolation Hermite polynomials [5],
is implemented in the Maple computer algebra system. In this version of
the program the option is added for solving a continuous-spectrum prob-
lem for systems of ODEs with continuous or piecewise-continuous real or
complex valued coefficients and with uniform boundary conditions of the
third kind at large absolute values of the independent variable and calcu-
lating the square and rectangular matrixes of reflection and transmission
amplitudes, respectively, i.e. the number of open channels for the incident
wave in the scattering problem can be different at the left-hand and the
right-hand side and metastable states with complex energy (the complex
arithmetic is used).
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ODPEVP |[6] the program calculates a set of eigenvalues and eigenfunc-
tions of the single-parameter self-adjoint Sturm-Liouville problem with
uniform boundary conditions (of the first, second, and third kind), and
integrals of products of eigenfunctions and/or their first derivatives in
the parameter, the MVPK elements of self-adjoint of the second-order
ODE systems. The ODPEVP program is used also as the subroutine in
the KANTBP programs, aimed at the solution of the bound state prob-
lems and multichannel scattering problems for self-adjoint systems of the
second-order ODE. The program is written in Fortran.

POTHEA [7] - the program for calculating eigenvalues, surface eigen-
functions and their first derivatives in the parameter of the parametri-
cal self-adjoint two-dimensional elliptic differential equation with Dirichlet
and/or Neumann’s uniform conditions in a finite two-dimensional domain
with the prescribed accuracy. The program calculates also the potential
matrix elements, the integrals of the products of surface functions and/or
their first derivatives in the parameter. The eigenvalues depending on the
parameter and the matrix elements calculated with the POTHEA program
were used as the MVPK elements of the self-adjoint second-order ODE sys-
tems describing the dynamics of a helium atom, for which by means of the
KANTBP programs the bound-state problem and multichannel scattering
problems were solved. The program is written in Fortran.

POTHMF [8] - the program for solving the single-parameter eigen-
value problem for angular oblate spheroidal functions, and calculating the
first derivative in the parameter for the eigenfunctions and the integrals
of products of eigenfunctions and their first derivatives in the parameter.
The eigenvalues depending on the parameter and the matrix elements cal-
culated with the POTHMF program were used as the MVPK elements
of the self-adjoint second-order ODE system, for which by means of the
KANTBP programs the bound-state problem and the multichannel scat-
tering problem were solved, describing the dynamics of a hydrogen atom in
magnetic field. The POTHMF program calculates also the dipole matrix
elements necessary for calculation of optical transitions between the states
of discrete and continuous spectra. Necessary analytical expressions for
the asymptotes of MVPK of the ODE self-adjoint system and asymptotes
of the required regular and irregular matrix solutions were calculated by
means of symbolic and numeric algorithms implemented in the MAPLE
computer algebra system and used in the presented subroutines. The pro-
gram is written in Fortran.

3. Applications

The complex of the KANTBP [1-3], ODPEVP [6], POTHEA [7] and
POTHMF [8] programs allows the solution of boundary problems for the
2D and 3D partial differential equation of the elliptic type within the
KM with discretizing the sequence of boundary problems using the FEM
with the set accuracy. The following numbers of user addresses for these
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programs were officially registered before April 1, 2015, in the Program
Library of the Computer Physics Communication Journal: KANTBP -
218, KANTBP 2.0 - 286, KANTBP 3.0 - 26, POTHMF - 195, ODPEVP -
134, POTHEA - 27. The efficiency of the developed methods, algorithms
and the complex of programs KANTBP [1-5], ODPEVP [6], POTHEA |7]
and POTHMF [8] was confirmed by the results of the theoretical and
numerical analysis of an error of solutions of boundary problems and the
results of modeling of a number of physical processes in few-body and
low-dimensional quantum systems. The most important results are:

1. Within the frameworks of FEM the theoretical estimates are proved
for the approximation error of the first derivative with respect to the pa-
rameter for the eigenvalues and eigenfunctions of a boundary-value prob-
lem, and for the integrals products of eigenfunctions and/or their first
parameter derivatives, i.e., for the MVPK elements of self-adjoint systems
of the second-order ODE [6, 7].

2. The model of the resonant photoionization mechanism and laser-
stimulated recombination of hydrogen atom in a uniform magnetic field
is numerically studied. The effects of resonant transmission and total
reflection of oppositely charged particles in uniform magnetic field are
predicted for the first time [9-11]. The analysis of highly-excited Rydberg
states radiation decay rates of a hydrogen atom in a magnetic field is
carried out [12].

3. The numerical analysis of the model of axial channeling of the
similarly charged particles in the effective oscillator potential of a crystal
is performed. The nonmonotonic behavior is revealed in the dependence of
the enhancement coefficient of the nuclear reaction rate upon the energy of
collision, caused by the effect of full reflection of channeled ions predicted
for the first time [13,14].

4. Cluster tunneling through repulsive barriers is studied using
symbolic-numeric computation techniques. The model of the cluster con-
sists either of a pair of particles (ions), or of several identical particles,
coupled by pair short-range oscillator-type potentials. Nonmonotonic be-
havior of transmission and reflection coefficients as functions of the colli-
sion energy, the number of particles and the symmetry type of the cluster
state is revealed. It is shown that the resonant transmission of a clus-
ter through barriers (the quantum transparency effect) with characteristic
increase in the probability density of states in the vicinity of the local min-
ima of the potential energy depending on transversal variables is caused
by the formation of metastable states of the cluster, interacting with the
barriers [15-19].

5. Within the frameworks of the effective mass approximation, the
spectral and optical characteristics of electron and impurity states in ax-
ially symmetric models of semiconductor quantum wells, quantum wires
and quantum dots in external fields, as well as the Zeeman and Stark
quantum-dimensional effects, are studied using symbolic-numeric calcula-
tions [20-24].
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6. The quantum transparency effect is analyzed in the model of quan-
tum diffusion of beryllium diatomic molecules on copper surface. The
reference calculation was carried out for beryllium molecules with Morse
potential. The parameters of the barrier Gaussian potential were fitted
to the experimental data on the quantum diffusion of hydrogen atoms on
copper surface. It is shown that the quantum transparency of barriers
increases the thermal quantum tunneling rate constants and decreases the
energy of activation of the compound molecular system at low tempera-
tures below the potential barrier energy [25,26].
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Pemenne kpaeBbix 3aga4 g cucrem OJLY 6oJsbmioit
Pa3MEPHOCTH: 3TAJIOHHbIE pacyeTbl B paMKaX MeTO1a
KanTopoBuua

A. A. T'yces*, O. Uynyyubaarap*,
C. 1. Bununkuit*’, B. JI. Jep6os!

* O6sedunénnuill uncmumym adepnovlix uccaedosanud, 2. Jlyona
T Poceutickuts yrusepcumem dpyorcbo, napodos, 2. Mockea
¥ Capamoscruti zocydapemeenino ynusepcumem, 2. Capamos

Awnnvoranusi. [IpescraBiieHbl STajloHHBIE pacdeThbl KPAaeBOW 3aJadd sl CH-
crem OJ/IY BTOpOro mopsiaka GOJIBIIONH Pa3MEPHOCTH C IMOMOIIBIO MTPOTPAMMBI
KANTBP ¢ ucnosp3oBanneM MeTo[a KOHEUHBIX 3/IeMeHTOB. Ha mpakTuke, mst
pellleHnst KpaeBbIX 3aJ7lad C JAJIHHOIEUCTBYONUME TTOTEHIIHATIAMA U OOJIBITIO-
T'O 9HCJIa OTKPBITBIX KAHAJIOB HEOOXOIMMO PeIllaTh KPAeBble 3aIa9M JIJIsi CUCTEM
mudHepeHITIATBHBIX YPABHEHH OOJIBINON Pa3MEPHOCTH, KOTOPBIE TAKXKE TPe-
OyIOT U3YYEHUs CXOJUMOCTHU U YCTOWYUBOCTU ajaroputMoB u nporpamm. C 3roit
[IeJIBIO B JIAHHOM paboTe pelleHa 3a7a4a Ha COOCTBEHHDbIE 3HAUEHUS JJIsI SJIIUII-
TUYIEeCKOro JudHepeHuaIbHOro ypaBHEHUA B IBYMEPHOM 00JIaCTH C TPAHUYIHbI-
mu ycioBuaMmu lupuxite. Pemrenue nmrercs B Buze passoxkenuss Kanrtoposumua
10 TapaMeTPUIECKUM 0a3UCHBIMU (DYHKIUAMU OTHON N3 HE3ABUCUMBIX II€pEMEH-
HBIX, [IPU 9TOM BTOpasi HE3ABUCHMAasl IEPEMEHHAsT PACCMATPUBAET KaK IapaMeTp.
Basucuable QyHKIIUN BBIYUCISIOTCS B @HAJTUTHIECKOM BUJE KAK PEIIEeHUs] BCIO-
MorareabHOM mapamerpudeckoii 3amadn [rypma-Jluysunnsa mist OLY Broporo
nopsifka. B pesynbraTe, 1ByMepHas 3ajiada CBOIUTCS K KPAEBO 3aade JJIst Ca-
MoconpsizkeHHO# cucteMbl O/Y BTOPOro mopsijika OTHOCUTEIHFHO BTOPOi HE3ABHU-
cumoit mepemenHoi. JluckpeTn3amus 3aa4n BBIMIOJHEHA B PAMKaX METOJA KO-
HEYHBIX 3JIEMEHTOB. D(PMEKTUBHOCTD, YCTOWINBOCTD U CXOJUMOCTDH BBITHCJIN-
TEeJIbHOI CXeMBbI IPOJEMOHCTPHUPOBAHA STAJIOHHBIMY PACYETAMHU [IJIsI TPEYTOIbHOM
MeMOpaHBbI C BBIPOXKJIEHHBIM CIIEKTPOM.

Kurrouessblie cioBa: Tecrosble pacuersl, KpaeBas 3aja4a, cucreMbl QY 60516~
ot pazmepHocTH, MeTofa KanTtoposuya.

1. Bsenenune

Pemtenne kBaHTOBOIl 3a/1a9M TYHHEJWPOBAHUS WM DPACYETHI CIIEK-
TPAJbHBIX U ONTUYIECKUX CBOUCTB JIEKTPOHHBIX COCTOSIHUN B aKCHAJIBHO-
CUMMETPUYIHBIX KBaHTOBBIX TOYEK M FeJ'H/IeIIO)]‘O6HbIX aTOMOB (CI/ICTel\/Ia
JIBYX 3JICKTPOHOB B KYJIOHOBCKOM I10JI€) CBOJUTCS K PEIICHUIO KPAEBBIX 3a-
naa (K3) mis ssuminrugeckux auddepeHimaibHbIX ypaBHEHUIT ¢ Hepasjie-
JISTFOIIMMUCST IEPEMEHHBIMA B KOHeUHO! obaactu [1-3]. OquH u3 crocobos
pelieHust 9TUX 3a71a49 peajusyercs B Buje Habopa mporpamm ODPEVP-
POTHEA-KANTBP [4-6] na ocroBe merona Kanroposuua (MK), koro-
pblit obecrievnBaeT PEAYKIMIO MCXOIHON 3aja4unM K KpaeBoil 3ajade s
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cucrem OILY [7] ¢ mocaemyiomeii Auckperusanueii METOIOM KOHEUHBIX 3J1€-
menros (MKD) [8]. Ha npakTuke Jyist perienus 3a1a4 ¢ JaIbHOACHCTBYI0-
MU TOTEHITUAIAMEI U OOJIBIIIAM YHCJIOM OTKPBITHIX KAHAJIOB BO3HUKAET
HeOOXOIMMOCTD PEIIeHUsT KPAeBbIX 33184 JIJIsT CUCTeM UM depeHITnaIbHBIX
ypaBHEHUT OOJIBIION Pa3MEPHOCTH, TPEOYIOIUX JTOIOJHATEIHLHOIO UCCIIe-
JIOBaHUS CXOIUMOCTH W YCTONYMBOCTU HMPUMEHSIEMBIX AJTOPUTMOB U IPO-
rpaMM.

Tecmuposanue anzopummos U npozpamMm PeweHUs KPAesux 3aday s
cucmem OTY boavwoti pazmeprocmu, peasudyrowur MK u MK, na npu-
Mmepe mowHo-peusaemoir dsymeproir K3 asasemca yeawvto nacmoawet pa-
bomwi. IlpencraBmena BBITUCAUTEIbHAS CXEMa PEIIEHUS 33a9H Ha COO-
CTBEHHbIE 3HAYEHUs JJIsl SJIITUITUIECKOro nuddepeHInaj pbHOr0 ypaBHe-
HU¢ B JIByMEPHOI KOHEYHO 00J1acTH ¢ I'PAHUYHBIMU ycyioBusaMu Jlupuxite.
Pemmenne nmercsa B Bume pazimoxkenns KanropoBuya mo 6a3ucHbM (hyHK-
[IUSIM OJTHOM M3 HE3aBUCUMBIX IIEPEMEHHBIX U CO BTOPOIl TEPEMEHHOI, TPaK-
TyeMoOil Kak IapaMmerp. BasucHble pYyHKINN BBIYUCISIOTCS KAK PEIIEHUS
nmapamMeTpuIecKoil 3ajaun Ha cobcrBennble 3uadenus st OY Broporo
nopsizika. Jlastee, ncxoaHast 3aada cBoautcst K K3 Jjist cucreMbl caMoco-
npsizkeHHbIX OJ1Y BTOpOro mopsijka 1o Bropoil He3aBUCUMOM [T€PEMEHHOIA.
Huckpernzanus K3 ocymiecrsisiercs ¢ npumenennem MKD ¢ waTepmoss-
[[MOHHBIMHU [OJIMHOMAaMK DpMuUTa [9], KOTOpasi UCHosb3yercst st hopmy-
JINPOBKHU OOOOIIEHHOM aredpanteckoil 3a/1a4n Ha COOCTBEHHBIX 3HAYCHUIT
JUIst MaTpHIl 605161101 pa3zmepHocTH. [Tokazana 3hdeKTUBHOCTE TpOrpam-
Mbl KANTBP n1s1 perrenust KpaeBoit 3a,1a49u JIjisi CHCTEM OOJIBIIIONO YUCTIa
O/IY B TeCTOBBIX PACYETOB JIJIsi TOYHO PeIaeMoil 3a/1a9uu Ha COOCTBEHHBIE
3HAYEHUs] TPEYTOJIbHON MEMOPAHBI C BBIPOXKIEHHBIM CIIEKTPOM.

2. Metoa KanTopoBuua — nmpuBeaeHune K cucremam O1Y

Pacemorpum K3 mutst sjmnntudeckoro ypaBHeHUS B JByMEPHOI 00J1a-
et Q(zp,xs) C R%:

(_a%_y+V(xf,xs)—E> U(zys,z5) =0, (1)

rae V(zy, xs) — Bemecrsennble byHkuun u V(z s, T5) HOAIMHSIOTCS YCIIO-
Busim Jupuxste Ha rpanune 0Q(xy, x5) obnactu Q(xf, x5)

U(xyr,xs) =0. (2)
(xf,25)E0Q(x5,25)

Pemennst U(z g, z,)€WZ(Q) K3 (1)-(2) nmercs B Buse pasnoxkenus: Kan-

Toposua [7]

Jmax

Ui(xf,zs) = Z Q;(xg;xs)Xji(s), (3)

j=1
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o Habopy cobcrBenubIX dyHKINt K3
82
—o— +V(zg ) —ej(xs) | Blag;2,) =0, (4)
al’f
Ha HHTepBajle Tj € (I?‘in(a:s),x?‘ax(xs)) = g, (7s) ¢ IepeMeHHBIME Tpa-

HUIIAMHY, 3aBUCSIIUME OT IIepEMEHHOR 5 € ()., Kak oT napamerpa. Cob-
creenusle dynknmn $(xy; xs) noguumaioTcs yeaosuo Jupuxiie

(Dj(z;nin(zS);Is) =0, (I)j(iﬂ?ax(xs);xs) =0 (5)
B TPaHUYHLIX TOYKaX {mrfnin(xs)’z}nax(xs)} = 8(%”(338)7 HHTEpBaJIa

Qay (w5).
CobcTBerHbIe (DYHKIMU YIOBJIETBOPSIIOT YCJIOBUIO HOPMUPOBKU HA UH-
Teppase Ty € Oy, (T5):

z'fnax(:rs)
(®,];) = / i g 00) By (x5 2s)das = 0, (6)

I;Ii[l(ws)

rae €1(zs) < ... < €. (xs) < ... HAOOD BEIIECTBEHHBIX COOCTBEHHBIX
SHAYCHMUIA.

IMoncranoeka pasmoxkenust (3) B ypasHeHue (1) ¢ HCIOIB30BAHMEM
(5) u (6) upuBoguT K camoconpszkenuoi cucreme OJLY BTOpOro mops-

Ka OTHOCHTEJILbHO HCKOMBbIX BekTop-dbymukimit x((zs, B) = x@(z,) =
07 (@), X (@)
d? dQ(zs) d ,
i ) — 2B =) ) (z.) = 0.
( a2 O T, +Q(zs)dxs> xzs) =0 (D)

Baecs U(xs) u Q(z5) — MATPUIIBI PA3BMEPHOCTBIO Jfmax X Jmax

Uij(zs) = €i(x4)di; + Hij(xs),

max

P (zs) OB (w53 5) 0P (5 24)
H’i‘xs :H'Z‘{L‘S :/ i\ fyds J\&LfH de’ 3
)=l = [ e ()
zl}ﬂaX(:ps) 5‘<I>(x ;ZL’S)
Qij(zs) = —Qjilxs) = */ _ @i(xf;xs)jaifdff
w!fll][l(ws) xs

Cob6ersennsie dymakmun X ) () muckpernoro cnexrpa E : B < Ey <
. < E, < ... NIOTIMHSAIOTCS IPAHUIHBIM YCJIOBHAM

X)) =0, al =™ 2l (9)

S S
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Puc. 1. Co6ersennsie dyuxnun ¥ (z,y) CBA3aHHBIX cOCTOsiHUI n1ByMepHO# K3

(11), (12), cocraBieHHON U3 KOMIIOHEHT x§ )

(zs) coberBennbix dynkimit K3
st cucrembl OJLY (7)—(10), n napamerpudeckux 6asucHbIX QYHKIMI
D, (xf;2s), 320aHHBIX B aHAJIUTHYIeCKOM Buje (13).

U YCJIOBUIO OPTOHOPMUPOBKH

max

/””5 (W () "XV (s)dews = 6. (10)

min
s

3. IIpumep: TpeyrosibHasi MeMOpaHa

B kagectBe TeCTOBOrO MIpUMEpPa PACCMOTPUM KPAEBYIO 38189y JIJIs TPe-
YTOJIBHOI MeMOpaHbI

02 0?
-—— - ——-FE |V =0 11
¢ KpaesbiMu yciroBusiMu Jupuxiie na rpanue 0)(z,y) obmacru Q(x ¢, x,):
U((zf,xs) € 0WNxs,xs)) = 0. (12)

B paccmarpuBaemoM citydae mapaMerpuieckue cOOCTBEHHbIE (DyHKITUN

@, (zy;25) K3 (4)-(6) u norennuanbHble KPHUBBIE €; (Ls) BBHIYUCIISIOTCS
aHAJNTUIECKH

. wi(x g wmm(zg))
7242 V2sin (‘zmax@c )— )

TP ()

€ (s , Oi(zpias) =

()= (@™ (zs) — 27 (2,))? ) V() — apin ()
(13)
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Beoinosiass uarerpuposanue ¢ 6asucabivu GyHkiusaMu (13) Takke BbIIHC-
JISTIOTCsl aHATUTUYeCKH dexkTuBHbIe ToTeHIUaNb! (8):

907 ((_1)“_]- doP®(zs) dac’f“i“(xs))
)

dzs dzs . .

R e 2 B
ot (AT ) (T e
(2= ) ) — ()P

a2 (%XS@S))Q N (dz;ﬂd:(z)) (d:z:l;;;izs)) 4 (dx;;zims)f
B ) = e 0y — ()2
dep™(2s)  deP(2a))?
+1( dzs da, ) .
4 (2F™(zs) — 2 (2s))?
B cummerpuunom ciyuae o (zs) = —x;nin(xs) cucrema OY (7)

pasJiesisiercsl Ha JIBE IOJCUCTEMbl U3 KOTOPBIX OLPEIEJIIOTCs YETHbIE (¢
HEYETHBIMU UHJIEKCAMM j U {) ¥ HEUETHBIE PEIeHsl (¢ YETHBIMU MHIEKCAMU
B kadecTBe obstacTu BhIOEpEM PABHOCTOPOHHUN TPEYTOJLHUK CO CTO-
poHoit 47 /3, 1yis KoToporo cobcTBennble 3Hadenusd B; = p? + v? + uv =
3,7,7,12,13,13,19,19,21,21,27, ..., tme p,v = 1,2, ... — nesisle gucia [10].
IIpm sToM paccMoTpuM JBa BHIOOPa OBICTPOIL T f U MEJICHHOM ' TIepeMeH-
HBIX:
1, £ mapaJulesibHa CTOPOHE TPEYTOJIBHUKA, & s NepPIEeHINKYJIpHa, eil:

PP () = 20/3 — w, /Y3, @M (@) = —2m/3 4+ a./V3,
Z =0, T = 27 /3.

S

2, r, napaJejabHa CTOPOHE TPEYTOJLHUKA, a T f HepHeHIuKYyJIdpHa efi:

TP (xs) = 21 /V'3 — V3|l x;‘»ﬁn(xs) =0,
M = 27 /3 g = 27/3,

S
B oboux ciydasxX yudTBIBas CBOHCTBAa CAMMETPUH PABHOCTOPOHHETO
TpeyrosibHUKa, Mbl npumMeHsiem MKD na cerke Q.. = (0(2)3v/4(2)v),
v =23 —0.002, rie IMC/I0 KOHEYHBIX JIEMEHTOB Ha KaXKJIOM IIOJUHTED-
BaJie yKa3aHo B KDPYIVIBIX CKOOKaX, C MHTEPIOJIAIMOHHBIMY IIOJHMHOMAMU

)
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Tabymma 1
. scal
Basucumoctu norpentnocreit 0B = E7*°Y° — E7 | o = e, 0, COGCTBEHHBIX
3HAYEHUIN OT YHCIIA jmax IETHBIX (€) U HeUETHBIX (0) Ga3UCHBIX (DYHKIHIA.

Jmax | 0EY OES OES OES SES, SEY 0E3 OE2

case 1

6 | 1.36(-4) 5.44(-4) 2.45(-3) 1.29(-3) 2.32(-2) | 6.67(-4) 2.59(-3) 2.47(-2
13 | 1.37(-5) 5.41(-5) 2.35(-4) 1.22(-4) 2.02(-3) | 7.44(-5) 2.85(-4) 2.35(-3
28 | 1.39(-6) 5.49(-6) 2.37(-5) 1.22(-5) 1.99(-4) | 7.98(-6) 3.05(-5) 2.44(-4
60 | 1.42(-7) 5.62(-7) 2.42(-6) 1.25(-6) 2.03(-5) | 8.41(-7) 3.21(-6) 2.56(-5
130 | 1.41(-8) 5.56(-8) 2.39(-7) 1.23(-7) 2.01(-6) | 8.42(-8) 3.22(-7) 2.56(-6
280 | 1.43(-9) 5.54(-9) 2.41(-8) 1.24(-8) 2.05(-7)| 8.56(-9) 3.26(-8) 2.59(-7
case 2

6 | 8.69(-4) 8.21(-3) 1.83(-2) 2.43(-2) 0.95 1.13(-3) 8.79(-3) 4.84(-2
13 | 1.01(-4) 8.93(-4) 1.79(-3) 2.33(-3) 3.57(-2) | 1.34(-4) 9.97(-4) 3.10(-3
28 | 1.13(-5) 9.82(-5) 1.93(-4) 2.52(-4) 3.48(-3)| 1.50(-5) 1.10(-4) 3.27(-4
60 | 1.21(-6) 1.05(-5) 2.07(-5) 2.70(-5) 3.65(-4)| 1.62(-6) 1.18(-5) 3.48(-5
130 | 1.24(-7) 1.07(-6) 2.10(-6) 2.73(-6) 3.68(-5) | 1.64(-7) 1.20(-6) 3.52(-6
280 | 1.29(-8) 1.09(-7) 2.13(-7) 2.78(-7) 3.74(-6) | 1.68(-8) 1.22(-7) 3.58(-7
exact | Ef=3 ES=T7 ES=12 E§=13 Ef,=37 | E{=7 E3=13 E2=37

/
Jlarpanxa p’ =12-ro mopska, ato obecniedusaer Tounocts O(hP 1) cob-

CTBEHHBIX (DYHKIHI U O(thl) cOOCTBEHHBIX 3HadeHnii, rue h = 3v/8 —
MaKCUMaJIbHAS JJIUHA dJeMeHTa [8].

Hucrennble pacdersl 3aja4n Ha coOcTBeHHble 3HadeHus (7)—(9) Obl-
JIU BBITIOJTHEHBI UCIIOJIB3YS JI0 Jmax = 280 ypaBHEHUII ¢ TIOMOIIBIO HOBOIt
Bepcuu nporpammbl KANTBP4, peanuzosannoit na s3pike Fortran. Ha
puc. 1 mpejcTaBjieHbl TUIUYHBIE TPUMEPHI TPOod el COOCTBEHHBIX (DyHK-
Ui, COOTBETCTBYIOMNX KAaK HEBBIPOKIEHHBIM, TAK W JBYKPATHO BBIPOXK-
JIEHHBIM YPOBHAM C COOCTBEHHBIME 3HadeHuAMU ES=FE{=7, Ef=F$=13, u
Ef=E$=19.

Kax nokazano B Tabsune 1 JOCTUrHYTa TOYHOCTD BhIYUCIeHHu dEY =
EY — E; nopanka 10~ 8mast cobeTBenHbIX 3Hadennii. Kak Buamo u3 Tab-
JIUIIBI, 9TO CKOPOCTh cxofumMocTu Kanroposuda pasisoxenus (3) mopsika
Jm , YTO COOTBETCTBYET TEOPETHIECKHM OIEHKAM, MOJyYeHHBIX 10 Teo-
puu Bo3MyIeHmit. Takas 2Ke CXOIUMOCTh UMEeT MECTO KaK IIPU PEIeHnn
JIBYMEPHOH 3JUTMIITHYECKOH 3a/1a4n JJTst KBaApaTHON MeMOpaHsl [11], Tak u
[pY PelIeHur apaMeTpUIecKoil JIByMEepHON 3aa4du Jjisi aroMa rejud [5].

IIpu jax = 6, 60 u 280 pasMepHOCTH CUMMETPUYIHBIX MATPHUI] MACcC 1
KecTKOCTH (1244 1) jmax X (12-4+1)jmax) pasabr 294 x 294, 2940 x 2940,
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13720 x 13720, ¢ mosymumpunoii jent ((12 2 + 1)jmax) pasuoit 150, 1500
u 7000, cOOTBETCTBEHHO, BpeMs Bblumcenns: Ha sizbike Fortran-77 ma PC
Intel Core i5 3.33GHz, 4Gb, 64 bit Windows 7 cocTtaBujio okoJio 1 cekyH IbI,
15 u 455 cekyH/I.

4. 3akJjroueHue

Jana oreHka CKOPOCTH CXOAUMOCTH pasJiokenust Kanroposuua (3) no-

paIKa J;gx B TECTOBBIX pacyeTax Ijis TOYHO PeIaeMoil 3ajadu Ha Co0-

CTBEHHbIC SHaYCHUA JIJIA TpeyFOﬂbHOﬁ 1VIeM6pa.HbI C BBIPDO2KI€EHHBIM CII€K-
rpom. [IpogemoncrpupoBana 3hGeKTUBHOCTD (3aBUCUMOCTD BPEMEHU PAC-
qéra HabOpa COOCTBEHHBIX 3HAYEHMI U COOCTBEHHBIX (DYHKIIUN OT pa3Mep-
HOCTH MaTPHI[ MacC ¥ KECTKOCTH) U CTabUIbHOCTD (yBeIMYeHUe TOYHOCTI
BBIYUCJIEHUs] COOCTBEHHBIX 3HAYEHUN U COOCTBEHHBIX (DYHKIMIA C yBeJInIe-
wueM yucsiaa OILY u, cOOTBETCTBEHHO, PA3MEPHOCTH MATPHUI] MACC U YKECT-
koctn) nporpamMmbl KANTBP, peasmzyromeit MKD, npu perenun Kpae-
BoOit 3amaun mrs cucreM 6osbmmoro guciaa OJLY Broporo mopsiika ¢ mepe-
MEHHBIME KO3 duimenTaMu, 3aJaHHBIMA B aHAJATHIeCKOM Buje. [Ipes-
JIATAEMYIO JTAJIOHHYIO MOJIEIh MOYKHO HUCIIOJIB30BATDH JIJIsI TECTHPOBAHUS
AJITOPUTMOB 1 IporpaMmm pernenns K3 s cucrem 6osbimoro unciaa OY
BTOPOTO MOPSIJIKA, UIH OOODINEHHBIX aaredpandecKux 3aad Ha COOCTBEH-
HbIe 3HAYEHUSI ¢ CHMMETPUIHBIMA MATPUIIAME GOJIBINAX PA3MEPHOCTE.
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UDC 519.632.4

Benchmark calculations of the boundary-value
problem for a systems of ODEs of large dimension in
the framework of Kantorovich method

A. A. Gusev*, O. Chuluunbaatar*, S. I. Vinitsky*f,
V. L. Derbov!

* Joint Institute for Nuclear Research, Dubna, Russia
Y RUDN University, Moscow, Russia
¥ Saratov State University, Saratov, Russia

We propose benchmark calculations of the boundary-value problem for a sys-
tems of ODEs of large dimension with help of KANTBP program using a finite
element method. In practice, for solving problems with the long-range potential
and a large number of open channels there is a need for solving boundary value
problems of the large-scale systems of differential equations that require further
investigation of convergence and stability of the algorithms and programs. With
this aim we solve here the eigenvalue problem for an elliptic differential equation
in a two-dimensional domain with Dirichlet boundary conditions. The solution
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is sought in the form of Kantorovich expansion over the basis functions of one of
the independent variables with the second variable treated as a parameter. The
basis functions are calculated in an analytical form as solutions of the paramet-
ric Sturm-Lioville problem for an ordinary second-order differential equation. As
a result, the two-dimensional problem is reduced to a boundary-value problem
for a set of self-adjoint second-order ODEs for functions of the second indepen-
dent variable. The discrete formulation of the problem is implemented using the
finite element method. The efficiency, stability and convergence of the calcula-
tion scheme is shown by benchmark calculations for a triangle membrane with
a degenerate spectrum.

Keywords: Benchmark calculations, boundary-value problem, large-scale
systems of ODEs, Kantorovich method.
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VIIK 519.632.4

AnaropuTrMbl 1 IpOrpaMMbl pellleHusl KpaeBbIX 3aJa4
aasg cucrembl O/1Y BTroporo nopsizika c
KYCOYHO-TIOCTOSTHHBIMY IIOTE€HIINAJIaMu

A. A. I'yces*, O. Uynyyn6aarap*, C. 1. Buanmkmii*',
JI. JI. Xaii*, B. JI. Tep6os!

* O6sedunérmnuill uncmumym adepnolx uccaedosanud, 2. Jybna
T Poccutickuti ynusepcumem 0pyoicbv, napodos, 2. Mockea
¥ Capamoscruti zocydapemeentwd ynusepcumem, 2. Capamos

Annoranusa. [IpeacraBimeHbl ajaropuTMbl peIeHNsT MHOTOKAHAJIBHOM 3a1a9u
paccestHUS U 389U Ha COOCTBEHHDBIE 3HAYEHUsI BOJHOBOIHOIO THIIA JIJIsI CHUCTE-
mbl OZIY BTOpOro mopsijkKa ¢ KyCOYHO-IIOCTOSTHHBIMU KO3 puimeHTaMu Ha OcH,
peasin3oBaHHbIE B BuJie iporpamm cucreme Maple. /lano cpaBHeHue pe3ysibraTos,
[TOJIyY€HHBIX DeIleHreM KPaeBOil 3aJla4i METOJOM CIIMBKU (DyHIaMEHTAJIbHBIX
pemennii cucrembr O/IY B TouKax pas3pbiBa IMOTEHIIMAIOB U METOJIOM KOHEYHBIX
3JIEMEHTOB.

Kurouessbie ciioBa: MuorokanaabHast 3a/1a9a paccesiHus, 3a1a9a Ha COOCTBEH-
Hble 3HAYEHUsI, CUCTeMa OOBIKHOBEHHBIX Jud hepeHInaabHbIX YpaBHEHUH BTOPO-
TO IOopdAJKa.

1. Bsenenune

Kpaesbie 3amaun mjist cucrem N 0OBIKHOBEHHBIX DDEPEHITNATBHBIX
ypastennit (O/LY) BTOporo mopsijika BOJHOBOJHOIO THIA

(—I(i2+V(z)—EI>§(z):O, ®(2) = (B1(2),...,2n(2)T, (1)

C MaTpHIell KyCOYHO-IIOCTOAHHBIX moTennuanos V(z) = {Vj(2)}, 1,5 =

1. N:
Vii(2) = {Vjis1, 2<21, Vjisz, 2<22, oo, Vjisk—1, 2<2k—1, Viigk, 2>261} (2)

BO3BHHKAIOT, HAIIPUMED, DU MATEMATUYECKOM MOJEIUPOBAHAN KBAHTO-
BOPa3MEPHBIX HAHOCTPYKTYD U ONTHYECKUX MHOIOCJIONHBIX cucreM [1]. C
JIPYTOil CTOPOHBI OHHU HCIOJIb3YIOTCsI KaK TECTOBbIE NPUMEPHI JIJIs aJIro-
PUTMOB M IIPOIDAMM, PEAJM3YIONUX METOJ KOHEUHBIX djeMeHToB [2]. B
JIAHHOI paboTe Mpe/ICTaBIeHbl aJITOPUTMbI DEIeHNs IBYX THIOB KPAEBbIX
3a/1a4: 3a/1a9a Ha CBSA3aHHBIE (U/WIM METACTAOUIIBHBIE) COCTOSIHUS U MHO-
roKaHaJIbHAs 3a/a9a paccesHud. 1IpescTaBiaeHbl JABa Clocoba peIeHus:
METO/, KOHEUHBIX 9JIEMEHTOB U CIINBKA (DyH/IAMEHTAIBHBIX PElIeHHI.
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2. Ajaroputm cinuBKH (PYyHIAMEHTAIbHBIX PEIIeHuHl

IMTar 1. Ha kaxKJ0M U3 NOIBIHTEPBAJIOB 2 € (Zm—1,2m), m = 1,...,k,
cucrema N OITY (1) ectb cucrema OJLY ¢ nocrosHubIMEU KO dUIMEHTAMI

0,

d2
< IS +Va EI) ®,,(2)

KOTOpast mMeeT O0IIee PeleHne, IBHO 3aBUCHINEe OT CIIEKTPAIHLHOTO [apa-
MmeTpa E
N

2)= Z <C<2m—2>N+z‘F¢(m)(E, ~2) O™ 4 ClopynsiF (B, Z)‘I’z('m)) '
=1

3nech F( )(E z) = exp(\/)\(m) Ez), Comnti — HEem3BecTHBIE KOI(DDU-
I[HEHTBI, )\E ™)y \Ilgm) = {\II%'L),...,\IJS\T,Z)}T — perennus ajrebpamdecKoit
33129 Ha COOCTBEHHBIEC 3HAYCHUS Vm\IIEm) = )\Em)\Pgm)7 KOTOPBIE BbI-
YUCJIAIOTCS YUCJICHHO W IS CUMMETPUYHONR MATPHUILI V., COOCTBEHHBIC
BEKTODA \I'z(»m) MOTIMHSIIOTCST YCJIOBUIO OPTOTOHAJIBHOCTBIO M HOPMUPOBKH
(m)\Tqy(m) _
(‘I’i ) ‘I’j - 52’1"
ITar 2.1. st CBSI3aHHBIX COCTOSTHU
. 1 1) \(k k
E<FEpax= mln()\g ), ceny )\SV), )\g ), ceny )\SV)) ACUMIITOTUYECKUE  YCJIOBHS
pu 2z — +00 ONIHCHIBAIOT SKCIIOHEHINAJILHO YOBIBAIOIINE PEIIeHNsT

P, (z——00) ZCN+zeXP /\El)—Ez)\IIZ(-l), (3)

N
P, (2—+00)= Z Clak—2)N+iexp(— AN —B2)w ),

=1

Ilar 2.2. s meractabmibabix cocrosuuit EM=REM (1 JEM SEM <0
ACUMITOTHIECKHUE YCJIOBUSI TIPU 2—>00 B OTKPBITHIX KAHAJAX, OIHMCHIBAIO-
€ YXOJISAIIIE BOJIHBI, B 3aKPBITHIX KAHAJIAX YKCIIOHEHITHAJIBHO yObIBAIO-
[ue perneHust

B s o) = S ] Ovni R AT E) REM < AV
S| e /BT, wEM A

(4)
®,(z = +00) = ZN: o0 ] Caraniep(— N -EMz)  REM <AV
i=1 ' Cok—1)N+iexp( \/EM—)\gk)z), REM > )\gk)
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HTar 2.3. g MHOrOKaHAJILHOl 3amadun paccesHus (1pu GUKCUPO-
BaHHOi1 sHeprun F = RE') Bblunciisiercs HCKoMas MaTpulia pernenuii ®(z)
€ ACUMIITOTHKOM “Iasiarommasi BOJIHA + yXomsimue BoiHbl (cM. puc. 1a)

Xk (2) T, + X ()T, z>0,
Xmin (Z) + Xmin (’Z>R4> + Xmin(z)Riw z <0

(5)
Xk (2) + XS 2R + XS (2)RE, 2 >0,
X )T + X ()T, 2 <0.

(6)
uckomble R_, n R KBajpaTHbIe MATPUIIBI AMILIUTY/] OTPaZKEHHs Pa3Mep-
noct NExNEu NEXNEw T, u T, npaMoyroabHbie MaTPHITHI aMILITH-
Ty npoxoxkienus pazmepuoctd NEx NL u NEXNE rne N u NI wucno
OTKPBITBIX KAHAJIOB B ACHMITOTHYeCKUX obsacTax. IIpu sroM BbIumCIsIeT-
Cs ICKOMasi MaTpHUIla paccesuus S pasmepHocTbio N, X N,:

s_ [ Ro T
- )
T, R.
yHI/ITapHaH U CcuMMeTpUu4dIHad JIJId BeIIEeCTBEHHBIX 3(1)(1)€KTI/IBHIDIX IIOTEeHII -

AJIoB.
Bamnurrem B sIBHOM BHJIe BbIpaykenus (5) — (6)

/ (1)

exp(r \/ EM—X."2)

—75 L
4/EM7)\(_1) o

®, (2 = to0) = {

<I>EL_>)(Z — +00) = Z 11:5’“) e P
Ty exp(—\ AV =EM2), B
—exp(r \/EM -V
() V) Tap A e
®, (2> —0) = Z\I’l V/EM -
T¢, exp(\/ AV —EMz), E<AW
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D (z—+w) @, (z > +0)
X9(z) XO(2)
—_— e
. -—
XOCR, | XO@T, XOOT, |XO()R,

z<0 . R:>0 z<0 ] R:>0

2,..0TKp. No  No oTKp. No  Np 0.

Puc. 1. a-6. acumnroTudeckue perneHus: “maJaorias BOJTHA + yXOJSIINe

lim @®,,_1(2)—P®,(2) =0, lim

Z—=Zm—1 Z—Zm—1 dZ dZ

BOJIHBI ', COOTBETCTBEHHO CJIEBA W CIpaBa . B. /IByMepHBIil TOTEeHIIHAT

exp(—1 \/EM—)\E’C)Z)

R
1 ) i
N \/EM_)‘i ’

B (2 +o0) =y e Ry S0 VEM AP k)

i=1 VEM AR ‘
R x exp(—\//\gk)—EMz), ES)\Z@

HTar 3. U3 ycioBust HEIPEPHIBHOCTH PEIIEHUIl W WX ITPOU3BOIHBIX B
TOYKAX PA3PBIBA Z = Zpm—_1, M = 2, ..., k noreanuanos (2),

P,,_1(2) @ (2)

=0, m=2,..k.

ITar 3.1 B ciayuae MHOrOKAHAJIBHON 341891 PACCESIHUS JJisl BOJIHBI, 11~
natomeit ciesa (cM. pue. la), aas Kazkjoro sHadenms b = 1,.., NI
cienyer cucrema 2N (k—1) HeONHOPOAHBIX JIMHEHHBIX ypasHeHui (9) ¢
2N (k—1) neuspectrubiMi, Con 1.5, s Con(k—1);s0 1 Ryiz, @ = 1.NE, R,
i=14+ Nt . N, Ty, i=1.N Tz, i=14+NE, . N:

>

K2

1

N Ry XV(E, - E>AW
(s { iy 0 2 g
=1

FO(E,z), E<aP

Sor
1y

i

—Coni FN(E, —2) 8P —Cay 1 FO(E, zl)\I'(2)> -0,

(C(2m74)N+iFi(m71)(E7 _mel)‘I’l('mh1)+C(2m73)N+iFi(m71) (E, me1)‘1’§m71)

~Clom-an+iF " (B, =2 )8 = Clom 1w 4iF™ (B, 2 1) 8™) =0,
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N
Zl <O(2k4)N+in‘(k_l)(Ea _Zk—l)\I’Z(‘k_l)+C(2k73)N+iFi(k_l)(Ev 21 @Y

B Tiz‘gXi(k)(E,ZZk_l) B>\ o® | —o
TicszFi(k)(Ea—Zk—l)a ES/\z(‘k) ' 7

_ xY(E, E>AM
XZ-(l)(E7221)(5iiL+ RZ’LL ( )( 221) > Ek) ‘I’El)

l’LL

-

—Con iGN (E, —2) B LCgNHGEQ)(E, 21)\Il§2)> -0,

N
2 (C(2m*4)N+iGz('m71)(E7 _mel)‘I’('mil)+c(2m73)N+iG(-m71)(E,mel)‘I’(-mil)
=1

70(2m_2)N+’iGEm)(E -z 71) 7C(2 1)N+zG (E Zm— )lI’(m)) 07
N
> | Clr-an G (E, _Zkfl)‘I’(k +C(2k oy G T (B, 2w Y
=1

T X P Bz EXXT | o :o
1, GI(E 2 ), B [T )70

1€ NCII0JIb30BAaHbBI 0003HAYEHUST

GUN(E, +2,) = +/A™ — EF™ (B, £2,), m k=1,
X", #izn) = F™ (B, #iz,) /B =A™, m=1k, (8)

)?}m)(E’ +izy) = Fi(m) B, +izy) o )\Em) — 1k

B ciiyuae MHOTOKaHAJIBHON 3a/1a91 paCCesTHUS [T BOJIHBI, MTaaomeit
cupasa (cM. puc. 16), I KaxKJI0ro 3HAUCHHUS iOR = 1,...,Nfz cjejiyeT
cucrema 2N (k—1) HEOTHOPOJIHBIX JIMHEHHBIX ypaBHeHHﬁ (9) ¢ 2N(k-1)
Hen3BeCTHbIMH, Coni1s, .o Con(k—1);s0 B Ryr, @ = 1. NE R¢r, i =
1+ NE, N, Tyr, i =1.N), T, i =1+ NL, .., N:

g: + Tiiin(l)(E,_lzl) B>AY AL
= Ten BV (B, z),  B<A [

—02N+iFi(2)(E —Zl)‘I’ CgN_HF( )(E,Zl)‘:[’gz) :07
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M=

~.

(C(Qm 4)N+2F(m 1)(E —z —1)‘I’(m 1)+C(2m 3)N+1F( )(E z —1)‘I’(m 2

Il
-

~Clam-oyn1iF" (B, = 2m1) "™ ~Clom_nyn+iF™ (E, Zm‘l)qlgm)) =0,

C(Qk*4)N+iFi(kil)(E’ _Zk—l)\I’Ekil)+C(2k73)N+iFi(k71)(E7 2p_q) WY

INgES

N
=

(k) (k)
{ Riiffng) (E,125-1) E>)\l(»k) e —X(k)(E e 6en ) 0
RzCzRFz (Ea _Zk—l), ES)\Z K ? ’ %8 s
S T X Bz E2X
TeaG(B,z), BV [

=1

_C2N+iGz(‘2) (E, —21)‘1’1(‘2)—03N+1G52) (E, Zl)‘I’l@) =0,

(C(Qm—4)N+iG§m_1)(E, *Zm—1)‘I’Z(»m_l)+c(2m—3)N+iG§m_1)(E,Zm—1)‘1’(»m Y

o8

@
Il
_

~Clam-2)n+iG" (B, = 2m1) @™ ~Clam1)n 4G (B, 2 1)‘I'(m)) =0,

s

I
-

<C(2k4)N+iG§k1) (E, _Zk—l)‘ngil)+c(2k73)N+iGl('kil)(Ea 21) WY

K2

RZCLRGEk)(E,—zk_l), E<A®

rJie MCIOJIb30BaHbl 0603HaueHus u3 (8).
ITar 3.2 wiu Ilar 3.3 s 331249 Ha CBA3aHHBIE UM METACTAOUIb-

HBIE COCTOSTHHSI C Y9IETOM YCJIOBHSI HOPMHUPOBKH CJIEJyeT HeJInHeiHas CH-
crema 2N (k—1) 4+ 1 ypasuenuit ¢ 2N (k—1) 4+ 1 Hen3BeCTHBIMH.

RinXM(E, E>AW =
{ i (B,120-1) ¢ \Irgk)—Xi(k)(E,zzkfl)éiig =0,

N

l Z (0(277L—4)N+iFi(m_1) (E, 7Zm—1)‘1’1('m_1)+
=1
+C(2m 3)N+iF‘(7n_1)(E P )‘IIE7IL—1)7
_C(Qm—Q)N+iFi(m)(E —Zm— 1)‘1’( ™) —Clam— N-HF( )(E72m—1)‘1’5m)>=0’
9)

N
: Z (O<2W_4)N+iGz(‘m_1) (E, _Zm—l)\IJz(‘m_l)+

i=1
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+ O(Qm—S)N+iGz('m_1) (E, Zm—l)‘I’(»m_l) -

3

—C(Qm—z)NJrz‘Gz(‘m) (B, *Zm—l)‘I’z(‘m) *C(2m—1)N+iGz('M) (E, Zm_l)qlgm)) =0,

e G\™(E, £2,) = £/ A™ — EF")(E, +2,,), m =2, ... k.

HTar 3.2 V3 yciaoBus KCIOHEHIMAJIBHOIO yObIBAHUS COOCTBEHHBIX
dyukuumit cBa3aHubIX cocroguuii (3), npum z — +£00 BO3HUKAET OIDAHU-
JeHre Ha COOCTBEHHbBIE 3HAYMECHUS

E<Epmac=min(AY, A, AW AR (10)
u K cucreme ypasHeHuii (9) m06aBIISIOTCS OMOJHUTEIbHBIE YCIOBUSI
C1=0,..,Cn =0, Cuop_1)n11=0,...,Cn =0 (11)

Orpannvenve cHu3y Ha mapamerp

E>Epm=min(A\?, . A AFD A (12)

CJIelyeT U3 YCJIOBUsl OIPAHUIEHHOCTU CAMOCOIIPSZKEHHOIO OIIEPaTOpa, CO-
orBercTByiomero 3agade (1)—(2) Ha BHYTPEHHHX NOALIHTEpBAIAX Z €
(Zm—1, 2Zm), rje m npoberaer 3uadenus m = 2, ...,k — 1.

HTar 3.3 s MeracTabuIbHBIX COCTOAHUI K cucreMe ypasHenwuii (9)
BMecTO (11) 706aBIISIOTCS JTONOHATEIBHBIE YCIOBHSI

C;i =0 REM < AV On@k-1)i =0 REM < A
Cn+i=0 REM > /\1(1) ’ Cn(ak—2)i =0 REM > /\z('k) ’
i=1,2,.. N,

KOTODBIE CJIEIYIOT U3 ACHMITOTHYECKUX YCIOBHL (4).
ITar 4. BanucoiBas cucreMy ypasHeHnil (9) B MATPUYIHOM BHUJIE

M(E) =0

u BeIYuCIIsis onpeenutestb detM(E) momyueHHON MATPUITBI, IMEEM CEeKy-
JIIDHOE yPaBHEHHUE JJIsl CIIEKTPAJIbHOTO ImapamMerpa B,

detM(E) = 0 (13)

SameruM, uro onpesenuTesns Marpuipl detM(E) B aHATUTUYIECKOM BHJIE
KaK (DYHKINIO OT HEM3BECTHOI'O CIIEKTPAJIBLHOTO mapamerpa K MOXKHO BbI-
quC/UTh B cucreMe Maple 3a pazyMHOe BpeMsi, TOJIBKO JIJIsi MAJIOTO YUCIIA
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IOJIBIHTEPBAJIOB Kk 1 Mmastoro uncia ypasuennit N, kN<19, nampumep, npu
N=3, k=4 o11HO pacKphbITHe JeTePMUHAHTA MATPHUIIBI pa3MepHocTH 24 X 24
saauMaet 6ouiblire 3600 cexyn, a nocrpoerne Marpuiibl M(E) u Borauciie-
Hue e€ olpeiesuTess Ipu oHoM 3HadeHuu E npumepno 0.6 cexynast. [lo-
sTomy oupeeanrens Marpuibl det M(E) BorauciisieM YUCAeHHO Ha OJX0-
asmeit cetke 3uadennit E: Fiiy, ..., Bynax 13 narepBana Fyy, < EF < Epax,
rje rpasugHble 3HadeHus Fpin v Epax gatorca dopmynamu (10) u (12).
O/inH 13 BO3MOXKHBIX CIIOCODOB MOCTPOEHUST TOJIXOJISATIEH CETKN Pean3yer-
sl CIIEYIOIIUM aJropuT™MoM. B Beipakeruu (9) 9KCHOHEHTH 3aMEHSIIOTCH
X YCeYEeHHBIMH PA3JIOXKEHUSIMU B OKPECTHOCTH BBIOPAHHOTO 3HadeHusi Fy
- IIOJIMHOMAMU OT CTereHu () ¢ IUCIOBBIMU KOI(DDUIMEHTAMA

(m)
- ™ exp(£4/ A, —Epz
exp(£4/ /\Z(- )—Ez) = exp(+1/ /\Z(. )—Eoz) F (WO )AE + .
24/ N —Ey
(14)

rie AE = E—Ey. Tloacrasisis MOy YeHHbIE BHIPAYKEHUS B JIE€TEPMUHAHT
detM(FE) mony4aem mosmaOM oT nepementoit AFE crenenu 2N (k — 1)Q,
KOTOPBIi ortaTh obpe3aeM 10 cremneHu (), T.e.

detM(E) = detM(Ep) + a1(AE) + ... + ag(AE)9. (15)

Orcioma  cieayer  orpanmdenwe Ha — mar  cerku  AF .. <
ledetM(Ep)/ag|'/? , tne ¢ > 0 mamepéy 3ajanHOoe HHCIO — TOU-
HOCTh pasinoxkenust onpejesuteiss detM(E) B psi. DTo e pasiioxkeHne
UCIIOB3YeTCsl JJisi yTOYHeHUus KopHeil ypasHenus (13), BBIYMCIEHHBIX
KakuUM-100 MeTomoM. OTMeTnM, UTO B OKPECTHOCTH OCOOBIX TOYEK
E = )\Em), t=1,.,.N, m =2, ...,k — 1, 1j19 KOTOPBIX MOIKOPEHHbIE BBI-
pakeHusl B HOKa3aTeJsIX KCIIOHEHT, coeprkammxcs B (14) obpamatorcs
B HOJIb, 06JIaCTh cxoxuMocTy passoxenuii (14) u (15) mesesnka. B srom
cirydae BMecTo (14) ncrosb3yercsi pa3iiokeHne

1
exp(+ /\Z(-m)—Ez) =14z /\Em)—E-i- 522(’\1(‘m)_E)-

ITocsie Bbrumcsienusi Habopa pemenuii Efi, ..., E; ypasuenus (13), r.e.
BCeX 3HaueHuii crnekrpasabHoro nmapamerpa E, npu koropeix det F(E) 06-
palaercst B HOJIb M3 HHTEPBAJIa JJIst KaxXa0ro Ky, s = 1, ..., moaydaem BbI-
POXKJIEHHYIO ajrefpantdecKyro cucTeMy ypaBHeHuit (9) JmHeHy0 n oHO-
POJIHYIO OTHOCHTETHHO HEM3BECTHHIX KO3 dumnenTos C' g, ..., Cong;s. s
BBIUHC/IEHNS HCKOMBIX cOOCcTBeHHBIX BEKTOPoB Cy = (Cs, ..., Co Nk;s)T o-
GaB/igieM JOTOMHATEbHOE yeaosue, Hanpumep, Con 1,5 +...+Can(k—2):s =
1. B pesymbrare momydennada i Kaxkjaoro Eg, s = 1,...,1 HeomHOpOm-
Hasl cucTeMa ajirebpanvecKux ypaBHEHUI MMeeT eIMHCTBEHHOE pellleHHe
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w(yz)
#y2) - | =S
Puc. 2. Co6ereennbie dbyukuun ¥(y, z) CBA3aHHBIX 1 METACTAOHILHBIX
COCTOSIHUY JIByMEPHOU KPaeBOil 3a/[aUi U KOMIIOHEHTBI COOCTBEHHBIX (DYHKITHIT

®;(z) (MHMMBIEe YACTH JAHBI IyHKTUPHBIMU JIMHUSIMH) COOTBETCTBYIOMIEH
cucremsl OJIY

C; = (Ciisy ..., Congs)T, momcTaBisss, KOTOpoe B JIEBYIO HaCTh YCJIOBHs
HOPMUPOBKY ITOJIYYA€M BbIPAXKEHUsI JIJIsi HOPMUPOBOYHBIX KO3 duInen-
toB B2, s =1,..,t:

kK N ®m
A m m A m 2
Z Z / dZ ‘C(gm,Q)NJri;sFi( )(E, —Z)‘I’E )—‘rC(gm,l)NJriFi( )(E, 2:) = 352

m=1 7,:12m?1

B pesyapraTe BRIMHCAAEM HcKOMble Kodddumuenter C, : Cps =
Cis/Bs,i=1,..,2Nk,s =1, ..., t, obecrieanBaoIye BLIIOIHEHUE YCIOBUS

HOPMUPOBKHU (1) MCKOMBIX cOBCTBEHHBIX (DYHKIIHI

P, (2) = {'I’gl)(z), 2<z21, @22), 2<29, ..., <I>(k71), 2<z_1, @gk), Z2>2k—1}-

S

3. 3a,aaq1/1 Ha CBSI3aHHbIE U METACTAOMJIbHBIE COCTOSTHUS

B kauecTBe mpuMepa, pacCMOTPHM 3ajady Ha CBA3AHHBIC M METACTa-
6ubHbIE cocTOosiHns i ypaBuenus lllpemunrepa B a1ByMepHOil obiactu
Q. ={y € (0,7),z € (—00,+00)}, ¢ KYCOUHO-HENIPEPLIBHBIM IIOTEHIINA-
aom V(y,z) = {—v,|z| < 2;0,|z| > 2}, upeacrasnennbim Ha Puc. 16. Pe-
menne uieM B Buje pasiaoxenns V(y, z)=> . B;(y)®;(z) mo nabopy 6a-

3UCHBIX yHKIHI B; (y):% sin(iy), aro npusogut K cucreme OV (1) ¢

Marpuieii 3GdeKTUBHBIX TOTeHIUAI0B (2)

NG

OTa 337298 UMeeT JBa CBI3AHHBIX W HAOOP MeTacTabUJIbHBIX COCTOSTHUIA.
CobcTBeHHbIE 3HAYEHUS OBbLIN BBIYUCIEHBI Tpu N = 4 ¢ TIOMOIIBIO aJI-
FOPUTMA, Peau3yIOIIero MeTo | CIIUBKHU (DyHIaMEeHTaJIbHBIX PeIleHuil B

I V2 )
Vij = {iQéij,Z < -2 i2(5¢j—/y\\; sin(iy)—\[ sin(jy)dy, z < 2; i2(5¢j,z > 2}
s s
0
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cucreme Maple: By = —0.357678006157, By = 0.497673092637 u EM =
2.767982443939—20.000009778719, E} = 3.59902052643—20.02021392350,
COOTBETCTBYIOIME COOCTBEHHBIE (DYHKINU pe/icTaBieHbl Ha Puc. 2. Jlan-
HbIE 3HAYECHUS UCIIOJIb30BAJINCH JIJI TECTUPOBAHUS AJITOPUTMA U IIPOTrPaAM-
Mbl KANTBP 4M, peanusyromux Meroj; KoHeuHbX sseMenToB (MKD) B
cucreme Maple [2]. Pacuérsr MKD BBIIOIHSINCH ¢ SPMUTOBBIMU SJIEMEH-
TaMU CeIbMOTO Topsiaka (p'=7, p=3, k™?*=2) Ha KOHETHOJIEMEHTHOH CeT-
ke Q, = {—8(4) — 2(4)2(4)8}, rue B cKOOKAX yKa3aHO UUCJIO IJIEMEHTOB.
Pacuersl cBsizanHbIX cocrosinnit ¢ yciaousmu Hefimana n upuxie ma-

(MKD9)

10T HIDKHIOIO U BEpXHIOIO oueHku 0E; = |E; — E; | ¢ TouHOCTBIO
0B, ~2.5-107" u §Ey ~ 1.1 - 10~%. PesyanTarhl pacueroB cOOCTBEHHBIX
3HAYEHUI CBSI3aHHBIX M METACTAOMJIBHBIX COCTOSTHUN M 9JIEMEHTOB MaTPHI]
AMILINTYJT OTPAYKEHHsT W TTPOXOXKIEHUs] MHOTOKAHAJIBHON 3aJ1a9u paccesi-
HUsl, TTOJIy9€HHbIe CIMUBKOHN dyHmaMmenTaabubix pemennit 1 MK na cerke
0, = {—2(4)2} ¢ rpaHUYHBIME YCJIOBUSIME TPETHETO POJA M ACHMIITOTU-
KaMHI peliennii mara 2, CoBIaJaioT ¢ TOYHOCTDLIO mopsaaka 10710,

4. 3akJroueHue

IIpemioxkeHHbIE AJITOPUTMBI U MPOTPAMMBI MOT'YT OBITH IIPUMEHEHBI
JIJIsT PellleHns: KpaeBbix 3aja4 i cucreM N OJLY Broporo mopsiiaka BoJI-
HOBOJIHOTO THIA C MATPHUIEH KYCOYHO-IIOCTOSHHBIX OTEHIINAJIOB, BO3HU-
KAOIINUX B 00JIACTH MATEMATHIECKOrO MOJIETUPOBAHNST MHOI'OCJIOMHBIX OII-
TUYECKUX CUCTEM M KBAHTOBO-PA3MEPHBIX HAHOCTPYKTYP.

Baaromapuoctu

PaGora nmopnepxkana PODIU (rpant 14-01-00420).

JIuteparypa

1. Gevorkyan M.N., Kulyabov D.S., Lovetskiy K.P., Sevastyanov A.L. and
Sevastyanov L.A. Waveguide modes of a planar optical waveguide,
Mathematical Modelling and Geometry Volume 3, No 1, p. 43-63
(2015).

2. Tyces A.A., Xat JI.JI., Yyayynbaamap O., Bunuuxut C.U., Tlpo-
rpamma KANTBP 4M pernennst KpaeBbIX 3a1a4 JJisi CUCTEMbI OOBIK-
HOBEHHBIX (D hepeHITnalbHbIX yPaBHEHN BTOPOro nopsiaka, 2015 —
http://wwwinfo.jinr.ru/programs/jinrlib /kantbp4m.



128 DCCN—2016
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Algorithms and Programs for Solving Boundary Value
Problems for System of Second-Order ODE with
Piecewise Constant Potentials

A. A. Gusev*, O. Chuluunbaatar*, S. I. Vinitsky*f, L. L. Hai*,
V. L. Derbov?

* Joint Institute for Nuclear Research, Dubna, Russia
t RUDN University, Moscow, Russia
¥ Saratov State University, Saratov, Russia

The algorithms and programs, implemented in Maple, for solving the multi-
channel scattering and eigenvalue problems of the waveguide type for system of
the second order ODEs with piecewise constant coefficients on the axis are pre-
sented. A comparison of the results obtained by the solving the boundary value
problem using matching method of fundamental solutions of the system of ODEs
in the points of a discontinuities of potentials and the finite element method is
given.

Keywords: Multichannel scattering problem, eigenvalue problem, system
of second order ordinary differential equations.
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Asymptotic Form of Parametric Basis Functions for
the Model of Quantum Tunnelling of Diatomic
Molecules

A. A. Gusev*, O. Chuluunbaatar*, S. I. Vinitsky*!, L. L. Hai*,
V. L. Derbov?, P. M. Krassovitskiy?®
* Joint Institute for Nuclear Research, Dubna, Russia
Y RUDN University, Moscow, Russia
2 Saratov State University, Saratov, Russia
§ Institute of Nuclear Physics, Almaty, Kazakhstan.

Abstract. The mathematical model of quantum tunnelling of diatomic
molecules through repulsive barriers is formulated in the s-wave approximation.
The 2D boundary-value problem in polar coordinates is reduced to a 1D one by
means of Kantorovich expansion over the set of parametric basis functions. The
algorithm for calculating the asymptotic form of the parametric basis functions
at large values of the parameter (radial variable) is presented. The solution is
sought by matching the numerical solution in one of the subintervals with the an-
alytical solution in the adjacent one. The efficiency of the algorithm is shown by
comparison of the calculated solutions with those of the parametric eigenvalue
problem obtained by applying the finite element method in the entire domain of
definition at large values of the parameter.

Keywords: parametric Sturm—Liouville problem, second-order ODE.

1. Introduction

The studies of tunnelling of bound particles through repulsive barriers
revealed the effect of resonance quantum transparency of the barrier: when
the cluster size is comparable with the spatial width of the barrier, one
can observe enhanced barrier transparency, the mechanism of which is
analogous to the mechanism of blooming of optical systems. At present
this effect and its possible applications is a subject of extensive studies in
different physical fields, e.g., the quantum diffusion of molecules [1].

The formulation of the model of quantum tunnelling of a diatomic mol-
ecule through Gaussian barriers in the s-wave approximation is given in
the form of 2D boundary-value problems in the Cartesian and polar co-
ordinates [2]. Using different solutions of auxiliary boundary-value prob-
lems with respect to the transverse variable, or the angular variable with
parametric dependence upon the radial variable as basis functions, the
boundary-value problem is reduced to a system of coupled ordinary dif-
ferential equations of the second order. In the Cartesian coordinates the
effective potentials decrease exponentially (below the dissociation thresh-
old) and in the polar coordinates they decrease as inverse powers of the
independent variable. Therefore, in the latter case it is necessary to calcu-
late the asymptotic expansions of matrix elements and fundamental solu-
tions of the system of coupled ordinary second order differential equations
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(ODEs). For their calculation it is necessary to develop symbolic-numeric
algorithms, implemented in the Maple computer algebra system [3].

The paper presents the algorithms for calculating the asymptotes of
parametric basis functions in polar coordinates at large values of the pa-
rameter (radial variable), required for the calculation of the asymptotic
expansions of the effective potentials and of fundamental solutions of sys-
tem of ODEs.

2. Setting of the problem

Consider a 2D model of two identical particles, coupled via the pair
potential V(zo —x1) = V(21 —x2) and interacting with the external short-
range barrier potentials V®(z;) and V®(z3). Performing the change of

variables x = ””2\/3”1, y = Iz\'/'rfl, y € (—00,0), x € (—00,00), we arrive

at the Schrodinger equation for the wave function ¥(x,y) in the s-wave
approximation (in reduced units)

2 2 ~
(32 - %Jﬂ/(x,y) E) U(y,z) =0, (1)

where the potential function,

r+y

x@ V2

is symmetric with respect to the straight line x = 0 (i.e., 1 = x2), which
allows one to consider the solutions of the problem in the half-plane = >
0. Using the Dirichlet or Neumann boundary condition at z = 0 allows
one to obtain the solutions, symmetric and antisymmetric with respect to
the permutation of two particles. If the pair potential possesses a high
maximum in the vicinity of the pair collision point, then the solution of
the problem in the vicinity of £ = 0 is exponentially small and can be
considered in the half-plane = > xy;,. In this case setting the Neumann
or Dirichlet boundary condition at x,;, gives only a minor contribution to
the solution. The equation, describing the molecular subsystem, has the
form

Viz,y) = Vi) + V() + 7Y ), V(z— o0)=0,

(_j; V() - é) o) = 0. @)

We assume that the molecular subsystem has the discrete spectrum, con-
sisting of a finite number n of bound states with the eigenfunctions ¢;(x),
j =1,n and eigenvalues £; = —|;|, and the continuous spectrum of eigen-
values € > 0 with the corresponding eigenfunctions ¢z(x). As a rule, the
solution of the discrete spectrum problem for Eq. (2) can be found only
numerically.
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Figure 1. Potential curves — eigenvalues (in K, IK:O.18A72) depending upon
the parameter p (in A): a. €;(p) and b. &; = £;(p)/p?

The proposed algorithm is illustrated by the example of the molecular
interaction approximated by the Morse potential [1,2]

V(@) = D{exp[~2(z — Feq)a] — 2exp[—(z — Feg)a]}. (3)

with the parameter values o := 2.96812A‘17 Teqg = 2.47Aand D =
236.510A~2. To solve the discrete spectrum problem we used the finite
element method of the seventh order with Hermitian interpolation poly-
nomials with the node multiplicity 2 [4]. On the grid {zq, ..., Zj, ..., Tn}
the values not only of the function, but also of its derivatives were calcu-
lated [5]:

¢} (x)

O;hx _ h Lihe _
Pi = O5(@i), by = dr

=T,

3. Reduction of the boundary-value problem using the
Kantorovich method

Using the change of variables x = psiny, y = pcosp, we rewrite Eq.
(1) in polar coordinates (p, @), Q,., = (p € (0,00),¢ € [0, 7])
10 9 1 02
——— % VP E)W¥ =0, (4
(=335~ s + V(osing) 4 VV(pp) = E) Wlop) =0, @)

The solution of Eq. (4) is sought in the form of Kantorovich expansion

Jmax

Ui, (p, Zcbg ©:0)Xjis (P)-
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Here x;i,(p) are unknown functions and the orthogonal normalised basis
functions ¢;(p; p) in the interval ¢ € [0, 7] are defined as eigenfunctions,
corresponding to the eigenvalues (see Fig. 1a) of the Sturm-Liouville prob-
lem for the equation (see Fig. 2a)

& 2 _ {in- _ " (i h- A r- — 5.
(- + PV sing) () ) asti =0 [ d%(%p)%(%p)(cs)%

The solutions symmetric with respect to the permutation of two particles
satisfy the Neumann boundary condition at ¢ =0 and ¢ = 7,

while the antisymmetric ones satisfy the Dirichlet boundary condition
¢ (05 p) = ¢j(m;p) = 0.

If the pair potential possesses a high peak in the vicinity of the pair
collision point, then the solution of the problem (4) will be considered in
the half-plane Q, , = (p € (Pmin, ), ¥ € [@min(p); T — Pmin(p)]) with the
Neumann or Dirichlet boundary condition.

Since the potential of the boundary-value problem (5) is symmetric
with respect to ¢ = m/2, the even ¢;(¢;p) = ¢;(m — ¢;p) and odd
®i(p; p) = —¢;(m —¢; p) solutions, satisfying the Neumann boundary con-
dition

;(3p) _o
e | O
p=m/2
and the Dirichlet boundary condition
¢j(m/2;p) =0,
respectively, will be considered separately in the interval ¢ €

[¢min(p), 7/2]. o ) ) )
The system of coupled self-adjoint equations in the Kantorovich form
has the form

1d d ai(p) } Jmay
———p— + uo + Wz X io =0,
pdp"dp ~ p? Z ()i ()

d
Wij(p) = Vii(p) + Hji(p) + %%iji(p) + jS(p)d?,
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Figure 2. Cross-sections of Morse potential V (pp) in polar coordinates at
p=2.2, 2.3, 2.4, 2.6, 2.8, 3, 5, 10. The horizontal lines show the eigenvalues

e(p)/p* at p = 10.

The potential curves (terms) €;(p) and the effective potentials Q;;(p) =
—Qji(p), Hij(p) = Hji(p) and V};(p) are given by the integrals

Qo) =~ [ oot AEL) i) = [t fte)
©)

Vi(p) = /OW dogi (5 p)(V”(pSin((pj;M)) + V”(pw))%(gp; 0.

4. Asymptotes of the parametric basis functions at p — o

In polar coordinates at large p the width of the potential well decreases
with the growth of p (see Fig. 2). This fact allows linearization of the
argument psin — Zeq — p(@ — arcsin(Zeq/p)) at |x — &eql/p < 1 in the
expression for the potential function V(psin ) and reformulation of Eq.
(5) in the interval ¢ = (0,7/2) as

(—86@2 + p*V(pp) — ¢ (p)) 6;(: p) = 0. -

By the change of variables x = pp this equation is reduced to Eq. (2).
The eigenfunctions of the discrete spectrum ¢;(p) < 0 are known to be
localised in the potential well and exponentially small beyond it. Therefore
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Figure 3. Eigenfunctions ¢;(¢; p) corresponding to eigenvalues €;(p) > 0 of the
pseudostates j =n +1=6,...,10 at p = 100: even (left-hand panel), odd
(right-hand panel). Enlarged plots in the interval ¢ € [0.02,0.05] near the
Morse potential minimum point (bottom panels). The nodes shift towards

¢ = 0 with the growth of their number.

the solutions of the boundary-value problem for Eq. (7) are determined
from the solutions of the boundary-values problem for Eq. (2)

gi(p) = 0’E5, (e =x/p;p) = \/pdj(x).

If the solution of the boundary-value problem was earlier found in Carte-
sian coordinates on the grid {zq, ..., z;, ...}, then the solution in polar co-
ordinates on the grid {wo = zo/p, ..., p; = x;/p,...} is recalculated using
the formulae

.
(0 = i) = VBT o = ZEL e
p=pi

The analysis shows that, in contrast to the eigenfunctions of the discrete
spectrum, the eigenfunctions of pseudostates €;(p) > 0 are not localised
in the potential well. The (n — 1)-th node is at the boundary of the po-
tential well (see Fig. 3). From this fact the estimate of the eigenvalues
for pseudostates €;(p) ~ (j — n)? follows, i.e., the eigenvalue of the cor-
responding boundary problems in Cartesian coordinates, &; = €;(p)/p?,
will be a small quantity (see Fig. 1b). Then the numerical values of the
function B(p;;p) = B(x;) and its derivative B'(p;;p) = pB’(x;) on the
specified grid Q, = {¢1 = ¢o,...,0i = xi/p,....,oN = @} in the polar
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Figure 4. Expansion coefficients ng) and bz(-k), k=0,1, 2, calculated at the
nodes x;.

system of coordinates are determined via the values of the function B(z;)
and its derivative B’(z;) on the grid Q, = {1 = xo, ..., T4, ..., TN = T},
found using the Runge-Kutta method, in which the third power and the
higher ones are neglected €.

Bj(a;) = B + BWe, + BPe2, Bli(z:) =0 + Ve, + 072, (8)
The expansion coeflicients BZ-(k) and bgk), k =0,1,2, calculated at the
grid nodes z; for the potential (3) are presented in Fig. 4. From the

figure one can see that in the vicinity of the potential well the corrections
to the eigenfunctions are small, and at > 6 they become essential, the

coefficient bz(-o), the derivative of the wave function with £ = 0, becomes
constant for > 5.5. From these observations the condition for choosing
z. follows.

The interval ¢y < ¢ < 7/2 is divided into two subintervals by the
point . = x:/p: Yo < ¢ < e and 7/2 > ¢ > .. In the calculations
the point z. was chosen from the condition |V (x > z.)| < eps, where
eps is a preassigned number, and the left-hand boundary of the interval
wo = 0. In the case of a high barrier, at the pair collision point, when
the eigenfunctions in its vicinity are close to zero, the left boundary of the
interval changes, ¢g = xo/p > 0.

The eigenfunctions ¢;(¢; p) are calculated in the form

Aj(p)B;(¢;p), o < ¢ < e,

Cj(P)\/g{sin}( gilp) (o —7/2), ¢ < p<m/2, 9)

¢j(p;p) = {

/2 e

2 / de(¢n(p; p))* = 2/ds0 (An(p)Bn(p;p))?

%o ¥o
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/2

+2 / dp (cn@)\/z {S} en<p><sow/2>>> = 1.

Pe

Here A;(p) and C;(p) are the normalisation factors, and B(y; p) is deter-
mined from the numerical solution B(z) in Cartesian coordinates using
the transformation ¢ = x/p.

Using the conditions of continuity for the eigenfunctions and its deriv-
ative,

doy,
bn(pe — 05 p) = Pnlpe +0;p), %(% —0;p) =

we get the equation for the eigenvalue e, (p):

don _
w(% +0;p)

{ tan( gn(p)(@f;‘ - 77/2)) even n } — L(p) - O, (10)
—cot(y/2n(p)(pc —7/2)) odd n R

By (pe;p) _ pB ()
Bu(pe;p)  Ba(ze)

The solution €,(p) (€, = e,.(p)/p?) of the derived equation is sought
in the form of a power series

en(p) = n? +5%1)/P+5£12)/92’ (11)

en(p) = n+ 20/ (2np) + €2/ (2np?) — (1) (8n°0?).

Substitute (8) into (10), and then substitute (11) into the resulting equa-
tion. Expanding both sides of the equation in inverse powers of p and ne-

glecting the terms, containing the third and higher powers of 1/p, we arrive

at the system of linear equations, from which the expansion coefficients 5%1)

and \2), and then the coefficients An(p) and C,(p) are determined

R=

An(p) = Calp)y) 2 {2} (VEulp) (o = m/2))/ Bl ).

20n<p>2[< e en<p><¢a—w/z>>/3n<%;p>> [ doBa(eir
x/2

+ [ dg <\/f Y sn<p><w—w/2>>> ] —1.

Pe
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Table 1
Convergence of the expansion of £,(p) at p = 50 and comparison with
numerical results

n?  1.00000000  4.00000000 9.00000000  16.00000000
+eM/p  1.09010413 4.36041653 9.81093720 17.44166614
+e?/p?  1.00619320 4.38477280 9.86573880  17.53909120
NUM  1.09614800 4.38462804 9.86554769 17.53908477

Since the values of the function B, (y;p) and its derivative BJ (¢;p) on
the grid €, are known, for the calculation of the first integral we use the
quadrature formula of the Newton-Cotes type. The second integral is cal-
culated analytically using the expansion (11). Thus, for the eigenfunction

9)

An(p)Bulg; p), vo(p) < ¢ < we(p),
Bu(p)\/2 {5} (Vanlo = 7/2)) pelp) <9 < 7/2,

m/2
2/ dp(on(p;p))* = 1.

0

bn(p;p) = {

we have the analytical expression in the interval p.(p) < ¢ < 7/2, and the
explicit dependence of its values upon the parameter p on the grid €.

For the considered potential (3) we have asymptotes of potential curves
at n =7 —ng:

enlp)— = nQ% + 4.50520671712i3 + 15.22266564n2i4 +0(1/p°).
P P P P

The results of the calculation of eigenvalues and the comparison with
the numerical solution obtained by means of the program ODPEVP [3]
is presented in Table 1. The described algorithm is implemented in the
Maple system. The asymptotic expansions, obtained using it at p = 50,
coincide with the numerical solution using the finite element method to
4-5 significant digits for the eigenvalues and to 3-4- significant digits for
the eigenfunctions. Asymptotes of the effective potentials (6) have of the
form between states n; = ¢ —ng and no = j — ng of same parity at ng = 5,
1,5 =0,...:

1 1 1
T 5136 1 O(=

Onina (p) = 2.266 211 L0 ——
na (P) w7 —d) p Cr P

),
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2 2
1
Hi,n, (p)=10.272 rena(ni ) P

(ni-n3)? »p
ngny ((ni—n3)* +0.682(nj+n3)) 1 1
(nf-n3)? p°

+ 68.205

1
6

p)'

1 1
Hpn, (p) = (0.642 + 2.112173)? +(2.910 — 10.032@5 +O(

5. Conclusions

The model for quantum tunneling of a diatomic molecule through re-
pulsive barrier is formulated as a 2D boundary-value problem for the
Schrédinger equation. This problem is reduced using the Kantorovich
or Galerkin-type expansions to the boundary-value problem for a set of
second-order ordinary differential equations with third-type boundary con-
ditions. The symbolic-numerical algorithms implemented in Maple of eval-
uation of asymptotic expansions of eigensolutions of parametric BVP and
effective potentials W;;(p) by inverse powers of p and asymptotes of fun-
damental solutions of the system of second order ODEs at large value of
p in polar coordinates are elaborated. The proposed approach can be ap-
plied to the analysis of quantum transparency effect, quantum diffusion of
molecules Bey and the Efimov effect [6] in Be+Bey scattering.
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AHayin3 XaoTU4YeCKNX BPEMEHHBIX PAJIOB

B. B. Usanos*!, C. I. Kiimmanos*, A. B. Kpsines*
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Annotanusa. B nokmaze paccmaTpuBaercs 3aada TPOTHO3UPOBAHUS XA0THIe~
CKUX BPEMEHHBIX PsJIOB, C IPEJIBAPUTE/ILHBIM BbIJEJIEHUEM TPEHIO0B. Boijenenne
TPEH/IOB Ha OCHOBE POBACTHBIX CXEM MOXKET OCYIIECTBJISTHCS C MTOMOIIBIO PO-
0ACTHBIX ITOJIMHOMOB, POOACTHBIX CINIAHOB WA PODOACTHBIX CXEM METPUYECKO-
ro anaJsim3a. [IpeicraBiensl npuMepsl, TOKa3bIBaoIme 3O(MEKTUBHOCTD IPEIJIO-
JKEHHBIX CXeM IIPOrHO3upoBaHus. [IpuMeneHne npeicTaBIeHHBIX CXeM IIPOTHO3M-
pOBaHUsI MMO3BOJISIET YBEJMYUTh TOYHOCTDH NMPOrHO3UPYEMBIX 3HAYEHUN MCCIIE/NY-
€MBIX BPEMEHHBIX PsIIOB.

KuroueBble ciioBa: XaoTH4YecKrne BPEMEHHBIE DsJIbl, BbIJI€JIEHUE TPEHJIOB, PO-
06aCTHOCTH, TPOTHO3UPOBAHKE, TOYHOCTD.

1. Bsenenne

3ajlaul  IIPOrHO3UPOBAHMS HCCJIEIYEMbIX JIUHAMUYECKUX IIPOIECCOB
CTaBATCS BO MHOIUX ODJIACTSIX €CTECTBEHHBIX U TYMAHUTAPHBIX HAYK OCO-
OGEHHO WX MPUJIOXKEHUH, BK/IIOUYAs] TEXHUYECKNE HAIPABJIEHUs, SKOHOMUKY
u MHOrme apyrue. B monorpadusix [1,2] npencraBieHbl pa3anIHbIe METO-
JIbL JIJIsl PelleHus 3a/a4 [IPOrHO3UPOBAHUS JTUHAMUYECKUX IIPOIEccoB. B
JIOKJIaJIe TIPUBEIEHBI CXeMbI, CIIOJb30BAHHBIE JIJIsT IIPOTHO3UPOBAHUS XA0-
THYECKUX BPEMEHHBIX Psi/IOB, OCHOBAHHBIE HA BBIJICJIEHUN TPEHIOB C JAJIb-
HEHIIUM y4eTOM JIONOJTHUTE/IbHBIX KCIIEPTHBIX IIPOrHO30B.

[IpencraBieHnble cXeMbl MPOTHO3UPOBAHUS IMPEIYCMATPUBAIOT HAJIH-
qre aHOMAJIbHBIX BEIOPOCOB. B /10K 1a e npeicraBieHbl pa3spaboTaHHbIE Ha-
MM YCTOIYHMBbIE K AHOMAJIBHBIM BBIOPOCAM POOACTHBIE CXEMBI IIPOTHO3UPO-
BaHMs. PoOACTHOCTD 3TUX cxXeM 00yCJIOBJIEHA UCIOIB30BaHNEM POOACTHBIX
CXeM olleHnBaHus [2-6].

2. BrlaeneHue TpeH/I0B U3 XaOTUYECKUX BPEMEHHBIX Ps/IOB

st perrenus 33129 YCTONINBOTO BLIJIEICHNS U3 XA0THIECKUX BPEMEH-
HBIX PSIZIOB TPEHJOB U XAOTUIECKUX KOMIIOHEHT PACCMATPUBAIOTCS METO-
JIbl, KOTOPBIE TTO3BOJISTIOT BBIJIEJNTH 9aCTh XA0TUIECKONH KOMIOHEHTHI, 00y-
CJIOBJIEHHOU OOJIBIITIMEU BBIOpOCAMHU. DTO 0OeCIeInBaeT OOJIBIIYIO YCTOI-
YUBOCTH W TOYHOCTH BBIJEJIEHHUS TPEH/IA.
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s Boinesnenus tpenga ye-(tr), k = 1,...,n BpeMeHHOro psijia HaMU
paccMaTpuBaeTcs IpecTaBIeHne

y(tk) - ytr(tk) + yan(tk) + ych(tk)a (1)

tie Yan(tk), Yer (k) - AHOMAJIbHASL M XAOTHYECKAsT KOMIIOHEHTBI HCXOJIHOTO
BpeMeHHOro pana y(ty).

Tpeny, yy- () oTpazkaer r06aabHOE H3MEHEHNE BPEMEHHOTO P/l U3-32
BJIUSTHUS JTOCTATOTHO JIOJTOBPEMEHHBIX (PAKTOPOB WJIU MIPUYHH, OTIPE,IeIsI-
IOMIUX OCHOBHOE HAIPABJIEHUE U3MEHEHWH BpeMeHHOro psiyia. Ilocsennee
06CTOATENBCTEO 0OECIIEYNBAET BO3MOXKHOCT IIPOTHO3a BPEMEHHBIX PSAJI0B,
paccMaTpuBasi BMECTO MCXOJHOTO BPEMEHHOTO DS/l BbIICJCHHDINH TPEHI.

2.1. PobGacTHoe BblaeJI€HUE TPEHI0B

Opau u3 3 HEKTUBHBIX CXEM BBIJEIEHUs] TPEH/IOB BPEMEHHBIX PsIJIOB OC-
HOBAHbBI HA UCIIOJb30BAHUY PODACTHBIX JIMHEHHBIX WX KyOUIecKuX CIuiaii-
HOB [1,2].

PobacTubrit critaitn sBIsieTcs pereHneM SKCTPEMaIbLHOM 3a,1a91 Ha MU-
HAMYM I€J1eBO# byHKIN

zn: Sk +QZRSk
k=1

rie p(s) - pobacrHas (byHKLLI/Iﬂ; R(Sk) - criaxkuBaromasa gpyHkous, o>0
— mapamerp criaxkupauus, Sy = S, (tx) = yu-(tx) - UCKOMbIE 3HAYEHUS
pO6ACTHOrO JIMHEHHOrO CILIaifHAa.

17151 HAXOZKICHUS HCKOMOTO BeKTopa S = (S1,...,8n)T ucronssyrores
UTepannoOHHbIE TIponeaypsl [1,2].

Tlocne BBIIENIEHUS TpeHJAa W aHOMAJBLHONW KOMIIOHEHTHI XaOTHYeCKAst
KOMIIOHEHTa, HAXOJIUTCS COIJIACHO PaBEHCTBY

Yer(te) = y(tr) — (er (te) + Yan (k).
XaoTr4aecKkast KOMIIOHEHTa, Ycp, (tk) MIpeICTaBIIsIeT COOOI XaOTUIeCKUi cTa-
[UOHAPHDLIA AUCKPETHLINA IIPOLIeCC.
2.2. IIporHo3mpoBaHHE XaOTUIECKUX BPEMEHHBIX PsIJIOB C
y4€eTOM 3KCIEPTHBIX NPOrHO30B

CxeMa IPOrHO3MPOBaHUSI XaOTHYECKUX BPEMEHHBIX PsIJOB, OCHOBaHA Ha
BBIJICJICHUN DPEryJsgpHOi KOMIIOHEHTBHI U y4YeTe allpUOPHBIX 3KCIEPTHBLIX
nporuo3os. IIpesacraBiennast cxeMa MPOrHO3WPOBAHUS HCIOJIB3YET aIllpU-
OpHBIE YKCIEPTHBIE IIPOTHO3BI B BHUJIE COBOKYITHOCTH I1ap

{yexp(tk)a o, k=n+1,...,n+ L}’
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LO€ Yexp(tk)- SKCIEPTHBIH IPOTHO3 3HAUECHHS HCCAELYEMOIO BPEMEHHOIO
pana Ha OymyILyio naty ty; Ok — CpelHe KBaJIPATUIHOE OTKJIOHEHUE II0-
[PEINTHOCTH SKCIIEPTHOrO IPOrHO3a; L- TOPU30HT IPOrHO3UpOBaHus [2, 7).

IIporamosupoBanre OCHOBaHO Ha BBIJEJIEHUN U3 XAOTHIECKON BPEMEHHOM
10CJIeJ0BATETbHOCTH

y(tn—l)v y(tn—l+1)7 ceey y(tn)v yexp(tn-‘rl)a teey yexp(tn—i-L)

TPEHa ¢ IOMOIILIO POOACTHBIX CILIAMHOB.

TopusonT | y4nTBHIBaEMBIX pPEaIH30BAHHBLIX 3HAYCHMI HCCJICILyeMOTrO
BPEMEHHOI1 II0CJIeI0BATE]ILHOCTH BLIOMPAETCH COIVIACOBAHHO C 3HAYCHUEM
mapaMerpa CIUIaXKUBAHUsS (¢ U TOPU3OHTOM IIPOrHO3npoBanusd L. s Bbl-
60pa TOAXOMAINX 3HAYEHUIl YPOBHSA CTIA’KUBAHUS W [TApaMeTpa | MOXK-
HO HCIIOJIL30BaTh CXeMy Ha OCHOBE MUHMMH3AIMK PyHKIMOHAJA HEBI3KI
MEKIY IPOrHO3UPYEMBIMHA U DPEAJN30BAHHBIMA 3HAYCHUSIMEA BPEMEHHOI'O
panma.

ITporuosupyemble 3HAYEHUS Yfor(tn4i),@ = 1,..., L PaBHBI 3HAYEHHIM
Yreg(tnti) PETYISIPHOII KOMIIOHEHTEI Yreg(t), BBLIETIEHHOI C IIOMOIIBIO OIN-
CAHHOI1 BBIIIE CXCMBI.

Ha pucynke 1 mpemcraBieH pe3ysbraT IPOrHO3UPOBAHUSA HA IBA BpPe-
MEHHBIX IIara BIIEPeJ, IOJIyYeHHBI Ha OCHOBE BBIICICHHUS TPEHIA, XaOTH-
YeCKOI I aHOMAJILHOM KOMIIOHEHT M3 MCXOIHOTO XaOTUYECKOI0 BPEMEHHO-
ro psiia (ToJICTasi JIMHUS — UCXOJHbI BPDEMEHHOMN Dsijl, TOHKAasl JIMHUS —
[POTHO3HBIE 3HAYEHUs). BUIHO, 9TO JaXKe B yCJIOBUSX MPUCYTCTBUS Xa-
OTHUYECKOI M aHOMAaJILHOI KOMIIOHEHT O0eCIIeUMBACTCH JIOCTATOYHO BBLICO-
KUl ypOBEHb TOYHOCTH IPOTHO3a. BhIIeIeHne PeryIsapHbIX U Xa0THIECKIX
KOMIIOHEHT IIPOM3BOIUIIOCH C TIOMOIIBI0 POOACTHON CXEeMbI, UCIIOJIL3YOMIeit
CIJIa2KHMBaIONIne JIMHENHbIE CIJIaHBI.

3. 3akJiroyenwue

[Ipeacrasiennbie B JOKJIaIE CXeMbl POOACTHOTO MPOTHO3ZUPOBAHUS 00-
JIaJIAIOT BBIYUCJ/IUTEIbHON yCTOMYUBOCTHIO U YCTOMYUBOCTBLIO IO OTHOILIIE-
HNIO K HAJINYUKO aHOMAJIBHBIX BbI6pOCOB B peaJII/ISOBaHHbIX SHAYEHUAX NC-
CJIEyEeMOI'0 XaO0THIECKOro BpeMeHHOro psaa. C IIOMOIIBIO 3TUX CXEM BbI-
JIEJIIOTCS BCe TPU KOMIIOHEHTHI IIpeACTaBJIeHUA (1)7 qT0o obeclieunuBaeT
BO3MOXKHOCTBH HCCJIEJOBAHUS AHOMAJIbHBIX CATYallUil IIpU pacCMOTPEHUN
BPEMEHHBIX IPOIECCOB PA3JIAYHON TPUPOIBL.

Paszpaboranmbie HaMU CXEeMbI BBIJICJICHUS TPEHJIOB
ytT(tk) VJIOBJIETBOPSAIOT ~ CJIEJIYIONIUM  YCJIOBUSM: 1. yCTOHYMBOCTBIO K
MIPUCYTCTBUIO KPATKOCPOYHBIX AHOMAJBHBIX BBIOPOCOB; 2. BO3MOXKHO-
CTBIO WCHOJIL30BAHUSA IITUPOKOTO KJIacca MOJIeel TPEH0B; 3. HAJUIUEM
3PEKTUBHBIX ¥ YCTONYMBBIX UHUCIEHHBIX METOJOB, PeaTn3yIONInX
npeJjiaraeMylo CXeMy BbIJIeJIeHUsS TPEHIO0B.
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Puc. 1. Pe3yﬂbTaTBI IIPOIHO3UPOBAHUSA XaOTUIECKOT'O BPEMEHHOI'O psAla

IIpumenenune mpecTaBIeHHBIX B HACTOAIIEH paboTe cxeM IOKa3aJlld,
YTO 3TU CXEMBI JIAIOT BO3MOYKHOCTH ITPOTHO3UPOBATH 3HAUEHUS XaOTUUIe-
CKUX BPEMEHHBIX PSJIOB C BBICOKOU TOYHOCTBHIO JTazKe TPU HAJUIUN aHO-
MAaJIbHBIX BBIOPOCOB.
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In the report the problem of forecasting of chaotic time series, with prelimi-
nary allocation of trends is considered. Allocation of trends on the basis robust
schemes can be carried out with the help robust polynomials, robust splines or
robust schemes of the metric analysis. The examples showing efficiency of of-
fered schemes of forecasting are presented. Application of the presented schemes
of forecasting allows to increase accuracy of predicted values of investigated time
series.
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Abstract. The report presents the issues of Holter recording-based studies of
instantaneous cardiac rhythm (ICR) jumps in a multifractal dynamics (MFD)
mathematical model. In the model, ICR jumps represent catastrophes a flag of
which is represented by an ICR fractal dimension value. The ICR jumps in the
MFD model take place when the ICR fractal dimension D reaches the bifurcation
point i.e. have a bifurcational nature.

Keywords: Multifractal Dynamics Model, Instantaneous Cardiac Rhythm,
Fractal dimension, Catastrophes.

1. Introduction

The Introduction serves as the body of the paper. It begins with a
broad statement of the problem under investigation and then proceeds to
narrow the focus to the specific hypothesis or hypotheses of the study.
The purpose of this section is to introduce the reader to the overall is-
sue/problem that is being tested and to provide justification for the hy-
pothesis or hypotheses. In order to accomplish these tasks, the author
needs to review past research on the same topic, discussing their findings.

2. Main section

The modern cardiology is characterized by apparent increase in car-
diovascular events in patients. One of adverse clinical course factors is a
high risk of formation of complications which are often of fatal nature and
expressed by a sudden cardiac death (SCD).

The findings over the past twenty years give evidence of presence of
a true relationship between the autonomic regulation of cardiovascular
system and the mortality from cardiovascular diseases including SCD [1,
2]. By now, the basic conception of prediction of risks of formation of
fatal cardiovascular complications is considered to be a cardiac rhythm
variability (CRV) analysis.

The relevance of cardiac rhythm study is closely related to a necessity
for detection of new adverse cardiovascular event markers. One of alternate
solutions of this problem is creation of new mathematical and computer
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Figure 1. ICR curve

aided instantaneous cardiac rhythm (ICR) analysis in the multifractal dy-
namics (MFD) model based on the Holter recording (HR) technique [3-8].
These methods allow for prediction of possible cardiovascular catastrophes.

The ICR indicator is described by the time function y(t) introduced
and detailed in the paper [3]. When we average the y(¢) over the period of
one minute we will obtain a standard cardiac rhythm value which is used
in medical practice.

Fig. 1 shows the ICR values (y)-time (¢) function.

The paper [3] demonstrates that the ICR jumps in the MFD model are
of bifurcational nature and take place when the ICR fractal dimension D
reaches the bifurcation point Dy,.

According to the MFD model [5], let us divide the multifractal process
dynamics on the interval of interest T; (hereafter index i will be dropped)
into two components using a piecewise linear trend concept:

y() =g (t)+9@) = KX(D)(t—to) +y(t),

where ¢ - a piecewise linear trend, g (¢) - oscillation about the piecewise lin-
ear trend, K - a dimension factor which we take equal to 10®> min~!sec™!.
The ICR fractal dimension D is completely defined by the function § (¢).

The value of X, for single ICR jumps we evaluate according to the
formula:

Yp — Yo
Xp /2

where gy, - a value of ICR in the peak point, yo - a value of ICR in the
beginning of peak, and 7, - a peak width.

Then MFD model parameters Dy, Dy, By and 1 can be defined from
the equation system:

X; — AN Dy, Do, D)n =0, i =1,2,3,
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A(D) = (Do — D)™ " (Do — D)~ As(D), (1)

A1 (D) =0 (Dy— D) (Dg — Di)+ 0O (D — Dg) (D — Dy),

1 —1
_ -3 _ 3,-5/3
By =4nX, ", Dy = Dy + (Do — D) (IG%XPTL / ) ,
where © (z) - Heaviside function equal to 1 if >0 and equal to 0 if z < 0.

In the numerical calculation we use the following analytic representa-
tion © (z):

O (x) , e L.

T ltevle
Then

.D()—.D]C D_Dk

Al (Db7D07Dk) = 14+ 6(D*D())/E 1+ e(DO*D)/E.

We modify the equation system (1) into

Xi; — AT (D, Do, Dy) (Do — D;) (Do — Di)p=0,i=1,2,3, (2)

—1
By =4nX,*, Dy = Dy, + (Do — Dy,) (1 X3n5/3> ,e=10"%

1
6v2 ”
The real variability of external factors effecting on the ICR indicator is
defined by parameter n and does not allow to consider this parameter as
a strictly constant one over all three observation periods. Moreover, the
equation system (2) will not always be a system of simultaneous equations
on all three time intervals if n = const. We shall consider 1 to be presented
in each of periods ¢ in the form of the constant part 7y and the variable
part An;, in other words n = 19 + An;, |An;| < |no|. As is evident, due to
variability of An;, the system (2) will always possess an accurate solution.
It follows from the formula (4) below according to which these values are
to be determined.
Therefore we solve the problem in two stages. First, we solve the
equation system:

fi=X; — A7V (D;, Do, D) (Do — D;) (Do — D) =0 (3)
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To minimize the deficiency of u = +/f + f3 + f3 we find the approx-
imate solution (3) for Dy, Dy,n9. With their help we find An; by the
formula:

A1 (D;, Do, D) X;;
An; = — 4
"= (Do—Dy) (Do —Dy) ™ @)

To solve (3), we enter new variables ©1 = Dy, xy = Dg,x3 = 1o and
act in an iterative manner using a gradient descent method. The result is
as follows:

P CO R W D) ,i,5=1,23, (5)
) 2 a.’b(n) J

where \,, — an iteration process step.
(0)

%

%

The first approximation x; * shall be chosen after x; value and f; func-
tions analysis.

In order to implement the diagram (5) we created and implemented the

Maple program designed to stop the iteration process if w1 — () > 0,
u™ = (J:En))

Within the study we processed data resulted from Holter monitoring of
patients of the Tver Regional Cardiology Health Center. We show detailed
data evaluation results of one of the patients over different observation time
points. The total monitoring time was 23 hours. We used ICR data on the
observation interval of 160 seconds on which ICR jumps took place. The
observation interval initial time was drawn at random on the monitoring
interval.

The plot of function y(t) with a piecewise linear trend before and after
the ICR jump area is given in Fig. 2

The ICR observation data and MFD model calculation data are given
in Table 1.

Table 1.
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Figure 2. Plot of ICR against time

7 1 2 3 P 4
D, 1.936 1.324 1.673 1.887
X; | -0.239-10~3 | -0.253-10~3 | 0.040-1073
X, 90.900-10~3
Tp 2.220 sec
Dy 1.635
Dy, 1.784
70 -0.810-1073
Dy 1.774
By -4.347
o 1.600-10~18
0 9.000-1016
ons 3.765-1071°

The data from Table 1 allow to examine the dynamics of function
h = D — Dg which describes the ICR piecewise linear trend rate variability.
This plot is shown in Fig 3.

The function h has an oscillatory pattern with rectangular wave atten-
uation on the first half of the time interval. On the second half of the time
interval, the function bears a stepwise pattern with a rise in amplitude.
This fact can be indicative of occurrence of jumps in the beginning of the
second half of the ICR jump interval.

Let us carry out a brief analysis of MFD model ICR parameters given
in Table 1.

The ICR fractal dimension variation range turned out to be large
enough: from 1.324 to 1.936. This fact is indicative of the high degree
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Figure 3. Plot of function h

of ICR behavior variability for the patient under study on different time
intervals. If the fractal dimension value range varies within 1.200 — 1.300,
the ICR indicator behaves quite deterministically, and if the fractal dimen-
sion value range varies within 1.800 — 1.900, the ICR indicator behaves
extremely randomly. As for the fractal dimension equilibrium value Dy, it
turned to be equal to 1.635.

The value of 7 turned to be equal to -0.810-1072. A negative value of
7 is indicative of decrease of the ICR value under the influence of external
factors on the given time interval.

One can see from the tables that the shift of bifurcation point from the
critical point is equal to 0.010. In our situation, the value of Dy= 1.784 is
situated well over the Gaussian value of fractal dimension of D = 1.500.

Carrying out evaluation of ICR jump rate in the patient under study is
of doubtless interest. To do this we drawn up a software program recording
ICR jumps with X,> 2:1072. At that the time interval of 1.6 hours on

which the jump frequency v, was minimal and equal to 228.500 hr=! as
well as the interval of 7 hours with a minimal value of v, equal to 19.700
hr—! were identified. The average jump frequency on the entire observation
interval v, turned out to be equal to 67.500 hr—'.

As for the relationship between the values of D, calculated within the
MFD model framework with occurrence of jumps, we came to the following
conclusion based on the analysis of our data: the inequation D <Dy <
D; .. takes place.

The values of By which define the jump value of X, turned out to be
equal to -4.347 i.e. of the order of unity.

Let us compare the obtained MDF model ICR parameters with the
cardiovascular system state of the patient under study found out with the
help of standard cardiological approaches.

Tmin
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We show the main patienthood characteristics. Age: 65 years old.
Predominant diagnosis: arterial hypertension. Clinical manifestation - ar-
terial tension buildup. Holter monitoring was prescribed in response to the
complains of irregularity of cardiac rhythm. In the absence of ischaemic
alterations, the ECG revealed various rhythm disturbances in the form
of ventricular and supraventricular extrasystoles which allowed to assign
the patient to sudden cardiac death risk group 4a by Ryan classification
(high risk). This risk group is characterized by high frequency of ventric-
ular monomorphic extrasystoles (15 per hour at rated frequency of less
than 6 per hour) and auricular extrasystoles (28 per hour at rated fre-
quency of less than 6 per hour) as well as pair and group ectopic beats of
heart recorded. This fact characterizes the possibility of progress of fatal
ventricular arrhythmia.

The carried out cardiac rhythm variability analysis revealed the es-
sential predominance of sympathic nervous system activity which is an
additional factor of adverse cardiovascular event formation risk.

One more risk factor is significant prolongation of Q-T interval and its
dispersion recorded over 42% of monitoring time.

These factors can be interpreted as warnings of fatal arrhythmic events
in patients with arterial hypertension which should be considered as re-
sulted from left ventricle weight gain (left ventricular hypertrophy).

In whole, the MFD model ICR parameters correspond to this diagnosis.
Thus, the high fractal dimension ICR values reaching 1.936 are indicative
of the high degree randomness of cardiac rhythm which is in line with the
diagnosis. It also follows from the mode of behavior of the plot of function
h. The average ICR frequency of 67.500 hr=! is coherent with a high
frequency of ventricular monomorphic extrasystoles and supraventricular
extrasystoles as well as with recording of pair and group ectopic beats of
heart. The sudden cardiac death risk of group 4a by Ryan (high risk) can
be well founded by a minor difference between parameters Dy, and Dy.

3. Conclusions

The relevance of cardiac rhythm study is closely related to a necessity
for detection of new adverse cardiovascular event markers. One of alternate
solutions of this problem is creation of new mathematical and computer
aided instantaneous cardiac rhythm (ICR) analysis in the multifractal dy-
namics (MFD) model based on the Holter recording (HR) technique. These
methods allow for prediction of possible cardiovascular catastrophes.
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Abstract. By now, the basic conception of evaluation and prediction of risks
of formation of fatal cardiovascular complications is considered to be a cardiac
rhythm variability (CRV) analysis. One of the upcoming CRV research trends
is an instantaneous cardiac rhythm (ICR) analysis. The Holter recording (HR)
technique allows obtaining ICR data within several days. Within 24 hours of
HR a data set consisting of about 150000 data points can be obtained. In
the papers [1,2] the CRV function, y(t), which most adequately reflects the
cardiovascular system dynamics was introduced. Together with the y(t), it is
possible to implement a function characterizing an ICR change rate; let us call
it IRCR (instantaneous rate of cardiac rhythm) function, v(t). The functions
y(t) and v(t) contain complete information on ICR behavior on the time interval
of interest.

Keywords: Phase Space, Extended phase space, Instantaneous Cardiac
Rhythm, Big Data.

1. Introduction

The Introduction serves as the body of the paper. It begins with a
broad statement of the problem under investigation and then proceeds to
narrow the focus to the specific hypothesis or hypotheses of the study.
The purpose of this section is to introduce the reader to the overall is-
sue/problem that is being tested and to provide justification for the hy-
pothesis or hypotheses. In order to accomplish these tasks, the author
needs to review past research on the same topic, discussing their findings.

2. Main section

By now, the basic conception of evaluation and prediction of risks of for-
mation of fatal cardiovascular complications is considered to be a cardiac
rhythm variability (CRV) analysis. One of the upcoming CRV research
trends is an instantaneous cardiac rhythm (ICR) analysis. The Holter
recording (HR) technique allows obtaining ICR, data within several days.
Within 24 hours of HR a data set consisting of about 150000 data points
can be obtained. In the papers [1,2] the CRV function, y(¢), which most
adequately reflects the cardiovascular system dynamics was introduced.
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Figure 1. Plot of y(t) function

Together with the y(t), it is possible to implement a function characteriz-
ing an ICR change rate; let us call it IRCR (instantaneous rate of cardiac
rhythm) function, v(t). The functions y(t) and v(t) contain complete in-
formation on ICR pattern on the time interval of interest. The numerical
values of functions y(t) and v(t) provided hereafter are in units of min=*
and min~'sec™!, correspondingly.

A set of points in R? with orthogonal coordinates y(t) and v(t) form a
phase space (PS) of ICR. The functions y(¢) and v(t) determine a phase
trajectory (PT) and every its point determines a CRV and, consequently
is referred to as a phase point (PP).

Together with the PS of ICR, the report uses an extended phase space
(EPS) of ICR which represents a set of points in R® with orthogonal co-
ordinates (y(t),v(t),n(t)). The function n(t) describes a number of PP
passages through the (y(t),v(t)) point. In this case, the PP in the PS
represents the projection of the PP in the EPS on the (y,v) plane.

We cite the certain type of the functions y(t), v(t), n(t) as well as EPS
and PS of ICR of one of the patients of the Tver Regional Cardiology
Health Center. We take the HR duration which is short enough and equal
to 632 sec. With essentially major HR time intervals, the figures for the
EPS and the PS of ICR will not be detailed.

The EPS of ICR of the patient of interest is shown in Fig. 4.

From Fig. 4 we can see that the PP in the EPS describes a complex
geometric configuration. The PP condensation point corresponds to the
peak in Fig. 4 and has coordinates y,, = 96, v,,, = —1. The PP passes
through this point 17 times during the HR time. In the neighbor of this
ICR point of the patient of interest we can see the maximum time. It is
reasonable to call the cardiac rate of 96 min~! as an intrinsic heart rate
of the patient.
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Figure 2. Plot of v(t) function
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Figure 3. Plot of n(t) function

The projection of Fig. 4 on the yv plane gives the PS of ICR shown in
Fig. 5.

The red lines in Fig. 5 separate the PS into three areas. The inter-
nal area can be reasonably referred to as a normal instantaneous cardiac
rhythm area where —10 < v < 10. The normal rhythm boundary |v| = 10
is chosen according to the amount of change of v and separates high value
zone |v| > 1 and low value zone |v| ~ 1. Two other PS areas can be
reasonably referred to as an ICR jump (catastrophe) area. From Fig. 5
we can see that the ICR of the patient of interest has only 25 jumps over
the observation period of 632 sec.

In Fig. 6 we cite a projection of EPS on the yn plane.
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From this figure we can see that besides the PP condensation peak, the
ICR has 5 more other condensation points but with approximately half a
number of PP passages through these points. The heart rates in these
points will be both 5 min™!, 7 min~! greater and 6 min~', 8 min~—', and
11 min~"' less than ym. This is indicative of a reasonably optimal degree
of ICR variability of the patient of interest, which is in turn indicative of
a good state of his/her cardiovascular system.

As for the ICR change rates v(t), the corresponding data can be ob-
tained from the projection of the PP in the EPS on the yn plane shown
in Fig. 7.

Fig. 7 demonstrates a complex pattern of v(t) deviation from the mean
value v =~ 0, whereby the cardiac rhythm is the most stable. We can see
that the IRCR deviates from zero much more symmetrically than the ICR.
This is indicative of uniformity of rates of ICR rise and decrease. To our
opinion, this is one more evidence of a good state of cardiovascular system
of the patient.

3. Conclusions

The research we have conducted is indicative of a true complex mode
of behavior of the functions y(t) and v(t) characterizing the ICR state. We
have demonstrated with specific reference the efficiency of study of these
functions based on imaging of mass data on ICR with the use of EPS.
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Figure 7
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CeiicMonsoJisiiius 3/ITaHU HA OCHOBE KMHEMATUYECKUX
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Awnnorauusi. Paccmarpusaercsa koncrpykmnus onop Kypsanosa A.M., nozBosisi-
IO[asi TACUTH YHEPrUI0 KOJeOAHWN CEHCMUYECKUX BOJIH IIPU 3E€MJIETPSICEHUSIX.
3aHue onupaeTcsi Ha OIOPBI, KOTOPbIE UMEIOT I'€OMETPHUIO IPABUJIbHBIX [IUJINH-
apoB. IIpu BOBHMKHOBEHMM I'OPU30HTAJILHBIX KOJIEOAHUI I'DYHTa OIOPBI OTKJIO-
HSAIOTCS Ha HeGoJIbIIoi yroi . [Ipu 570oM MX IEHTD TSXKEeCTH MPUIIOIHUMAETCS
¥ CTPEMUTCSI BO3BPATUTHCSI B UCXOJIHOE MOJIOYKEHUE TOJT JIeHCTBUEM JBYX CHJI HA
Ka’k/LyIo OIIOpY: Beca 3/aHusl, PABHOMEPHO PACIIPEIEJEHHOr0 Ha KaXK Y10 OIOpY,
u Beca camoii omopsl. [lepBasi cuita mpuaokeHa K BBICIIEH TOYKE OMOPBI, BTO-
pasi — K IEHTPY TSKEeCTU OMOPHI, TAK UTO HA OMOPY JEHCTBYIOT BpaIlaTeIbHbIE
MOMEHTBI JIBYyX CHJL.

CitelyeT OTMETUTB, 9TO MIPU OY€HDb CHJIBHBIX KOJIEOAHMSX TPYHTA IIEHTP TsizKe-
CTH MOXKET CIIBUHYTBCH 10 TOPU3OHTAJIM 34 MPEeJesibl TOYKU BPAIIEHUs] OIOPHI.
B sToM citydae onopbl HAYHYT OIMPOKUIALIBATHCA. Mbl OrpaHMYMMCs paccMOTpe-
HUEM TaKUX OTKJIOHEHWIi, KOIJIa BpalllaTeIbHble MOMEHTBI CHJI TSXKECTU BCE eIl
CTPEMSITCSI BO3BPATHTD OIOPBI B MCXOJHOE COCTOSIHAE PABHOBECHSI.

KuroueBsble ciioBa: sHeprus KoebaHUN CefICMUYIECKUX BOJIH IIPU 3eMJIETPsICE-
HUSIX, KOHCTPYKIHs orop Kyp3aHoBa, raimenne SHEPTU 3€MJIETPSICEHMUSI.

1. Bsenenwne

Benununna suepruu, nepegaHHol HA 3/]aHNE, 3ABUCAT OT COOTHOIIEHUS
CITEKTPOB CEHCMIIECKOT0 BO3AEHCTBHS U COOCTBEHHBIX KOJIEOAHU 3 IaHNUsI.
YemMm GuirKe UK CIIEKTPOB, TeM OOJIbINE, IIPU MPOYUX PABHBIX YCJIOBUIX,
SHEprus, epeaBaeMast 3J[AHNI0. DTa IHEPTH B OCHOBHOM TIOTJIONIAETCS 38
cuer Heynpyrux jgedopMarmii KOHCTpYKiun. VICX0omst u3 BBIMIECKA3aHHOTO
MOYKHO OIIPE/IEINTD JIBe OCHOBHBIE 33/laUl CEIICMON30JISIIINN:

1) pa3sBecTH CIIEKTPBI U T€M CAMBIM YMEHBIIUTH KOJUYECTBO YHEPIUH,
nepegaBaeMOil Ha 3[1aHue U

2) O6eCIIe‘{I/ITb IIOIVIOIIIeHnEe ocTaBIIeCsT 9QHEPruun IIpu ImoMOIu CIeIu-
AJIbHBIX MEPOIPUATHUN.

B paborax, MOCBSIEHHBIX JIETEPMUHUPOBAHHOMY aHAJIN3Y JIUHAMUKI
COODY2KEHHH, T.e. OIIpeJIeJICHUIO XapaKTepa U3MEHEHU:A BO BpeMEHHU liepe-
MeIIeHuii CUCTEeMBI 1071, JAefCTBAeM CefiCMUYeCcKOoll HArpy3Ku (CHILHO OC-
UWIIIPYIOIEH U HeperyssipHoit) [1] usydarorcst pasimaHble KOHCTPYKIAI
O10p 31aHUs (COOPY2KEeHUs ), HaupaBJeHHbIe Ha 3bdekTuBHOE AeMibupo-
BaHMUe 3HEPIUU IIPOCTPAHCTBEHHOI'O JABUXKCHUSA 3JaHUs, BHISBAHHOI'O 3€M-
serpsicerreM. Cpeny HIX MOXKHO BBIJIEJINTH HAMOOJIEE yIA9HBIE DPEIICHUS
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Kypzanosa A.M. u Yepenunckoro FO.II. [2]. B nannoii pabore Mbl pac-
CMOTPHUM TOAPOOHO YCTPOMCTBO U pyHKIMOHUpOBaHue ornop KypsaHosa,
XOPOIIO 3aPEKOMEHIOBABIINX Ce0s B SKCIIEPUMEHTAJIBHBIX HCCJIEIOBAHU-
ax [3]. IIpeaupunnmaemoe HaMHU TEOPETHYECKOE U3ydeHue (PyHKIUOHUPO-
Banms onop KypsanoBa Hampap/IeHO Ha MATEMATUIECKOE MOJIETAPOBAHIE
UX MOBEJEHUS U MOCJIEMY oMU BEIOOD MapaMeTpoB MOJE/IU OIOP € HEJIbIO
perienns 00enX BBIEYKA3AHHBIX 3a/a4 CeHCMOU30JIAINN.

2. MaremaTunueckass MoaeJib (PyHKIIMOHUPOBAHUS OIIOP
Kypzanosa

PaccmarpuBaercst koncTpykiust ormop Kypsanosa A.M., no3BoJisirorast
racUTh YHEPIrUI0 KOJIeOAHWIT CEHCMUIECKUX BOJIH IMPHU 3€MJIETPACEHUSX.
Snanue BecoM Mg onmpaercs Ha 7 OIOp, KaxKjas U3 KOTOPBIX HMEEeT
Bec mg. OHOpbI UMEIOT TEOMETPUIO MPABUJIHHBIX ITUJIMHIPOB BBICOTHI A
7 JraMeTpa OCHOBaHUS ¢. [Ipr BOBHUKHOBEHMM MOPU30HTAJBHBIX KOJ€Oa-
HUI TPYHTa ONOPBI OTKJIOHSIIOTCsT Ha yroj . Ilpu 3ToM ux meHTp TsiKe-
CTU TPUIOIHUMAETCSI U CTPEMUTCS] BO3BPATUTHCS B UCXOMHOE ITOJIOKEHUE
oJ1, JIECTBUEM JIBYX CHJI Ha KaXKIYIO OIOPY: BeCa 3IaHUs, PABHOMEPHO
pacIpeieJieHHOTO Ha KalKIyIo OIopy, U Beca camoii onopsl. IlepBas cuia
IPUJIOXKEHA K BbICIIefi Touke onopbl (cM. puc. 1), Bropas — K IEHTPY Tsi-
JKECTH OOPBI (CM. pHC. 2), TaK YTO HA ONOPY JAEHCTBYIOT BpallaTeIbHbIE
MOMEHTBI JIBYX CHJI.

Cremyer OTMETUTD, YTO IIPU OYE€Hb CUJIBHBIX KOJIEOAHUSX I'PYHTA IIEHTP
TSIKECTU MOYKET CABUHYTHCS 110 TOPU3OHTAJIH 32 IIPEJIeJIbl TOYKHU BPAIEHUST
OIIOPBI, T.€. Y > (v, T ( — YT'OJI MEXK/Iy JUATOHAJIBIO OIIOPHI U €€ BHICOTOI.
B srom citygyae onopbl Ha9HYT ONPOKUABIBATECS. Mexay yriaamu, n3obpa-
JKEHHBIMU Ha pHC. 1 U pUC. 2, BBIIOJHSIOTCS COOTHOIIEHUST (v = (© + 1.

MpbI OrpaHUYMMCS PACCMOTPEHUEM TaKUX OTKJIOHEHHUH, KOIJ/a BpAIa-
TeJIbHbIE MOMEHTBI CHUJI TsI?’KECTHU BCE €Ille CTPEMSITCSI BO3BPATHUTH OIOPHI B
HCXOJIHOE COCTOSTHAE PABHOBECHUsI, TO €CTh OyJIeM PacCMaTPUBATH CJLyUaii,
Korma ¢ < «. B aTux ciyuagx a = ¢ + ¢, T11e ¢ — yroJ OTKJIOHEHUs JTHA
OTIOPBI OT TOPU30HTAJIN, [IPYA ITOM OIOPHI COBEPINAIOT HEJIMHEHHBIE KOJIe-
OGaHms.

Bozsparmarormast cuta Beca 3maHus BIYUCIAETCS KAK

M
F]u = ——gsingp.
n

Paccrostiue or TOYKM TPUIIOKEHWS CUJIbI Fj; JI0 OCH BpallleHUsl PaBHO
Ly = 21 = Va? + h2. Bpamaomuii MOMEHT CHJIbl BLIMUC/IAETCs 110 op-
myne Fpy - Ly = —%\/a2 + h2sinp

Bospparmmaromas cuia Beca Onopbl BBIYUCAETCI Kak Fi,, = mgsin .
Paccrostiue or TOYKM NpuUIIOXKEHUsI CUJIbI F, JI0 OCH BpaIlleHUsI PABHO
l. Bpamaroruit MOMEHT CUJIbI BhIuucjsercs mo dopmyite Fi, - [. Moment
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HHEepINY OHopEI paseH J = ml?. YpaBHeHne IBIKeHHs (DU3UTECKOTO Ma-

ATHUKA UMeeT BHUJ
Fo - 1+ Fy - Ly =—J¢

e TR o
Kopmyc agamn neca P=Ag,

mpecumiics . n oo

Y Femo |

I'}'-Mgn

T ¥
A’
k‘\ Tpyarr, aesmiepyeoundt xovebame i3
- aarmE 1 onop. _ s
o R
Oce X
Puc. 2. Bpamarenbnas cuia,

Puc. 1. Bpamarensnas cuna,
IOPOXKIEHHAsSI BECOM OIIOPbI

HOPOXKJIeHHAS JIaBJICHUEM 3aHUI
Ha ONOPBI

C yd4eToM SIBHOTO BHJIa BO3BPAIIAIONIAX CHJI ITOJIyYIaeM COOTHOIICHUE
. 2Mg , . -

mglsin p + —Z1sinp = —mi>p,

n

KOTOPOe IIPUBOAUTCS K Auddepennuaabaomy ypasHenuio Jlarpamxka, onu-
CBHIBAIOIIEMY JTUHAMUKY JBU2KEHUSI OO IMOCJIE€ CECMUIEeCKOr0 TOTIKA, BbI-

BEJIIEero BCIO CUCTEMY U3 COCTOSHHUSI DABHOBECHSI:
g 2M\ .
1+ — |singp
nm

. g , 2Mg\ .
—po=|5+—|sinp ==
l nml l
B ciryuae masibix KojiebaHmii, TO €CTh IpH 1) < (v, TOJIYIUM
. 2M\ g
—(1+ =) Zsin(a—v) =0 1
b (14 20) Fsina - v) (1)

IMonyuennoe ypashenue (1) — 910 ypaBHeHHE CBOGOMHBIX (HE BO3MY-

MIEHHBIX TTPOJI0JIZKAIOIIUMCS CelCMUYECKUM BO3JIEHCTBIEM ) KOJIeOaHNIA.
C yderom TpuroHomerpuyeckoii opmyist sin(a—1) = sin(«) cos(¢) —

cos(a) sin(1)) u Ge3 yuera Beca 3manus u3 ypasHeHus (1) cuemyer ypasHe-
(2)

HU€e KOJIeOaHUs CaMUX OIOP.
= ()7

v+ % [sin(a) cos(v)) — cos(a) sin(1))]



162 DCCN—2016

KOTOpPOE OTJIndaercs or ypasaenus [2, yp. (5)], npusegennoro B crarse [2].

B cay4ae oueHb MaIbIX YIJIOB OTKJIOHEHHS OT BEPTHKAIA ¢ K 1, Korjga
cos ¢ ~ 1 B nepBoM npubsmzkenuu ypaBaenue (2) IPUHUMAET JOCTATOIHO
IPOCTOM BUJT

U+ % cos(a) sin(y) =0

coBnaJaommii ¢ ypasHerueM (2, yp. (5)], mpuseseHHOrO B craThe [2].

3. Amnanms maremaTrudeckoil moaesn (pyHKIIMOHUPOBAHUS OMOP
KypzanoBa

Mogesn (1) gBiisieTcs HeJIMHERHOW KOHCEPBATUBHON JMHAMUYECKON CH-
cremoii. Crieryer paccMOTPETD II€PeXo/] Yepe3 IOJI0KEeHNe PABHOBECHUS, a
Tak>ke (Pa30BBIIl HOPTPET MOJEHN C YIETOM ITOT'O IIePEXOA.

JlBurkeHne onop M KOPIIyca 3/IaHUsI B IIPOIECCE ITUX HEJTMHEHHBIX KO-
J1IebaHnit MOYKHO PAcCMaTpPUBATh KaK KOJeOAHUs CBSI3aHHBIX (DU3MIECKUX
MasgTHUKOB. IIpy 3TOM CBA3b MasTHUKOB He SBJISIETCS KOHCEPBATUBHOMU, &
COJIEPKUT (DAKTOP, IPOHOPIMOHAJIBHBINA TPEHNIO KadueHHsI OIOp 00 OCHO-
BaHIe Kopiryca 3maHus. [Ipmdem paguyc KadeHUs 3aBUCHT OT yIJIa 1: 9eM
0oJIbIIIE YTOJI, TEM MEHBIIE PAJNYC, & 3HAYUT TeM OOJIbIINe CHJia TPEHUS
MEZKJy 7. OIOPaMU M OCHOBAHHMEM 3IaHU.

Hasee, npn Takux BO3BPATHO-KOJIEOATETHHBIX JIBUYKEHUSIX CHCTEMBI
OIIOPBI NEPUOMYECKH JIABAT HA HEYNIpYyruil rpyHT. Peakmuio rpyHTa Ha
9TO IIEPUO/IUIECKOE JTaBJIEHIe MOXKHO OIIMCATDH KOJIEDAHNUSIMU OCIUIIIATOPA
(ckopee JIMHEHHOTO, YeM HEJIMHEHHOr0) ¢ 3aTyXaHUEM.

N pasymeercst Bcsl 3Ta OObeJMHEHHAs! CHCTEMa, BKJIOYAsl PEAKIINIO
IPYHTa, JBHXKETCA IOJ OCHACTBAEM CEACMHYECKOTrO CHJIBHO OCIUJLIMPYIO-
IIer0 ¥ HePeryadpPHOro BO3MYIIEHNs, IIOPOXKIEHHOIO 3eMJIeTPACCHUEeM.

TosbKo B pe3yJsibraTe COBMECTHOI'O DPACCMOTPEHHUsI BCEX YKa3aHHBIX
GbaKTOPOB M MOYXKHO PAaCCUNUTHIBATH HAa AJEKBATHOE OIMCAHUE JI€TeMUHH-
POBaHHONI JUHAMUKU 3JIaHUA 101 AeHCTBUEM CeCMUYECKOro BO3MYIICHUST
OT 3€MJIETPACEHMUS].

4. 3akJo4eHue

OcHoBHas 3aj1a49a JIETEPMUHUPOBAHHOIO aHAJIN3a JIMHAMUKU COOPYKe-
HUIl — ollpejieieHde XapaKTepa U3MEHEeHHs BO BPEMEHU IlepeMellleHuit cu-
CTEMBI [IOJ1 JICHCTBIEM 38J[AHHON TIEPEMEHHON HArPY3KU (CHIIBHO OCIIUJLIA-
pytommeit u HeperyssipHoii). JIpyrue mapameTpbl JUHAMHYIECKONW DeakIyun
COOPYZKEHUA BBIUYUCJIAIOT HNCXOId W3 IOJYYEHHBIX pacIpenesIeHHi Iepe-
Merenuii. MaTeMaTuiecKre BBIPAXKEHUSI, ONPEJICIISIONIE TUHAMUIECKIE
repeMeleHns, Ha3bIBaloTCs YPaBHEHUAMU JIBUKEHUS COOPY2KEHUIA.

Anayinz moydeHHoro B paboTe ypaBHEHUsI MO3BOJISIET OTCTPOUTH COO-
CTBEHHbBIE YACTOThI CBOOOJIHBIX KOJIEOAHUI CHCTEMBI 3/IaHUsI Ha OIOpaX 3a
CUYeT BapbUPOBAHUS BeCa 3AHUs M KOJIMIECTBa Oop. JleTaabHbIl aHasns3
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9TOIl OTCTPOKU TpedyeT PACCMOTPEHUS BBIHYZKIEHHBIX KOJEOAHUHN IO
JIeiCTBIEM BHEIITHUX CUJI TOPU30HTAJIBHBIX CEICMUYECKUX KOJIEOAHMIA.
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Seismic Systems Based on A.M. Kurzanov’s
Kinematic Supports

S. P. Karnilovich, K. P. Lovetskiy, L. A. Sevastianov,
E. L. Schesnyak

Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, 117198 Moscow, Russia

We consider the construction of supports named after A.M. Kurzanov, which
allows damping vibration energy of seismic waves during earthquakes. The build-
ing is based on supports, which have the correct geometry of the cylinder. In
the event of horizontal ground vibrations supports deflect by an angle . At the
same time their center of gravity raises and tends to return its original position
under the action of the two forces on each support: weight of building uniformly
allocated to each support, and the weight of the support itself. The first force is
applied to the highest point of the support, the second — to the center of gravity
of the support, so that the rotational moment is the sum moments of the two
forces.

It should be noted that at very high ground vibrations the center of gravity
can move horizontally beyond the support point of rotation. In this case, the
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support will tip over. We confine ourselves to such deviations when rotational
moments of gravity still seeking to return the support to its original state of
equilibrium.

Keywords: vibration energy of seismic waves during earthquakes,
Kurzanov’s supports design, damping earthquake energy.
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IIpumenenue Texuosoruu OpenCL niasa
MO/IeJINPOBAHUSI CEMICMUYIECKNX MPOIECCOB
CETOYHO-XapaKTEPUCTUIECKNM METOI0M

H. 1. Xoxmgos*, A. M. Uanos*, M. C. 2K nauos*,
. B. Ilerpos*, E. A. Pabunkua™

* Jla6opamopusa NpurAadHOl SbUCAUMEsbHOT 2eoPusuKy,
Mockosckuti pusuko-mernuveckuss UHCTRUMYM,
Mocxosckasn obracmy, 2. oazonpydnol, Unecmumymexud nepeyarox, 0.9.,
Poccuas, 141701

T Ynusepcumem wmama FOma,
201 Presidents Clircle Room 201 SLC, UT 84112, USA

Awnnoranus. B pabore paccmarpuBaercs npumenenune rexaosioruun OpenCL mis
pemtennust 3ama4a ceificmuku Ha GPU. Pemaercs nBymepnasi 3amada JTuHEHHOM
TeOpUH YHPYTOCTH C KCIIOJIb30BAHUEM CETOYHO-XAPAKTEPUCTUIECKOTO METO/IA.
Pemterive mocraBienHoit 3a1a4n OBLIO IPOTECTUPOBAHO ISl PSAA YCTPOICTB OT
NVIDIA u AMD. Tecrsl 66111 IPOU3BENEHBI KaK JJIsT BEIYUCEHUN OIMHAPHOMN
TOYHOCTH, TaK ¥ JIJIS BBIYUCJIEHUI JBOHHON ToUHOCTH. VCImomb30BaInch ycTpoii-
crBa cepuii NVIDIA GeForce, NVIDIA Tesla u AMD Radeon. Vccnenosanue
MIOKA3aJI0, YTO peasiu3allysl aJll'OPUTMa ¢ ucrojab3oBanueM texnosjgorun OpenCl
HesnaunTenbHO yerymaer CUDA peanmusanuu uHa ycrpoiicrBax NVIDIA.

Kuarouesbie cioBa: OpenCL, CUDA, GPU, sblunciuTenbHasi CeilCMUKA,
CETOYHO-XapaKTEPUCTUIECKUIT METOJI, TPY/Ibl KOH(MDEPEHIHN.

1. Bsenenne

Ucnonb3oBanne rpaduaecKux yCTPONUCTB it PA3HOTO POJia BHIYUCIe-
HU aKTUBHO IPUMEHSIETCA B HAIX JHU. [IpU 3TOM KJIIOUEBYIO POJIb UIPAET
3bPEKTUBHOCTD, KaK CAMUX I'PADUIECKAX YCKOPUTEIEt, TaK U MPOrpaMM-
HOTO obecIedeHus, KOTOpoe 3aJIeiicTByeT uX. B pabore paccMaTpuBaeTcs
npumenenune Texuosiornn OpenCL s pernenust 3aja4 cetficmuku va GPU.
Permraercs aBymepnas 3aja9a JIHHEHHOW TEOPUH YIIPYTOCTH € UCIIOTIH30Ba~
HUEM CETOYHO-XapaKTEePUCTHIECKOTO METO/IA.

B mekoTOpbIx paboTax IPOU3BOIUTCA PEIICHUE PA3JIMYHbIX 3a/a4 Celi-
CMUKH, KOTOPBIE CBOJSITCS K PENIEHUIO THIIEPOOIMIECKUX CHCTEM ypaBHE-
uuit, Ha GPU. B pa6ote [1] onucsiBaeTcst peain3aiysi 9HCIEHHOIO MeTO-
1a ADER-DG c ucnosibzoBanuem rexuosiorun CUDA. B apyrux paborax
usyuaercs peanuzarusd WENO cxem na GPU [2]. Uccienyercst yckopenue
[IpU PEIeHr: TUIePOOJNIECKUX CUCTEM yPABHEHUI Ha CTPYKTYPUPOBaH-
ubix cerkax Ha GPU mno cpasrenuto ¢ CPU [3].

K permennio runepbo/imaecKux CHCTEM yPABHEHUH CBOJSITCS W JIPYTHE
sajaun. B pabore [4] npoussogsirest Burunciennss Ha GPU ¢ mossires-
HOIl TouHOCTBIO — 710 60 3HAKOB mocsie 3auaroii. Asropsl [8, 9] mosydn-
JIX IPUPOCT TTPOUZBOIUTETHHOCTH [IPU PENICHUN YPABHEHUN MEJIKON BOJIBI.
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Monenupyrorest MArHUTOTHIPOUHAMUAYECKUE TIPOTIECChl HA rpadUIecKux
yerpoiicrsax [5]. Aropamu [10] Ha rpadudeckux ycTpoHcTBax peasnsy-
eTCcsl Pa3pBIBHBIN MeTO/T ['ajlepKuHA U JIETAJIBHO ONUCHIBAETCS €0 MPOMH-
smpoBanue. ToT ke meTosn 6T peasim3oBan Ha Heckoabkux GPU B pabo-
te [11] upu sToM mosydeno yckoperue B 28.3 pasza na GPU kuacrepe 1o
cpasrenuio ¢ CPU knacrepom. B pa6ore [12] Takzke cpaBHUBaeTCs yCKO-
penne na kicarepe GPU mo cpasuennto ¢ CPU kjacTtepom, B BEIYUCTIEHU-
sIX METOMIOM CIIEKTPAJIBHBIX 3JIEMEHTOB PACIIPOCTPAHEHUS] CEACMUIECKUX
BOJTH.

[Tomumo sToro rexuosorust CUDA npumensiercst Jijtst peIeHust ApyTrux
zajiad. [lokaseiBaeTcst BiMsiHAE OOJIBIIONO KOJMYECTBA ONEPAIMii BBO/A-
BBIBOJIA HA MPOU3BOUTENHHOCTE asroputMa [13]. CpaBHUBaeTCs Mpon3Bo-
murenbHoctb GPU u CPU [14-17]. Tlpu 9TOM f€1af0TCsl HONBITKY CHU-
3UTDH HEPronoTpedsIeHne rpaduIecCKUMI YCTPORCTBAME BO BPEMsI BBIUUC-
nenuit [18]

B manHoii paboTe HCIIOJIb3yeTCsi CETOYHO-XapaKTEPUCTUIECKUI METO/I,
KOTOPBIN XOPOIIIO 3apPEeKOMEHI0BAJ cedsl JJIst 3a/1a1d CECMUKHU, B KOTOPOX
TpeOyeTCst 9uC/IEHHOE PellleHne TUITePOOTNIeCKNX CUCTeM ypaBHeruit. /lan-
HBII MEeTOJ XOPOIIO ITOJIAETCs PacluapasljIe/IMBAHNUIO, TIOCKOJIbKY UCIIOJIb-
3yeTcsl SIBHBIM METOJT 1 HOJIBIIINE PACUETHBIE CETKH.

Panee asropurm yke ObLI pacmapaJulejieH WUCIOJb3ys TEeXHOJOIUU
MPI, OpenMP u CUDA. B nanHoii pabore ajJropuT™ ObLI peajin30BaH C
ucnosb3oBanueM Texuosorun OpenCL. Jljsg TecTupoBanust ObLIA UCIIOIb-
zoBanbl ycrpoiictBa or NVIDIA u AMD. Ha GPU NVIDIA pesyibrarnt
paborsr OpenCL peanmzanum cpaBHUBAJINCH C TAKOi YKe peaju3alyeil Ha
CUDA. Or NVIDIA ucnonnzoBanuce ycrpoiictBa GeForce u Tesla, B Tom
quciie u nocaesaue mopesan Tesla k80 u Tesla k40m. Or AMD ucnosbso-
BaJiuchk GPU cepuit Radeon HD u Radeon R9. Bouin paccmorpens! pasiu-
qnsi B 9 HEKTUBHOCTH PEATU3AINN C OUHAPHONW TOYHOCTHIO U C JBONHOMN
TOYHOCTBIO. B KauecTBe yCcTpoiicTBa JIJIsi TECTUPOBAHUSI TIOC/IEI0OBATEIBHOM
peasmzaruu uctosb3oBasics CPU Intel Xeon E5-2697.

2. OcHoBHag 4acTb
2.1. MaremaTrudyeckass MOJEJIb U YNCJICHHBIC METOAbI

CdopmyimupyeM OCHOBHBbIE YpaBHEHUs! JIMHEHHOW JUHAMHYECKONW TEOpUU
YIPYTOCTH, KOTOPBIM MMOTIMHSAETCST COCTOSTHIE OECKOHETHO MAJIOro 00bema
JIMHEHO-ypyToil cpesibl. PaccMOTpuM HecTallMOHAPHBIE YpaBHEHUS TEO-
pHUHU YIPYI'OCTH JId Clydas TpeX IepeMeHHbIX, B HEKOTOPOil OpTOHOPMHU-
POBaHHOl cucreMe KoopauHar (1, Ta, T3):

pL; = V;0ij, (1)
Oij = Qijki€r + Fij,
31eChb p — IIJIOTHOCTDH Cpeﬂbl, V; — KOMIIOHEHTBI BeKTOpa CKOpOCTI/I CMelne-
HUSI, 0;; U €;; — KOMIIOHEHTBI TEH30pOB Harnpszkennit Ko n gedopmartun,
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V, — KOBapHaHTHAasd IIPOU3BOJHALA 110 j-i KoopauHare, Fj; — nobaBodnas
IIpaBad 9aCTb. BI/I,H KOMIIOHEHT TeH30pa YeTBEPTOI'0 ITOpsAJIKa qukl OIIpe-
JeJisiercs peosiorueil cpeanl. Jjist JIMHERHO-yIPYTroro cjydass OHH UMEIOT
BUJIL:

Qijkl = N0ijOny + p(0in 051 + 0i1dj1)-

B sTom coorHomennn, koropoe o6obmaer 3akon ['yka, A u 1 — mapamerpsr
Jlame, a 0;; — cumBo Kporexkepa.

Tlepsast cTpoka B cucTeMe ypasHeHuii (1) npeacrabisier Tpu ypasHe-
HUsI JIBUKEHWSI, BTOpas - IIeCTh PEOJIOIMYECKUX COOTHOINeHuil. BexTop
UCKOMBIX (DYHKIHI, cCOCTOAIIMI 13 9-TH KOMIIOHEHT UMeeT BHJ;:

T
u = {U1,U27U3,0117012,013,0227023,033} .

Tora nepevynciieHHbIE MOEIM TBEPIOrO TeJja JOIYCKAIOT 3AIIMCh CUCTEMBI
ypasuenuii (1) nuaamMuku 1eOpMUPYEMOro TBEPIOIO Tejla B MATPUIHOM
suzie [20]:
3
ou Z A ou
ot - J ox j ’
Jj=1

rie A; - MaTpunbl pasmepa 9 x 9.

Jtst IucIeHHoro MO TUPOBAHUS 3329 IUHAMUKH J1e(POPMUPYEMOTO
TBEPJIOTO TeJIa IITUPOKO IPUMEHSIETCS CETOUHO-XapAKTEPUCTUICCKUNA METOT
[19]. Brauase mpumMeHsieTCsT METOJ PACIIEILIEHHs! IO TIPOCTPAHCTBEHHBIM
KOOpAMHATAM, B PE3yJIbTATE Ier0 UMeEeM TPHU OJHOMEPHBIX CHCTEMbI:

Ou Ou

Lj
Kaxkmas n3 93Tux cucTeM sBJsieTCsl TUepOoInIecKoi n 00/1a/1aeT TOJTHBIM
HabopoOM COOCTBEHHBIX BEKTOPOB C JIEHCTBUTEIbHBIMI COOCTBEHHBIMU 3HA~
YEHUsIMU, TIOITOMY KaXKIYI0 U3 CUCTEM MOXKHO IIePEeluCcaTh B BHJIE:

ou Ou
7N
ot E J@:vj’

rje Marpuna {2 - MaTPHUIa COCTABICHHAA M3 COOCTBEHHBIX BEKTOPOB, Aj
- JMaroHajbHasl MATPHUIA, JIEMEHTAMHU KOTODPOH SIBJISIIOTCS COOCTBEHHBIE
suadenns. s Bcex KoopauHaT Marpuiia A uMeeT BUI:

A = diag{cp, —cp, cs, —cs, €5, —¢5,0,0,0},

rae ¢, = /(A + 2p)/p - IpomOIBbHAS CKOPOCTL 3BYKA B CPELE, Cs = 1/ [f1/p
- TIoTIepevHasi CKOPOCTh 3BYKA.



168 DCCN—2016

IMocsie 3amenbl nepeMeHHbIX ¥ = Qu KaxJag u3 cucreM (2) pacuaja-
€TCsl Ha JeBATh HE3ABUCUMBIX CKAJIIPHBIX yPaBHEHUil nepeHoca (MHIEKC j
JlaJiee OIIyCKaeTCsl, TJe 9TO BO3MOXKHO):

ov LA 31/ —0
ot Oz '

O iHOMEpHBIE ypaBHEHHS TIEPEHOCA PENIAIOTCsI ¢ TIOMOIIBI0 METOA Xa-
PaKTEPUCTUK, JTUOO OOBITHBIMU KOHETHO-PAZHOCTHBIMEI CXEMAaMHU.

ITocyie Toro, kKak Bce KOMIIOHEHTBI I/ TIEPEHECEHBI, BOCCTAHABIUBACTCS
caMO pellleHne:

un+1 _ Q—lyn—&-l.

B nmammHOlt pabore MCIOIB30BAINCH CETOYHO-XAPAKTEPUCTUIECKHIE MO-
HOTOHHBIE PA3HOCTHBIE CXEMBI, MPUHITUII TOCTPOEHUsT KOTOPBIX OMUCAH B
[19]. B mporpasmMe peaqn30BaHbI CXEMBI OT BTOPOT'O JI0 U€TBEPTOTO TIOPSJI-
K& TOYHOCTH, OOJIBIITMHCTBO PACIETOB IIPOBOIUIOCH UCIOJb3YS CXeMy 4-T0
nopsjka Tounoctu. [IpuBenem ee Jjist YUCTIEHHOTO PEIIEHUST OJJHOMEPHOTO
JIMHEJHOro ypaBHEHHUs repeHoca u; + au; = 0,a > 0,0 = ar/h, T — mar
10 BpeMeHu, h — Iar 1m0 KOOPIUHATE:

uptt =g, — 0 (A1 — 0(A2 — 0(Az = 0Ay))),

A = i( 2up, o+ 16up, o — 16wy, +2uy, o),

Ay = L (—ul o+ 16uly — 30ul, + 16u”,_; —ul,_,),
Ag = £ (2ul o —dul, )+ dul, — 2ul, ),

Ay = gq(up o — 4up, o+ 6up, —dup, ) +ull,_).

Kpome Toro, ucnosb3yercs ceTOIHO-XapaKTEPUCTUIECKUIT KPUTEpHUil MO-
HOTOHHOCTH [19], ormparomuiicst Ha XapAKTEPUCTUIECKOE CBOHCTBO TOYHO-
IO peTeHusl.

2.2. IIporpammHasi peajin3anus

3a OCHOBY JJIsT peaju3aliiy aJlrOPUTMa Ha IpaphUIecKnx yCKOPUTEJIsIX Obl-
Jia B3ATa ONTUMU3NPOBAHHAS JJIs1 BHIIOJTHEHUS HA IIEHTPAILHOM IIPOIECCO-
pe Bepcus JJaHHol porpaMMbl. OnruMu3alusiM ObLIa MOABEPIHY T8 HANOO0-
Jlee 3aTpaTHasl B BBIYUC/IMTEHHOM IJIAHE 9aCTh aJropurMa. PaccMorpum
OCODEHHOCTH DPeasn3allid Ha MPUMEPE JIBYXMEDPHON BEPCHM IIPOrDAMMBI.
Vcnonb3ayercst paciienjienre 1o IpOCTPAHCTBEHHBIM KOODIUHATAM, JJIs e~
pecdera Bceit ceTkn TpebOBaIOCh ABa mara: mo ocu X u 1mo ocu Y. [Ipu sTom
OBLIIO BBIYUC/IEHO KOJMIECTBO apuMETHIECKUX OIEPAIWil ¢ ILIABAIOIIEH
TOYKOI1, TpebyeMoe JJIsI rrepecteTa OJHOI0 y3ja CeTKH 3a jBa mmara — 190
®jromic. Takum 006pa3oM, 3Has KOJHMIECTBO Y3JI0B CETKU, KOJIUIECTBO IIMa-
TOB 110 BPEMEHU, MOXKHO OBIJIO OMPEIEIUTh TEOPETUIECKU MOTPedIIsteMoe
aJiropuT™MoM KoJimdectBo ['®@jromic. lasiee, 3Hasi KOJIUYECTBO ITOTOKOBBIX
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[IPOIIECCOPOB B TPAMUIECKOM YCKOPUTEJIE, UX TAKTOBYIO YACTOTY U UUCTIO
FMA (fused multiply-add) ycrpoiicts B oHOM mporieccope, 6blia BBIUAC-
JIEHA TIUKOBAasl IPOU3BOAUTEILHOCTE jiyist Kaxkaoro GPU. Peajbuble TecTh
aJITOPUTMa Ha IpadUIeCKUX YCTPONCTBAX MOKA3AJIH MEHBIINE 3HAYCHUS
IPOU3BOIUTEILHOCTH. [IPONEHT OT MUKOBOI MPOU3BOIUTEIHLHOCTH aJIro-
PUTMOB M3MEPSIJICsl KAK COOTHOIIIEHUE MEXKJIy STUMHU IBYyMsi 3HAYEHUSIMU
— TeopeTHIecKu TpedyeMbiM KojmdecTBoM DJIONC JJIs epecdera CeTKH U
peasibHO TTOTpedIeHHBIM KostmaecTBoM Dyrorc.

B nepponadajibHOM BapuaHTe, aJITOPUTM OBLI IIEPEHECEH Ha BBITOJIHE-
Hue Ha TpadUIeCKUX yCKOPUTENSX ¢ ucrosib3oBanuem Texuosorun CUDA.
TTocnemoBaTenbHBIH AMTOPUTM JIJIs EHTPAIBHBIX IPOIECCOPOB OBLIT TOJ-
BEPrHYT Psijly J0pabOTOK sl Jydineil paboThl Ha rpaduyuecKux yCTpoii-
cTBax. /laHHBIE B CETKE MOXKHO XPAHUTD JBYMsI CIIOCOOAMU: B BHJIE MACCHBA
CTPYKTYP U B BHUJE CTPYKTYPhI MaccuBOB. 1107 cTpyKTypoOitl B TAHHOM CJTy-
Jae MoJpasyMeBaeTcsl BEKTOP U, COCTOSIIMN 13 5 KOMIIOHEHT (B JIBYyXMep-
Hoit cirygae). B Bepcun nporpammbl miig CPU 3nauennst XpaHuiuch B BUzie
MaCCHBa CTPYKTYP, TO €CThb JIaHHBIE OIPEJIEJIEHHOIO Y3JIa JIEXKAT B IaMsITH
TOCJIeIOBATETHHO. B Bepcnu J1j1st rpaduIecKux yCTPONCTB ObLIa TpUMeHe-
Ha CTPYKTypa XpaHEHUsl B BHUIE CTPYKTYpbl MaccuBoB. [locie sroro obpa-
IIEHUsT K TIODATBHON aMsATH CTajm mocyenosareababivMu (coalesced), aTo
MIPUBEJIO K MOBBIMIEHUIO TTPOU3BOIUTETHHOCTH.

IIpu pabore Ha rpadudeckx Kaprax BayKHO M0J00paTh pa3Mephl 0J10-
KOB TaK, ITOOBI YCTPOUCTBO OBLIO MOCTOSIHHO 3arpyKEHO, TO €CTh, ITOODLI
He ObLIO YACTUYHO HE 3aHATBHIX ITOTOKOBBIX IMTPOIECCOPOB. TakKke BayKHO
ObLIO BHIOpATH pa3Mepbl OJIOKOB KpaTHBbIE pa3MepaM warp’oB, TaK Kak
BHYTpU Warp’a OCYIECTBJISIETCS ITOCJIEI0BATENIBHBIN JOCTYI K HAMSITH.
Jpyrast npuanHa — MOTOKHU OJHOTO Warp’a CIOCOOHBI BBIMTOJHATEH KOJI O/I-
HOBPEMEHHO HaJl PA3HBIMU yIaCTKAMU IIaMATH, €CJIU HeT BeTBJieHuil. Pas-
Mepbl OJTOKOB TakKuM 00pa3oM, ITOOBI YIOBJAETBOPUTH YKA3AHHBIM BbIIIE
TpeOOBAHUEM M MUHUMHU3UPOBATH KOJUIECTBO Y3JIOB, JJIsI KOTOPBIX Tpe-
OyroTcst OOMEHBI TaMATHIO Mexk 1y Osiokamu. B mrare mo X s mepecuera
KayKJIOr0 y3J1a PACYeTHON CeTKU TPeOYIOTCs 3HAYEHUs] B JIBYX CMEYKHBIX
y3Jiax mo ocu X, a B mare mo ocu Y — TpedyeTcsl JBa CMEKHBIX y3Jia IO
ocu Y. Ilosromy ciemoBajio moaobpars pasMepbl OJIOKOB Tak, 9TOObI KO-
JITIECTBO Y3JIOB, JIJIs KOTOPBIX TPEOYIOTCS 3HAYEHUST B CMEXKHBIX OJIOKAX,
OBLIIO MOYKHO MEHBIITUM. DTO HEOOXOIUMO OBLIO CIIEJAaTh, TAK KaK JJIs Y3~
JIOB CMEXKHBIX OJIOKOB TpebyeTcsi BbIIEJIEHHE JOIOJHUTE/IbHON aMsITH B
obJsracTu 0ob0IIel naMaTu OJI0KA.

Janubiit ajroput™ 3areM ObLT TIepereceH Ha TexHo0rni0 OpenCL.

2.3. TectupoBanue

PaccMaTpuBaiach JByMepHasi TecToBas 3ajada ¢ KOJUIECTBOM Y3JI0B
4096 x 4096. Ocymiecrisiocs 6500 maros mo BpeMeHu. B kaxkmom y3-
JIe CeTKH XPaHWJIOCh IO 5 IepEeMEHHBIX C ILIABAIOMmell TO4YKoil. Bce BBI-
YHUCJIEHUs TIPOM3BOIIINCE Kak ¢ oxuHapHoil (SP), Tak u ¢ xpoitaoit (DP)
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Tabymma 1
XapaKTepUCTUKU TECTUPYEMBIX TPAMUIECKUX KAPT
I'padpuaeckoe Iorokosre TaxTobas I'®nomc I'®normc
b .. IpoIec- 9acToTa, SP:DP
YCTPOICTBO copbI MT'1t (SP) (DP)
GelForce 2304 863 3977 24 166
GTX 780
Gelorce 2830 876 5046 24 210
GTX 780 Ti
GelForce 2048 1126 4612 32 144
GTX 980
Tesla M2070 448 1150 1030 2 515
Tesla K40m 2880 745 4291 3 1430
Tesla K80 2496 562 2806 1.5 1870
Radeon HD
050 1792 800 2867 4 717
Radggg R 1 9560 947 4849 8 606

TOYHOCTBIO. Pa3zmep cerku B nmamsitu — 320 M6aiiT Jij1st BBIYUCIEHU ¢ 01u-
HapHOi ToIHOCTHIO 1 640 MOAHT /15T BEIYUCIEHUI C TBOWHONW TOTHOCTHIO.
Ecim kommyecTBo 1m10TOKOBBIX mporneccopos (sgep CUDA) — C, gacrora
— F, 1o xomaecrBo GFLOPS myist omunrapmoit Tounoctu — 2C'F, tue 2
CTOUT 110 IPUYUHE TOrO, YTO 3a TAKT MOYKET BBIMOJIHATHCS 2 OlEPAIUH
FMA (fused multiply-add). st pasim9IHbIX apXUTEKTYp [POIECCOPOB U3-
BECTHO CKOJIKO B HUX COJEPKHTCsI BI0KOB(UNit’oB) oJHAPHON TOUHOCTH
u apoitnoit Tounoctu. B cronbie SP:DP — ux ornomenne. M3 310ro MoxKHO
puruncanTh KomdectBo GFLOPS mis aBoitHoit TounocTH.

Ha pucynkax 1 u 2 npuBeieHbl rpauKu YCKOPeHUs: PabOThI IIPOrpaM-
MBI 10 CPABHEHUIO C OJHONOTOYHOH Bepcueii nporpammbl aiuss CPU mys
O/IMHAPHOU M JIBOMHOU TOYHOCTU COOTBETCTBEHHO.

2.4. IIpumep paboThl IIpOrpaMMbI

TecroBas Mmomens m30bparkena Ha puc. 3. Pasmeps! obsracTtu 1aHbl B K-
somerpax. Ha HmkHelr 1 OOKOBBIX TPAHUIAX YCTAHABINBAJIOCH HEOTPaXKa-
IolTlee TPAHUYHOE YCJIOBUE, HA BepxHeil — cBOOO/HAs rpaHulia. B KadecTse
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= cuDA
= OpenCL

Radeon R9 290 ‘ ‘ ‘ ‘ |
Radeon HD 7950 ; ; ;
Tesla K80

Tesla K40m : :

Tesla M2070 : l l
GeForce GTX 980 ‘ ‘
GeForce GTX 780 Ti
GeForce GTX 780

|
|
' ' ' ' |
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0 10 20 30 40 50 60
Yckopenne

Puc. 1. Yckopenne va GPU 1o cpasuenuto ¢ oguaum simpom CPU, onunapuast

TOYHOCTbH
= CUDA
t]OpenCL
Radeon R9 290 | | ‘ ‘ !
Radeon HD 7950 ; } } }
Tesla K80 ‘ 7 ‘ |
Tesla K40m | ‘ : : 3
Tesla M2070 ; : 1 ! :
GeForce GTX 980 ’ : i i i
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Yckopenue

Puc. 2. Yckopenne va GPU 1o cpasuennto ¢ oguuMm simpom CPU, nBoiinast
TOYHOCTH
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Puc. 4. PesynbraT pacuera —
BOJIHOBasi KAPTUHA B MOMEHT
Bpemenu ¢t = 0.38 ¢

Puc. 3. T'eostornyeckast Mosiesib
AHTHKJIMHAJIBHOM JIOBYIIKH [7]

UCTOYHUKA BO3MYIIEHUS UCIIOIb30BAJIACh BEPTUKAIbHAS CHUJIA, IPUJIOKEH-
Had K mwiomaake ¢ 925.7 M mo 974.1 M Ha JHEBHOU MOBEPXHOCTH, AMIIJIUTY-
JIa KOTOPOI onuchiBaJiach nMiyibcoM Pukepa gactorst 40 ', Pesynbrarst
pacdera IIpeJICTaBJIEHbI Ha puC. 4.

3. 3akJjrodyeHue

B pabore 6bL10 mMOKazaHO, KakK ObLIM 3aefiCTBOBAHBI BO3MOYKHO-
¢t TpadUIecKux YCTPONCTB, JJIs PEIIeHus 3aJa9 CeHCMUKU CEeTOYHO-
XapaKTEePUCTUIECKUM METO/I0OM. BBLIM OMUCaHBI METO/IbI, KOTOPhIE MTO3BO-
JINJTA JIOCTUTHY Th HAOOJIBINEH TPOU3BOUTEILHOCTH YKA3aAHHOIO aJITOPUT-
wma pu Beraucsernsx Ha GPU. Pacemorpen Bonpoc addexTuBrOTO 331€i1-
CTBOBAHUsI TIAMSITH I'PAMDUIECKOrO YCKOPUTEJIsI KAK B CJIydae HUCIOJIb30Ba-
uust ogaoro GPU, tak u B ciydae MCIOJB30BaHUST HECKOJIBKHUX I'padute-
CKHUX yCTpoiicTB. MakcuMaabHOE MMOJIy9YeHHOe YCKOPEHUE 110 CPABHEHUIO C
CPU Ha omguoMm rpadudeckoM ycrpoiicrse — B 55 pa3 Ha GeForce GTX 780
Ti B BorunciaeHNAX ¢ ogMHAPHON TOYHOCTHIO U B 44 pasa ma Tesla K80 B
BBIYUCJICHUAX C ABOWMHON TOYHOCTBIO.

Buaaromapuoctu

WccnenoBanne BoimostHeHO pu (buHaHCOBOI omiepkke PODIU B pam-
Kax Hay4Horo mpoekrta Ne 15-37-20673.
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The paper deals with the use of OpenCL technology to solve seismic problems
on the GPU. We solve the problem of two-dimensional linear elasticity with
grid-characteristic method. Software implementation was originally optimized
to run on the CPU. After that it was re-written to run on graphics devices using
OpenCL technology. The solution of this problem has been tested for the range
of NVIDIA and AMD devices. Tests were performed for both single-precision
and double-precision calculations. We used devices of series: NVIDIA GeForce,
NVIDIA Tesla, and AMD Radeon. The study showed that the implementation
of the algorithm using OpenCL slightly inferior CUDA implementation on the
NVIDIA devices. For single-precision calculations we got speedup compared with
single CPU core up to 54 times on the GeForce GTX 780 Ti, it was consumed 450
GFlops to solve the problem. Double-precision calculations speedup reached up
to 43 times on the device Tesla K80, it was consumed 135 GFlops. The maximum
percentage of peak performance, which was reached on the device, is 14

Keywords: OpenCL, CUDA, GPU, grid-characteristic method, seismic,
conference proceedings.
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Abstract. In report the ill-posed problems in view arising at the solution of
applied problems by means of the metric analysis are considered. Examples of
such problems are problems of interpolation, filtration and forecasting of values of
functions of one and many variables claimed at the solution of applied problems
physicists, technicians, economy and other areas of researches.

Keywords: interpolation, ill-posed problems, metric analysis.

1. Introduction

The problem of interpolation is one of primary objectives in mathe-
matics, not to mention its broad-ranging applications in practical problem
solving. Approaches to solving interpolation problems of one-variable func-
tions have been proposed since the times of Lagrange and Newton. To date,
sufficiently complete results are obtained for different interpolation meth-
ods, including an analysis of interpolation errors and the convergence of
interpolation values to the exact values [1,2]. The classical scheme involves
representing the interpolated function in a form of an expansion to basis
functions. Thus, in Lagrange’s scheme the basic functions are monomials.
However, the Lagrange interpolation provides the uniform convergence of
interpolation polynomials to the function only for a certain class of smooth
functions, for example, for the class of entire functions. The reason for
this divergence is the discontinuity of derivatives. As an alternative to
Lagrange’s scheme, the scheme of spline-interpolation has been developed.
Spline-interpolation allows to localize the contagion of angular points and
provides the uniform convergence for any continuous function [2]. The
scheme of representation of functions in the form of linear combinations of
basic functions, including polynomials and spline-approximations, simply,
can be generalized on multivariate functions, but such schemes are efficient
only for functions of two, at maximum three variables. For functions of a
variables more than three there are no effective general schemes of inter-
polation. Only crude approximation schemes of local linear interpolation
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are in use. These schemes require a large number of data, and even in
a presence of a large quantity of data often do not provide the necessary
accuracy. An example of such schemes is the neural networks, which al-
low to interpolate functions of one or many variables [3]. In this report a
universal approach for solving problems of multidimensional interpolation
without holding fixed the species of functional connection of the function
to its arguments is presented. This approach takes into account only the
information on the mutual arrangement of the point at which we retrieve

the value of function and the interpolation nodes ,X?l, - Xn as well as the
values of function Y;,7 = 1,...,n at interpolation nodes and can be put to
use even in the case of an insufficiency of initial information.

2. Interpolation scheme of the metric analysis

We consider the problems associated with functionality:

—

Y = F(X),

—

where the function F(X) is unknown, and we aim to retrieve its value
at point X+ using the function values Y;,7 = 1, ..., n at interpolation nodes
Xi = (Xih ...,Xim)T,i = 1, ey T

In accordance with the scheme of the metrical analysis we form a matrix
W' of metric uncertainty for the point X* on a set of points X X; =
(Xila ceey Xi7,l)T7i = 1, ceey N [4]

— - — — — -

pQ(XhX*) ( 1, 2) (XlaXn)
W = (XQ’Xl) p2( 25 *) Xo, Xn (1)
()amil) (Xtmi2) pz(imi*)

where p?(X;, X*) = S0 v - (X — X7)2,
(X, X5) = > vk (Xag — Xj) - (Xjk — X}), vp determine the func-
tion’s degree of tolerance with respect to its arguments. Remark. When
solving applied problems it is necessary to normalize all argument values
X to an identical interval before generating a matrix of metric uncertainty.
This can be achieved, for instance, by means of linear replacement of each
variable X;,4 = 1,...,n by its increment in an interval [0,1]. According
to (1) W is a symmetric non-negative matrix. It is further assumed that
the matrix is positive definite. The interpolation formula for the retrieved

value Y* at the point X* has the form:

Y= i:zszi,
i=1
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where the interpolation weights z;,7 = 1,...,n as expected for the in-
terpolated formulas satisfy to normalization condition Y . 5 z; = 1 We
define the numerical characteristic 02,,,(Y*) of metrical uncertainty of the
retrieved value Y* at the point X* by the equality:
T (Y") = (WZ,2),

mu

where 7 = (z1,...,2,)7. We pose the problem of selecting interpola-
tion weight values z;,7 = 1,...,n,that satisfy the normalization condition
>, 2z =1, for which the numerical value of the uncertainty is minimal:

(W2,

(7.1

— min

z
L1=(1,..,1)7.

&y

(2)

N
Il
=y

The problem (2) is solved by Lagrange method. The required vector
Z* and interpolated value Y* are given by equalities:

-17 -17 v
S W _’1_’ v = 4 l_zli)
(W-11,1) (W-11,1)
where W1 is the inverse matrix. The approach to interpolating multi-
variate functions named metric analysis allows to consider various levels
of tolerance of function with respect to changes of its arguments’ values
by means of the coefficients v;, j = 1,...,m. To find the coefficients v; j we
consecutively exclude function arguments and trace the values of changes
of function at exclusions, as have been proposed earlier [4]. In the present
work two new approaches to calculating the coefficients v;,j = 1,...,m,
based on comparing the values of “correlation rates” to the rates of func-
tion variance with regard to its arguments are presented. The first scheme
of definition of metric scales v;,j = 1,...,m is based on calculating the
“correlation rates” from the realized values of required function and then
normalizing according to formulas

Y =, ., Y)7
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where
cov(Y, X;)
= =1,..
ey ety T
1 n o
COU(Y7 X]) = n— Z(Yk - Y)(Xk] - X])7] - 17 , 1,
k=1
1 n
2 _ _ 2
o Y)_n—lz(yk Y)?,
k=1
2 1 = <~
g (XJ) = (ij _Xj) ) = ]-7 ,m,
n—1
k=1
LS SIS oIS o I
= — = — Li=1,....,m.
nk:1 ky<\j n kjsJ PRREE)

The second scheme of defining the metric coefficients v;,7 = 1,...,m
is based on calculating weight multipliers v;,7 = 1,...,m of the linear
regression model based on the realized values of the relevant function:

m
YZU()+Z’LLj 'Xj+€.
j=1
According to the method of the least squares (MLS), estimations of
parameters @ = (ug, ..., u,)? of model are given by equality:

| 7
i = K3'eot(V, X),
where the elements of covariance matrix K¢ are defined by equalities:

CO’U(Xi,Xj) = (in - Xi) : (Xkl _Yj%

3
|| =
—_
NS

k=1
and the vector components cov(Y, X) = (cov(Y, X1), ..., cov(Y, X)) T
are calculated from equalities:

oY, X)) = —= 3 (- V) (X - X5,

Then values of metric coefficients on the realized values of required
function are calculated under formulas:
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In the case of strong correlation within a share of arguments X, =
(X1, .o, Xim)T,i = 1,...,n and, thereby, a case of matrix singularity or
ill-conditioning of matrix K¢ it is necessary to conduct a regularization,
replacing matrix K¢ by a regularized matrix, for example, by matrix
K)?.a = KX‘ + o - diag(Ku, ---aKm'm)7a > 07 where K1]717.7 = 1a R
are the elements of matrix K . Let’s consider the problem of smooth-

ing and restoration of functional dependence Y = F(Xy, ..., X,,) = F(X)
in the presence of chaotic deviations from exact values. The values of
function Y; = F(X;),i = 1,..,n are given with errors at the nodes
Xi = (Xi1, ., Xim)T,i = 1,...,n. We assume that the matrix of metric
uncertainty W is singular. For every node X* we aim to find the smooth-
ing value Y* in the form of

n
v =Y %Y= (2Y),
i=1
where the vector of weights z" is the solution of the following problem of
minimization of the total uncertainty:

(WZz,2) +a- (KyZ,Z) —min 2,

. 3
(z,1) =1, ®)

where « is the smoothing parameter.
While the expression (W Z, 2) is responsible for metric uncertainty, the
expression (Ky 7, Z) is responsible for stochastic uncertainty. The problem
(3) can be solved using the Lagrange’s function. The smoothed value at

the point X* is given by the equality:
(W + - Ky)~'1,Y)

* —
sm T >

(W+a-Kg)~11,1)

when o — 400, the smoothed value Y;;, at any node X* is

n
Y =Y z-Yi=(3Y),
i=1
Numerical results of interpolation of functions of many variables by
means of schemes of the metric analysis are presented on fig. 1, 2 and in
table 1. In figures 1, 2 dark blue, green and red lines are schedules of initial
function, noisy functions and retrieved by means of the metric analysis of
functions accordingly. Function considered is

n
Yr=3 z-Yi=(3Y),
i=1
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Figure 2. Smoothing results

where & = (21,...,25)7,0 < x; < 1,i=1,...,5,V is a (5 x 5) symmetric
matrix. The results of interpolating X3, ..., X, while n = 20 are presented
in table 1.

3. Conclusions

The numerical results of implementing the presented approaches to in-
terpolation based on metric analysis have demonstrated that metric anal-
ysis is a tool for retrieving the values of multivariate functions even in the
case of a little number of interpolation nodes (even when the number of
interpolation nodes is less than the number of arguments). In the report
new schemes and algorithms for smoothing and restoration of functional
values based on the metric analysis were presented. These schemes and
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Table 1
Numerical results
- Result of
X Y . .
interpolation
0.3210 | 0.6604 0.1332 0.2217 0.7252 20.99 20.67
0.5536 | 0.9723 0.8545 0.1759 0.5116 37.00 36.34
0.7910 | 0.9280 0.1469 0.1180 | 0.007696 | 11.48 13.00
0.8445 | 0.9716 0.1673 0.5628 0.9920 52.78 52.09
0.5111 | 0.1521 0.0883 0.8863 0.9684 33.33 35.65
0.5060 | 0.4818 0.7105 0.4053 0.8512 39.96 39.02
0.1462 | 0.4970 0.5390 0.8821 0.9541 43.71 43.74
0.2640 | 0.0875 0.6904 0.1256 0.6399 17.26 15.52
0.3095 | 0.1707 0.7593 0.9395 0.7266 39.98 40.53
0.7409 | 0.02982 | 0.4092 | 0.01672 0.8803 20.66 21.50
0.2377 | 0.8600 0.8781 0.2668 0.05134 | 19.52 19.30
0.7078 | 0.04781 | 0.6390 0.3765 0.7470 30.04 30.08
0.8857 | 0.7058 0.3656 0.1155 0.7787 33.72 34.14
0.5480 | 0.5923 0.5340 0.9722 0.2310 34.40 34.69
0.7977 | 0.2799 | 0.01847 | 0.9505 0.4345 27.43 28.66
0.8280 | 0.5974 0.9576 | 0.07910 0.4444 32.21 32.25
0.7173 | 0.6044 0.7468 0.7145 0.5428 46.57 44.86
0.5938 | 0.03581 | 0.1608 0.6756 0.5257 20.26 19.71
0.7413 | 0.6747 0.8660 | 0.03228 0.2544 23.74 24.03

algorithms have demonstrated a high accuracy of smoothing and retrieving
the values of functions of one or many variables.
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Linear approach for mathematical modelling as a tool
for efficient portfolio selection
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Abstract. This report introduces two approaches to the efficient portfolio se-
lection problem, wherein the criteria and the constraints are linear with respect
to control variables. The first approach consists of unconditioned optimization
of the average expected efficiency value of a portfolio without imposing any ad-
ditional constraints on the structure of selected portfolio. For this scheme the
problem of effective portfolio formation is reduced to two linear programming
problems, solving these for an efficient frontier may be effectively accomplished
in closed form. The second scheme considers an additional set of group con-
straints, which can also be reduced to the problem of finding the Pareto fronts
of two linear programming problems.

Keywords: efficient portfolio, linear formulation, Pareto frontier, linear pro-
gramming problem.

1. Introduction

One of the primary goals of economical science is the distribution of
resources under conditions when the future efficiency of use of resources
after they have been allocated is uncertain. Currently there are a number
of approaches to setting up and solving problems of effective portfolio se-
lection. The most widely used are the setting up proposed by Markowitz
and the problem statement implementing the "Value at Risk" technique.
The present work also addresses the statement of effective portfolio se-
lection problem that uses fuzzy numbers to determine the uncertainty in
efficiency values.

2. Mathematical models of formation of effective portfolios

The main objective of portfolio optimization is to maximize the aggre-
gated efficiency (return) of investing or allocating the available resources.
However, under the conditions of uncertainty in true efficiency values, the
portfolio optimization problem should take into account the risk of realiza-
tion of unacceptably small values of efficiency. Currently the approach to
statement and the solution of problems of formation of investment portfo-
lios, proposed by Markowitz, in which the efficiency values are treated as
random variables, and the variance values are considered to account for risk
measures for both individual assets and a portfolio as a whole, is generally
used. The other criterion characterizing the investment portfolio selected
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via the Markowitz’s scheme is the average expected value m, (mathemat-
ical expectation) of return of portfolio R,,. Thus, the Markowitz’s scheme
belongs to a class of double criteria problems in which one of criteria (m,,)
is aimed at maximizing the average expected value of efficiency of a port-
folio, and the second (an efficiency variance aﬁ) is aimed at minimizing.
The mathematical model of the Markowitz’s scheme without additional
constraints can be defined as follows [1,2]:

n (1)
Ywi=12>0i=1,..,n

i=1

where  is a vector of shares of an investment portfolio; W is the covariance
matrix of efficiency values R;; m = (myq,...,m,)T is a vector of average
expected values of asset efficiency. Let’s consider statement with both
of Markowitz’s criteria whilst short-selling or selling assets on credit is
allowed. Mathematically the borrowed resources correspond to negative
values of shares x;,7 =1,...,n.

Hence, the mathematical model of effective portfolio selection problem
with both Markowitz’s criteria and without additional restrictions that
includes short-selling opportunities becomes:

(2)

Unlike Markowitz’s problem, the short-selling statement does not re-
quire conditions x; > 0,7 = 1,...,n to be satisfied. To find the Pareto set
of solutions to the double criterion problem (2) that corresponds to the set
of effective portfolios in short-selling statement, as a preliminary we seek
to solve the single criterion problem of minimizing o
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The solution of the problem (3) is given by the equality:

w1
(W11, 1)

>k

where 1= (1,...,1)7.

The problem of finding all of Pareto’s solutions of the problem (2) is
further reduced to the parametric class of single criterion problems con-
cerning parameter m:

a

—~

12, WZ, %) — min
(17, .

" (4)

n
ZZ‘,’ =1.
i=1

where my = (171, ). The entire set of Pareto’s solutions of problem (2) as
the solutions of a problem (4) is given by equality:

8y

) =myp =m

—

F=wWt. AT (4. wt.AT)"L. (5)

1 ... 1

my ... Mp

(m, &*) Vector equality (5) with regard to the components of vector Z will
become:

*

where A = is a (2 x n) matrix, f = (1,mp)",my >ms =

ri=a; +b;-mp,i=1,..,n, (6)

where Y 1 a; =1,>" b =0.

Equalities (5) and (6) define the apparent functional dependence of the
vector & components with regard to parameter m, and, thereby, allow to
calculate the structure of the effective portfolio set for any values m,, using
the formula (6) without solving anew problem (4). Fig. 1 illustrates an
exemplificative result of numerical computation of the effective portfolios
presented on a plane of the criteria m, and o,,.

In the statements of the effective portfolio selection under conditions
of uncertainty problems presented above the values of return of developing
the distributed resources were treated as random variables. Recently to
characterise the uncertainty in random variables they have been treated
as fuzzy numbers with invoking the fuzzy set framework [4].

In the present report proposes the mathematical model and the solu-
tion on its basis of problems of optimum distribution of resources, wherein
the uncertainty in efficiency of resource development is characterised by
fuzzy numbers rather than by random variables. One of the problem state-
ments considered allows to reduce the effective portfolio selection problem
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Figure 1. Efficient frontier

to a linear programming problem. This gives the opportunity to apply
an effective algorithm of finding numerically the set of Pareto solutions
corresponding to solutions of the optimum distribution of resources prob-
lems. Below one of the possible portfolio optimization problem statements
that implements the fuzzy set framework is considered [5]. In this prob-
lem statement the mathematical model of formation of effective portfolios,
which takes into account a set of constraints can be specified as follows:

n
R, = E z; - R; — max
i=1

n
Tp = g X T; —min
=1

a; < xj + ...—l—l'jnj < ﬂj,j =1,....m,
0<x; <1,1=1,...,n,

n
Z%"Vi =5,
i=1

where R, is the cumulative portfolio efliciency; R;,i = 1,...,n is the
expected value of return for i-th asset; r;, is the risk value of the decrease in
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actualized value of the cumulative portfolio; r;,7 = 1, ..., n is the risk value
for the decrease in realized values of efficiency for i-th asset; z;,i =1,....,n
are the shares of resources invested in i-th asset included in portfolios
under consideration; V;,¢ = 1,...,n is the maximal possible volume that
can be invested in i-th object; S - total volume of resources of a portfolio
(0<S<V=3",Vi); m- number of groups.

Problem (7), also as well as problems (10), (2) is a double criterion
problem with regard to control variables x;,7 = 1,...,n with two linear
criteria R, and 7, aimed at maximization and minimization accordingly.

Values R;,i = 1,...,n of the expected values of return and r;,i = 1,...,n
- risk measures of decrease in actualized values of return can be ascertained
on the basis of expert estimations by means of fuzzy numbers.

To find the set of Pareto solutions it is necessary to find the solutions
of two single criterion problems (8) and (9):

n
Rp:nyRifmax

i=1
a; < Tj F —I—J,‘j”j < ﬁj,j =1,...m
0<z;<li=1,..n

ixi'vi =5,
i_1

and

n
rp = E Ty T — UM
i=1

Q; < T, +...+(Ejnj Sﬂj,j = 1,...,m
0<z; <1i=1,...,n

zn:»’ﬂi'vi =5,
i=1

(8) and (9) are linear programmlng problems, both have the unique so-

lutions % and 3, accordingly (z% = (z%y,...,2%5,)7, 25 = (x5, ..., z5,)7).
The entire set of Pareto solutions of problem (7) is defined by equality:

—

o) =a- -2t + (1 —a) -z, (10)
where a € [0, 1].
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By varying the numerical values of the priority parameter «, the in-
dividual effective portfolio structures can be computed. In particular, at
«a = 1 we attain the structure of the effective portfolio of a company that
corresponds to the maximum expected value of efficiency, and at a = 0 we
attain the structure of the effective portfolio of the company that corre-
sponds to the minimum value of risk. The numerical solutions of the linear
programming problems (8), (9) can be carried out by means of an effec-
tive method of solving the linear programming problems of the considered
class [6]. In the report numerical results of effective portfolio formation
under the problem statement (7) are adduced.

3. Conclusions

In the report statements and solutions of effective portfolio problems
are presented. For statements that allow short-selling the solutions are
attained in closed form in the analytical kind. This allows to calculate the
structure of effective portfolios without solving anew the parent criterion
problem. Statement with double linear criteria, wherein the criteria can be
defined by means of fuzzy numbers, is presented. The proposed problem
statement allows to account for the relation between the possible uncertain
future efficiency values of resource development in the case of absence of
preliminary statistics on return actualization, based entirely on the use of
expert estimations.
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Abstract. The work describes the new regularized algorithm for computing
integrals of rapidly oscillating functions allowing effectively and accurately de-
termine the required value in the presence of stationary points. In the case where
the phase function has stationary points (its derivative vanishes on the interval
of integration), the calculation of the corresponding integral is still a sufficiently
difficult task even for the Levin method due to the degeneracy of the resulting
system of linear equations. The basic idea of regularization, described in the
article, is the simultaneous modification of the amplitude and phase functions,
which does not change the integrand, but eliminates the degeneracy of the phase
function on the interval of integration. The regularized algorithm presented in
the work is based on the Levin collocation method and describes the stable
method of integration of rapidly oscillating functions at the presence of station-
ary points. Performance and high accuracy of the algorithms are illustrated by
various examples.

Keywords: regularization, integration of rapidly oscillating functions, Levin
collocation method, Chebyshev differentiation matrix, stable methods for solving
systems of linear algebraic equations.

1. Introduction

Let us consider the method for the evaluation of the oscillatory integral

= /abf(x)eiwgmdx _ /:F(x)dm, (1)

assuming that the constant of oscillations w > 1 is a “large” value; and in
the domain if integration the amplitude f(x) and phase g(z) are sufficiently
smooth functions.

The integrals of this type can be effectively calculated using the fol-
lowing methods: the method of steepest descent [1]; for integrands with
linear phase Filon method [2] and in general case the Levin method [3-5]
are often used.

The Levin method of collocations [5] is suitable for finding the oscil-
latory integrals with more complex amplitude and phase functions. It
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consists in moving on to finding the antiderivative p(z) of the integrand
satisfying the condition
d

dz

Knowing the function p(z) on the interval of integration (or more pre-

cisely, at the end points of this interval), one can calculate the value of the
integral of the oscillating function by the formula

()=o) = f(a)eest). (2)

b b
I[f] :/ fe9dx :/ a [pe’?] da = p(b)e™9®) — p(a)e™9( @ (3)
o o dx

In the collocation method the problem of calculating the integral is
replaced by the “equivalent” problem of finding the values of the function
antiderivative at two points at the ends of the integration interval [a, b], al-
lowing to calculate the value of the integral I [f] by the formula (3). (Note
that the method does not use the boundary conditions for the solution of
the problem (2), because any particular solution allows to calculate the
value of the definite integral.)

Thus, the problem of the approximate calculation of the integral (1)
from rapidly oscillating function can be reduced to solving the equation (2)
using the method of collocations after expanding p(z) in terms of the
Chebyshev polynomials. By an appropriate choice of the approximation

points, i.e. their location within the range of integration and their number,
it is possible to improve the accuracy of the solution.

2. Approximation of a (sought antiderivative) function by the
Chebyshev polynomials. Differentiation matrix

Among many basis systems of polynomials used to approximate func-
tions on finite intervals the Chebyshev polynomials of the first kind have
proven well for practical calculations. We consider the Chebyshev poly-
nomials of the first kind as basis functions and assume that the interval
of integration is [a,b] = [—1,1]. Suppose that we know the values of a
polynomial of the n-th degree at (n + 1) points xo,...,2,. Then these
values define the polynomial uniquely and hence uniquely determine the
values p'(z) = dp(z)/dz of its derivatives at these points. Furthermore,
the value of the derivative at every point can be represented as a linear
combination of values of the polynomial at these points. This dependence
can be written in matrix form as [6]:

P (z0) doo -+ don p(xo)
: =1 : : (4)
pl(l'n) dn,O ce dn,n P(fﬂn)
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The matrix D = {d;x} is called the differentiation matrix in the physical
space.

If the basis functions are the Chebyshev polynomials of the first kind,
and grid points are the Gauss-Lobatto nodes

s .
T = COS —, =0,...,N,
J N J
then matrix is called the Chebyshev differentiation matriz in physical
space.
Improvement of the algorithm for computing the elements of differenti-
ation matrix can be achieved through the use of its antisymmetry property:

Dij=—Dp_in—j, i=n/2+1,...,n.

Approximation of the function by the Chebyshev polynomials of the
first kind is remarkable by the fact that it allows to easily calculate the
coefficients of the function derivative in the expansion in terms of the
same polynomials. Thus, if p(z) = Y;_, axTk(z), then the coefficients
bi, k =0,...,n of the derivative of the function p(z)

% (zn: aka(x)> = Zn:kak(Z‘)
k=0 k=0

can be calculated using recurrent relations Ty (z) = 22Tk—_1(x) — Tr—2(x),
k=23, ..., together with the initial conditions Ty(z) = 1, T (z) = z, as
the solution of the system of linear algebraic equations [7]:

Aa=hb. (5)

3. Relation between the differentiation matrices in the
frequency and physical spaces

Let us write down the expression for the derivative of a function, ap-
proximated by the Chebyshev polynomials in the physical space:

P (x0) doo -+ don p(xo)
B A N

pl<xn) dn70 e dn,n p(xn)
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Taking into account that in the frequency space the vector p(x) can be
represented as

Too Tio Too : Tuo
Po ’ ' ' . ‘ ao
I Tog Tigp Ton @ Tya ai
P2 | = | Top Tip Top @ Thp az |
DPn . QAp,
L TO,n Tl,n TQ,n : Tn,n i

and the derivative in the frequency space is calculated in accordance with
the expression

Too Tvo T C T,
o 00 410 420 . 0 010 3 ao
A Toqa Ti1 Ton @ Tha 04 0 a,
p/2 = T072 T172 T272 . Tn,2 0 6 a2 9
P : 0 0 JLan
L TO,n Tl,n T2,n : Tn,n i

then from the equation (6) it follows
TA = DT,

where T' is matrix with elements T; ; = T;(x;).

4. The method of quadratures

In the case where the integration is set on the interval x € [a, b], then
the transition to a standard domain [—1, 1] of the Chebyshev polynomials
of the first kind can be carried out by the change of variables x = b_?at +
biza, t € [—1, 1]. The derivative of the required function is calculated by
the formula

Pe) = (o). ™)

According to the introduced linear transformation the Gauss-Lobatto
nodes t; = cos (] ”) in the original coordinates have the form

n

b—a g b+a )
zj = 5 cos<n)+ 7 7=0,1,...,n.
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Vectors of the functions values and their derivatives at the Gauss-
Lobatto nodes are calculated by the formulas

T
p= [p(xﬂ)ap(xl)a cee ap(xn)} )
T
p/ = [p/(xo)vp/(xl)a e ap/(xn)] 3
T
g/ = [g/(l‘o)a g/(l‘l)a N 7gl(xn)] ;
T
f = [f(fl'()), f(x1)7 RN f(l'n)] .

Obviously, in accordance with the definition of the Chebyshev differ-
entiation matrix, we can write p’ in vector-matrix form of (7) taking into
account (4):

;2

b—a
and the system of equations in the method of collocations can now be
written as

P Dp

2
HDZD +1 - diag(wg')p = f,

. (D +iA)p =M, ®)

where A = (b—a)/2, A = diag (A\wg'(z0), \wg' (1), ..., Awg’(z,,)) is diago-
nal matrix. The solution of the system (8) contains p(b) and p(a), whereas
the required integral is calculated using the formula (3).

Let us write down the equation (8) in the case of finding a solution in
frequency space, taking into account that D = TAT !, and p = Ta:

2
b—TAT_lTa +1 - diag(wg')Ta = f,
—a

or
TAa+i-ATa = \f, (9)

Here, in order to reduce formulas the following designations are used:
T;.; = T;(z;) and A; = Adwg’(z;). The solution to this system of linear alge-
braic equations for the expansion coefficients a = (ag, a1, ..., a,) over the
basis functions allows to determine the approximate value of the integral
using the equation (3).

Equation (9) is still valid for an arbitrary set of different grid points.
From this equation it follows that the matrix of the system becomes singu-
lar only when at least one of the values ¢'(zx) =0, kK =0,...,n becomes
Zero.

The method of quadrature described above is well studied [1,5, 7, §]
and works well in cases where the phase function has no stationary points.
However, in the case where the phase function has stationary points (its
derivative vanishes at the interval of integration), the system (9) can be
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degenerate and calculating corresponding integral becomes ill-posed prob-
lem.

For solving this ill-posed problem, various methods are proposed [1,5,
8-11], but their practical use is rather difficult.

5. Regularization of numerical integration method for rapidly
oscillating functions

In order to avoid the singularity of the matrix T'A + i\ - diag(wg’) of
the system (9), we modify the integrand, multiplying and dividing it by
the same function exp(iCz), where C is a complex number. Then the
integral (1) takes the form

b
/ f($)€7icx€i(cm+w9(z))d$. (10)

The exponential function exp(iCx) is continuous, therefore the value
of the integral for such a replacement will not change.

Introducing the notations f(z) = f(x)e™*“* and g(x) = Cx + wg(x),
we get a new equation for the coefficients, similar to the equation (3):

[TA+igT)a = f, (11)

The required value of the integral (10) is then calculated by the formula

b b
1= / feltda = / di [pe'7] da = p(b)e™®) — j(a)e’®),
a o ax

where p(z) = > 1_g arTk(x).

The solution of the system (11) with respect to the coefficients of the
solution expansion in terms of the Chebyshev polynomials makes it easy
to calculate the values p(a) and p(b):

pla) =30 a5,
p(b) = Z?:o(*l)jaj'

Thus, the use of the regularization method! (the replacement of the
integrand with the aim to solve the ill-posed problem) and the transition to
the solution of the modified problem of integration allows to consistently
calculate integrals of rapidly oscillating functions, including those with
phase functions having stationary points.

1Regularization in statistics, machine learning, theory of inverse problems is method of
adding some further information to the statement of the problem with the aim to solve
the ill-posed problem or prevent retraining.
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Choosing the constant C' in (11) in such a way that the inequality
Re(C) > —w|g'(x)], z € [a,b] is true, allows to ensure all diagonal elements
of the matrix of the linear algebraic equations system (11) being nonzero,
and guarantees the existence and uniqueness of the system solution.

Ensuring sustainability is much more difficult due to the structure of
the system (11), in which the elements with maximum absolute values are
concentrated in the far right column of the matrix — see formula (5).

However, using this regularization method allows to improve the prop-
erties of the system (taking into account the number of approximation
points), and to increase (in absolute value) the diagonal elements by choos-
ing constant C, thus ensuring the predominance of the leading elements
on the diagonal.

Conclusion

The article describes the new regularized algorithm for computing in-
tegrals of rapidly oscillating functions allowing effectively and accurately
determine the required value in the presence of stationary points. In the
case where the phase function has stationary points (its derivative vanishes
on the interval of integration) the calculation of the corresponding integral
is still a sufficiently difficult task even for the Levin method due to the de-
generacy of the resulting system of linear equations. The basic idea of reg-
ularization, described in the article, is the simultaneous modification of the
amplitude and phase functions, which does not change the integrand, but
eliminates the degeneracy of the phase function in the interval of integra-

tion. Practically, this means a transition from calculating fab f(z)e9®) dy

to the integration of the new integrand ff f(x)e Crei(Cotws(@) gy where
the constant C' is chosen from the condition |C 4+ wg'(x)| # 0, x € [a, b].

The numerical examples in the article show significant increase in in-
tegration accuracy when using regularization even in the absence of the
stationary points. Properties of linear algebraic system are improved with
increasing (by selecting constant C') of the diagonal elements of the matrix,
providing the predominance of the leading elements on the diagonal.

A similar approach can be extended to the integrals in infinite limits
using other (non-Chebyshev functions of the first kind) basis functions.
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Abstract. Regression analysis has the task of finding a functional relationship
between the observed values the studied process. The raw data is the realization
of a random variable, it is therefore considered dependent on the expectation.
This problem can be solved by “smoothing” the raw data. Smoothing is the
process of removing the noise and insignificant fragments while preserving the
most important properties of the data structure. It is similar to finding the
expectation of data. Data smoothing usually attained by parametric and non-
parametric regression. The nonparametric regression requires a prior knowledge
of the regression equation form. However, most of the investigated data can’t
be parameterized simply. From this point of view, nonparametric and semipara-
metric regression represent the best approach to smoothing data. The aim of
the research is development and implementation of the fast smoothing algorithm
of two-dimensional data. To achieve this aim, previous works in this area have
been analyzed and own approach has been developed, improving the previous
ones. As a result, this paper presents the algorithm that quickly and with mini-
mal memory consumption cleanses the data from the “noise” and “insignificant”
parts. To confirm “efficiency” of the algorithm were carried out comparisons with
other generally accepted approaches on simulated and real data. The results of
these comparisons are also shown in the paper.

Keywords: nonparametric regression, two-dimensional estimation, penalized
splines, smoothing splines, cross-validation, discrete cosine transform.

1. Problem statement

Raw data of real processes are noisy and need “smoothing” before anal-
yse. Smoothing is attempt to filter “noise” or “insignificant” fragments
while preserving the most important properties of data structure. Con-
sider the following model

y=y+e

where € - Gaussian white noise. There are supposed that function ¢ should
be smooth, i.e. has continuous derivatives up to some order. Data smooth-
ing is usually carried out by a parametric or nonparametric regression.
In the case of parametric regression, it requires some a priori knowledge
of regression equation form, which must well described original proccess.
However, most of the observed data is impossible to parameterize and
function f(z) can’t be determined analytically. From this point of view,
nonparametric and semiparametric regression is the best approach to solv-
ing the problem (1). One of the classical methods for smoothing data is
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the use of various modifications least squares with penalty. It was first in-
troduced in 1920 [1] and it has been extensively studied ever since 1990 [2].
This technique consists in minimize some functional that balances between
“approximation” and “smoothness” of estimation and it has follow form

F(§) = RSS+ X P(y) = llj = ylI* + X- P(9),

where || - || - Euclidean norm. The parameter A is a real positive number
controlling the smoothness of solutions: smoothness of § growing when
parameter increases. The regression is called smoothing spline [1, 3, 4],
when the penalty function written like square integral of p-order derivatives
of . Apart from this, simple and effective approach to solving problem
(1) is squared form of penalty function [5]:

P(y) = ||DglI*

where D - tridiagonal matrix as

This paper is a continuation of the authors research reviewed in papers
[6,7]. Additionally, some main ideas gleaned from the articles [8,9].

2. One-dimensional smoothing

Suppose {x;},-;<,, is equally spaced points and response function fol-
lows -

yi = flzi) + e
where ; ~ N(0,02). Let § is an estimate of f(z;). After minimization (1)

we have
g=H)- vy,

where H(\) = (I + X- DTD)~! is a projection matrix and A is smoothing
parameter. Smoothing parameter selecting by minimization of following
equation

RSS(\)/n
(1 =Tr(H(N)/n)*

GOV ()) =
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This approach is called as method of cross-validation. Matrix D has some
special properties if observations is equidistant. That’s possible to simplify
the calculation GCV/, because matirx D can explain UT'UT, where matrix
U is unitary and it is a discrete cosine transformation [9]. Then RSS can
be rewritten as follows:

RSS =g —yl> =|H) -y — yl]?
=|[(I+X-D"D)~"' 1) y|J?
=[[(U-(I+X-T?)" =1)-U" -y

_ 1 _1\2. 2
=3 (e ~ D DOTEG)

In this case, (2) can be rewritten in more convenient for computing form

n-y (ﬁ —1)%- DCTE(Z/)
(n =3 (552)?

GCV(\) =

3. Two-dimensional smoothing

Suppose {(z1, $2»j)}1§i§n1,1§j§n2 is uniform grid and response func-
tion follows
Yig = f(w1i,22,5) +€i
where ; ; ~ N(0,0?). In this case, values of response function can repre-
sent like matrix Y, where element of i-th row and j-th column is value y; ;.
Then the smoothed values will be denoted by Y. Introduce the operation

vec, which represents matrix in column vector form. Then vec(Y') can be
written:

vec(Y) = (Hy, ® Hy,) -vec(Y) = Hyy 4, - vee(Y),

where H,,, H,, - projection matrix for corresponding dimension. Obvi-
ously, the projection matrix has follow form

Hy, = (In, + D}l D,,)™', i=1,2.

Applying the approach and properties of the tensor product [10], expres-
sion (3) can be simplified as follows:

ZQ = (sz ®H$1) Y
= (Inz + )‘2D3;2Dnz)_l Y (Im + )‘ngan1)_1 Yy
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1
:Uaji.UT UwiUT.
Tz Ve @ U (g ) Ua
1 1
:Um Uz ) .UT UT,
2@ 1 (1+)\1731)®(1+)\2'_Y%2) I2® X1 y
= U(L‘Q7f£1 ' Fl‘?ﬂ«'l ’ U,lz';,l'l Y

To automatically search for the best values A\; and Ao, we use a cross-
validation adapted for two-dimensional case:

RSS/n
(1 - TT(HI2,I1)/TL2) '
Properties of tensor product of matrices [10] denotes Tr(Hy,.,) =
21T )\11%%1 D TF /\12732 . Obviously, main consuming place of the estioma-

GCV (A1, As) =

tion is a calculation RS'S, because it requires evaluation of § for all com-
binations A; and Ay . This calculation can be simplified:

RSS = [§ = yl* = [|Hog,zr - ¥ — YlI* = [|(Hag,z, — In) - yl|?
= HUrz,Il ' (FIQ,Il - In) : UT . yH2

2,1

= (Uﬂﬂz,??l : (F$2,$1 - In) ' U;Z;,xl : y)T : (Ul‘%ﬁfl ' (F3/'27731 - I") ' U(L,Z‘;,ftl '

=(DCTy-y)' - (Tupz, — In)>  DCTy -y
= Z (79:2,9:1 - 1)2 . (DCTQ 'y)27

where DCT5 - is a two-dimensional discrete cosine transform. From the
simplified equation shows the transformation must evaluate one times and
result change with values v,, ., depending values A\; and A3. This approach
implemented in R. To demonstrate the advantages of considered approach
performed numerical experiments: with model and real data.

4. Experiments

Model data: To illustrate the effectiveness of the algorithm, sample
data have been modeled from function sin(2mr(z; —0.5)3) - cos(4mzy) with
noise - random values from normal distribution of N(0,0.2%) (fig. 1).
Smoothing was carried by presented approach and MGCV package [11],
which implements smothing with penalized splines, including multidimen-
sional case with tensor product of basic functions. Below is a table contains
result of smoothing with different methods.

Real data: To demonstrate the practical application of the approach,
real data of mortality in Russia have been smoothed and compared with
results of another approaches. The data are taken from the open source [12]
and contains observations for ages of 0 and 110 between years of 1959 and
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X1

Figure 1. Function sin(27(x — 0.5)%) - cos(4ry) with noise.

Table 1
The results of smoothing model data with different methods.

P-splines GAM with | GAM with
with DCT 10? knots 202 knots

RSS 9.488243 11.72485 9.87163
MSE 0.001483 0.001832 0.00154
Corr. with 0.9993394 | 0.996919 0.9991624
true values
Est. time (sec) 1.941 10.237 29.875

2010. For experiment was taken part of data, which belongs to the older
ages (50-101, fig. 2). That part was chosen, because observations contain
many errors and outliers. Thus, analyzed data are evenly spaced values of
mortality rates on grid with size 52 x 52. Smoothing conducted outlined
approach, package MGCV and parametric model of the Lee-Carter, who
has become a classic for appraisals dimensional mortality surface. The
next table contains result of estimations.
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Figure 2. The raw mortality rates in Russia for ages of 50 and 101 between
years of 1959 and 2010.

Table 2
The results of smoothing a two-dimensional surface of Russian mortality rates.

P-splines Lee-Carter | GAM with
with DCT model 122 knots
RSS 0.21637 18.5092 0.41395
MSE 0.0000905 0.0077379 0.0001731
Est. time (sec) 0.49 1.194 4.185

5. Conclusion

Obviously, described approach is very effective, because it’s fast and
no need much memory. Note, if the sample size increases then calculation
speed increases slightly with same estimation quality. Results:

1. equations obtained for two-dimensional case with two smoothing pa-
rameters;

2. the approach implemented in R for one- and two-dimensional cases;

3. the approach compared with similar approache and model.

In next studies is expected to consider the following possibilities:
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10.
11.

12.

extension of the approach to the multidimensional case with many
smoothing parameters;

use other common criteria for smoothing parameters selection, for
example, BIC or AIC;

use a faster method for minimization GCV instead of grid search.
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Abstract. The paper describes the relationship between the solutions of Max-
well’s equations and the curvilinear coordinates of geometrical optics. It gener-
alizes the results achieved by Liineburg, concerning the evolution of surfaces of
electromagnetic fields discontinuities. This coordinate system in the future we
will call phase-ray coordinate system. In the work, it is proved that field under
study can be represented by two scalar functions.

It is shown that under certain conditions on variable real coefficients of medium
filling in the region under consideration, a phase-ray coordinate system that
describes the laws of geometrical optics in this region can be constructed. There
exist solutions of Maxwell’s equations, which take in this coordinate system the
simplest canonical form. A pair of quasi-wave equations gives this canonical
form of the Maxwell’s equations.

The work also specify the necessary and sufficient conditions for the existence
of a coordinate system, generated by the solution of Maxwell’s equations with the
holonomic field of the Poynting vector. It is shown that the class of solutions of
Maxwell’s equations includes monochromatic polarized waves, and the Hilbert-
Courant solutions and their generalizations.

Keywords: rays, geometrical optics, Maxwell optics, eikonal equation.

1. Introduction

Suppose that in domain
(r,9,2) EGCR® t>0

with isotropic dielectric permittivity € and magnetic permeability p two
vector fields £ and H are given, satisfying the homogeneous system of
Maxwell’s equations

—

- wOoH - o
th = ———— tH =——. 1
o coat’ c ot ()
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It is well known that there are solutions of the system, which can be
described by means of geometrical optics. These are, eg., the plane waves
in a homogeneous medium. Under the traditional approach [1,2] it would
be expected that in the general case, the laws of geometrical optics are
valid only for harmonic vibrations, and only in the high-frequency limit.
But yet Liineburg [3] noted that the movement of discontinuity surfaces
of electromagnetic fields obey the laws of geometrical optics exactly, and
not only in the high-frequency limit. Let’s try to introduce the concepts
of rays and phase fronts for solving Maxwell’s equations without reference
to the high-frequency limit and prove that the so-imposed rays obey the
laws of geometrical optics. Of course, it will be necessary to impose on the
considered electromagnetic field some additional conditions, without which
by and large it is not only impossible to deduce the laws of geometrical
optics, but even to introduce the concepts of rays and phase fronts.

2. Rays and phase fronts

For electromagnetic fields which can be considered at least locally as

plane waves, vectors £ and H are orthogonal to each other and their
directions do not change with time ¢, but may vary from point to point
in the domain G, as it occurs, for example, in the case of spherical wave.
Therefore, as the first condition for the considered electromagnetic field,
assume the following.

Condition 1. Let the vectors é; = +E/| E| and €3 = £H /|| H|| do not
depend on t and are orthogonal to each other. The sign is chosen once in
an arbitrary manner under assumption that €5 and €3 are smooth vector
fields in the domain G.

Defenition 1. The integral curves of the vector field S =E x H we will
call the rays of the electromagnetic field {E, H}. The surface orthogonal to
S = E'x H at all points, will be called the phase front of the electromagnetic
field {E, H}.

Note 1. Formally, this definition does not use the fact that the field is an
electromagnetic wave, and the Poynting vector S = F x H indicates the
direction of its propagation. However, further developed theory, of course,
is not applicable to crossed static electromagnetic fields.

By the condition 1 directions of vectors E and H do not change with
time, so the vector & = +5/||:S|| does not depend on t as well. By defi-
nition 1, the ray emanating from the point (zo, yo, 20), is a trajectory of a
point which motion is described by the initial problem

'l%’: é’l(F‘)7 ﬂtIO = (x(),y()azo)T'

The existence and uniqueness of its solution follow directly from Cauchy’s
theorem. Therefore from any point (xg, Yo, 20) it is always possible to emit
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a ray and it will be the only one. However, the existence of a family of
phase surfaces imposes a condition on the field.

Condition 2. Let the Poynting vector S = FE x H be holonomic, that is
(S,rotS) =0 in the considered region.

Recall that the vector field A is called holonomic if there is a family

of surfaces u(x,y,z) = const orthogonal to vector field A. Subject to
Jacobi theorem [4] the necessary and sufficient condition of holonomicity

of field A is the equality (rot A, A) = 0; scalar (rot A, A) is called the

quantity of field A nonholonomicity. Therefore, if the electromagnetic field
satisfies Maxwell’s equations (1) and the conditions 1 and 2, by virtue
of the theorems of Cauchy and Jacobi there are well defined: 1) two-
parameter family of rays, and 2) one-parameter family of phase surfaces
in the sense of Definition 1.

3. Phase-ray coordinate system

From Maxwell’s equations follows:

Theorem 1. If the fields E and H satisfy the Maxwell’s equations (1)
and the condition 1, they are holonomic.

Proof. Maxwell’s equations imply that
- OH - OF
rot E || e and rot H || e

By condition 1 vectors directions do not change with time, so
(E,rot E) = (E,H)=0 and (H,rotH)=(H,E)=0
because of the assumption of fields orthogonality, made earlier. O

This theorem allows one to associate the field with a curvilinear orthog-
onal coordinate system in which the Maxwell’s equations look particularly
simple. Let the electromagnetic field satisfies the conditions 2 and 1, then
due to the theorem of Jacobi, there are three such functions uy, us and
us, that

S| Vuy, E| Vuy, H| Vus.
Formulas
T :ul(x,y,z), T2 :u2($7yaz)7 IgiUg(l‘,y,Z)

define an orthogonal curvilinear coordinate system. To write Maxwell’s
equations explicitly let us use the same method [5] that is used in the
theory of diffraction when introducing Borgnis functions [6, 7].



Malykh M. D., Nikolaev N.E., Sevastianov L. A. 207

Let hi, ho, hy be the Lamé coefficients of the coordinate system, that
is, we assume that the distance between two infinitesimally nearby points
(z1,22,23) and (z1 + dz1, 2 + dxa, x5 + dx3) is given by

ds* = hidx? + hidas + hides,

and let denote by €7, €3, €3 the vectors indicating the directions of the
coordinate lines of the coordinate system. Then, by construction of the
coordinate system

E= E2€27 H = H3€37
where F5 and Hj are some scalar quantities. The equation rot H = E%I;I
in the curvilinear coordinate system gives

hzhg 8352 h3H3 - 0
h h3 8131 h3H3 §E27
and the equation rot E= —u% gives
h2h3 8903 h2E2 = 0’
c o) _
T 9ay 22 = —pg .
For simplicity let
hih hih
hyEy = E, hyHs=H, and m, =522 g = S0 (g
C h3 C hg

then we can rewrite the Maxwell’s equations in the form

1%} 9 —
8m1E+m€5H_07
1%} 9 —
TMH +mhaE — 0,

9 —
ZE =0,
o) —
2 H =0.

For easiness of references, let us fix proven states as a theorem.

Theorem 2. If the electromagnetic field satisfies Maxwell’s equations (1)
and the conditions 1 and 2, then there is a locally orthogonal coordinate
system in which this field can be represented as
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where scalars F and H satisfy the system (3), the coefficients of which
me. and my are expressed in terms of the dielectric permittivity ¢ and
magnetic permeability p in the domain and the Lamé coefficients by the
formulas (2).

The coordinate system introduced in Theorem 2 will be called phase-
ray coordinate system, if necessary, indicating exactly what the solution
of Maxwell’s equations corresponds the system.

4. The case of constant coefficients

Using constants m, and my, the general solution of the system (3) can
be written explicitly.

Theorem 3. If the electromagnetic field satisfies Maxwell’s equations (1),
conditions 1 and 2 and the values of m. and my, are constants, the x-lines
of the phase-ray coordinate system represent rays of geometrical optics,
and the field itself is a superposition of two waves running along the rays
in opposite directions:

- é: é:
E = F(\/ephixy — ct)h—2 + G(\/ephizy + ct)h—2.
2 2
In particular, if the field in question has a gap at t = 0, the gap
propagates along the rays according to the laws of geometrical optics, as
it should be, according to the Liineburg [3].

5. The case of variable coefficients

In general, the system (3) comprises only four equations and two un-
known functions, so from general considerations one would expect that
the condition of the solvability of this system provides some restrictions
on the coefficients m, and my. But in fact, this system has a whole family
of stationary solutions, namely

E=p(x2), H=1(x3),

where ¢ and v are arbitrary functions.

Theorem 4. For the system (3) has a non-static solution it is necessary
that one of its coeflicients m,. and my; can be represented as a product of
the form (1, z2)¥(x1, x3) and it is enough that both coefficients m,. and
my, depend only on x.

Proof. (i) If the system (3) has a non-static solution, at least one of the
two functions F and H depends on t. Assume for definiteness that it is H
that depends on t. Then

OB 0H
ﬁxl' 8t’

me =
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and by virtue of the third equation of (3) the numerator of this ratio
is independent of x3, and the denominator of it by virtue of the fourth
equation is independent of x5.

(ii) If m, and my, are independent of x5 and x3, the initial value problem

s=E+m.5H =0,
s H +mp 5 E =0,
Eli=o = Eo(21),
Hli—o = Ho(w1)

by the Cauchy—Kowalevski theorem [8| for any initial condition has a solu-
tion, which obviously satisfies the last two equations of the system (3). O

Sufficient conditions immediately lied us to geometrical optics.
Theorem 5. If in the curvilinear coordinate system the value

Mmemyp = suh%

depends only on x1, then x1-lines are extremal curves of the functional

B
/\/€,ud5,
A

i.e. they are rays of geometrical optics.

The proof of this statements is similar to the proof of Theorem 3.

Let us consider a non-static electromagnetic field, satisfying the condi-
tions 1 and 2. By theorem 2, there exists a phase-ray coordinate system
in which E = Eéy/ho, H = Hés/hg, and the dependence on ¢ appears
only in scalar functions of F and H. Consequently, the system (3) has a
non-static solution. By theorem 4, the coefficients (2) of this system can
not be arbitrary functions, and this in turn leads to some restrictions on
the Lamé coeflicients. Strictly speaking, the conditions 1 and 2 involve
only the necessary condition of Theorem 4.

If the sufficient conditions of Theorem 5 hold x;-lines of phase-ray
coordinate system are rays of geometrical optics, but the wave propagation
along the rays will be subject to the equations system (3). To investigate
the type of this system let us excluded a variable H from the system (3).
To this end, we differentiate the first equation of the system (3) by z1,
then we have

0’E 0’E  Olam. OF
— MM = 7=

Z = 4
3&0% 8t2 82131 6:51 ’ ( )
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which is different from the usual hyperbolic equation by an additional term
on the right side.
Equation (4) has the form

Pu 1 0% ou
- e =aq——,
oz 2 Ot2 oy
thus, it is a classical equation of oscillations with an additional term a-% 6

which in the theory of oscillations is used for modeling damping v1brat10ns
phenomena due to the resistance of the medium [9, § 1.4]. If we take a = 0
we get the usual equation of vibrations, so when choosing a certain initial
conditions the instantaneous profile u will move along the xzi-axis at the
velocity c. Posing a > 0 will lead to damping.

6. Monochromatic field at high frequencies

Assuming that the solution (4) depends on time as
E = u(z) sinwt,
and assuming for brevity x; = x, we obtain

d?u 1 ome du n 0.
— — 4+ wmempu =

dz2  m. Oz dx h

In the high-frequency limit w — oo one can try to find a solution by

the JWKB method [10]. In this case the monochromatic field E is a

superposition of waves
hldﬁﬂl + COHSt) €.

1
— sm wt +
Vhahs h3 ( /

Therefore, in homogeneous media the amplitudes of the fields E and H
increase or decrease along the ray according to the same law.

7. Conclusion

On the assumption that in the domain G there is a homogeneous solu-
tion of Maxwell’s equations, satisfying additional conditions of holonomic-
ity of the Poynting vector field we build locally-orthogonal coordinate
system (called the phase-ray system) having a clear geometric-optical in-
terpretation. It is shown that under certain non-burdensome (sufficient)
conditions on variable real coefficients of medium filling in the region (on
the permittivity and magnetic susceptibility), a phase-ray coordinate sys-
tem that describes the laws of geometrical optics in this region, can be
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constructed, and there exist solutions of Maxwell’s equations, which take
in this coordinate system the simplest (canonical) form. In general, the
canonical form of the Maxwell’s equations is given by a pair of quasi-wave
equations.

A small additional study showed that the Maxwell’s equations solutions
described in this work and associated with curvilinear coordinates gener-
ated by them, include at least two classes: the widespread monochromatic
polarized waves [6,11] and less known waves of Hilbert-Courant and their
generalizations [8,12].
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Annoranus. [lokazano, 910 MOAUPUIMPOBAHHBIA OOBIYHBIA METOJ BBIYUCIIE-
Hust Marpuibl Poka cocxKaTUEM TaHHBIX, UCIIOJIL3YIOIINN XPaHUMbIE HHTEIDAJIBI,
JIMHEHO MAaCHITAOUPYETCs 110 YUC/Iy Oa3WMCHBIX (DYHKIWMN JijIsd OOJIBIIUX MOJIe-
KyJIsipHBbIX cucrteM. [Ipencrasiiensl 3 deKTUBHBIE aJTOPUTMBI TIaPAJIJIeIU3AIUN
meronos Xaprpu-Poka n teopun byuxmuonana miaoraoctu (TOID): momudn-
[MPOBAHHBINA OOBIYHBIN U MOJIY-TIPSIMO METOJBI CO CxKaTheM JaHHbIX. ChopMmy-
JINPOBAaHbI OCHOBHBIE TIOJIXOJBI K TAPAJIIEU3AIMI METO/1a KOH(MUTYPAIHOHHOTO
B3aUMOIENCTBUS ¢ OTOOPOM KOHMUTYpaIuil, B KOTOPOM MaTPUIHBIE DJIEMEHTHI
BBIYUCISIOTCsT 0 mipaBmiiam Ciarepa.

KuroueBble ciioBa: pacupejesieHHbIE BBIYHUCJIEHUs, TapasljiebHble BbIUNCIIE-
uHust, meton Xaprpu-Poka, meron Kona-Illama, meTon koHpUTYpAITHOHHOTO B3a~
UMOJIEUCTBUA.

1. Bsenenune

Hauwrast ¢ cepequmpl MOCIEIHETO MECATUIETUS MIPOIIJIOr0 BEKa KJla-
CTepHas apXUTEKTypa BBIUUCINTEJIbHBIX CUCTEM, CO3/1aBaeMbIX Ha OCHOBE
Pa3JIMYHBIX KOMIIBIOTEPOB, IIOCTEIEHHO IIPeBPaTU/Iach B OCHOBHYIO apXH-
TEKTYPy CYHIEPKOMIIbIOTEPOB. B HacTosIee BpeMsi OOJIBIMUHCTBO CyIEP-
KOMIIBIOTEPOB MTOCTPOEHO 1O KJaacTepHoil apxurektype. [logsienune B mo-
cJleHUAE T'0J/ibl MHOT'OJIEPHBIX MUKPOIIPOIIECCOPOB M MHOT'OIIPOIIECCOPHBIX
MaTEPUHCKUX IJIAT IIPUBEJIO K TOMY, 9TO IapaJljIe/IbHOE BBIIOJHEHNE IIPO-
rpaMM Ha COBPEMEHHBIX KJIaCTePaX BO3MOXKHO IIyTEM IapaslyIeu3alun KaKk
1O y3JaM KJIACTEepa, TAK U Ha OJHOM y3Jie, UCIOJIb3Ysl HECKOJIBKO (10 32)
MHOTOSI/IEPHBIX MHUKPOIIPOIIECCOPOB HA HEM.

C TOYKY 3peHUsi BBIYUCIUTEIbHBIX METOJIOB, PEIIeHNE YPABHEHUN HEIM-
MUPUYIECKUX METOJIOB TEOPUHU 3JIEKTPOHHON CTPYKTYPhI MOJIEKYISIPHBIX CHU-
CTeM M HaHO-CTPYKTYP BKJIIOYAaeT HCIIOJIb30BaHME IIOYTH BCEX OCHOBHBIX
METOJ[OB BBIUHCJIATEIHHON MATEMATHKU. JTO BBIYUCIEHNE MHOTOMEDHBIX
WHTErpaJIOB, HHTEPIOJUPOBAHNE U IKCTPAMOIUPOBAHUE (DYHKIWI, perre-
HUE CHCTEM JIMHEHHBIX YpPaBHEHUI, HaXOXKIEHNE COOCTBEHHBIX 3HAYCHUN
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U COOTBETCTBYIOIIMX COOCTBEHHBIX BEKTOPOB MATPUIHON OOOOIIEHHON 1
OOBIYHOI 331291 Ha COOCTBEHHBIE 3HAYEHUSI, MUHUMU3AINS MHOTOMEPHBIX
byHKIMI, CyMMUPOBaHHUE PsA/IOB U MHOTHE JIpyrue MeTobl. VI3BecTHO, 9TO
3 HEKTUBHOCTD MAPAJIICTU3AINN OTMEYEHHBIX BBINIE METOIOB 3aMETHO
paznu4aercs. [ToaToMy, 0OBITHO, B TPOrpaMMax, PeaTu3yIONux HeIMINPU-
9eCKue METOJbI TEOPUH JJIEKTPOHHOM CTPYKTYPbI, HAPAJIIETNIYIOTCS TOIb-
KO T€ CTaJINM, KOTOPbIE TPEOYIOT HANOOIBIITNX BBIYUCIUTETHHBIX PECYPCOB.
B meromax Xaprpu-®oka u TOII - 570 BeIvuUCIEHNE IBYXIJIEKTPOHHOMN CO-
crasJsiionieit marpunbl Poka U3 ABYXIJIEKTPOHHBIX UHTETPAJIOB U MATPHU-
1Bl IJIOTHOCTH, & B METO/1€ KOH(MUTYPAIMOHHOTO B3aNMO/I€CTBHS - BBIUUC-
JIEHVe MATPUYIHBIX 3JIEMEHTOB oreparopa [amMuibToHA MEXKTy KOHMUIY-
PAIUOHHBIMA (DYHKITUSIMA COCTOSHUS U PENIEHUs 3329l Ha COOCTBEHHBIE
3HAYEHUA ¢ MATPUIAME SKCTPEMAIbHO 00/IbIIoit pasmeprocTn - 107 1 BeI-
mre. HoBbre moaxonpl K 9 HEKTUBHON MapaJuIe/Iu3aii STUX BbITUCIEHANR
paccMaTpuBalOTCd B HacTosmell pabore.

2. DddexkTuBHAA MAPAJIICIN3AINSA BbIYNCICHUS
IBYX3JIEKTPOHHOM YacTu MaTpulibl orneparopa ®oka

B macrositiee BpeMsi M3BECTHBI J[Ba OCHOBHBIX METOA ITOCTPOEHUsI
JBYX3JIEKTPOHHOU dacTtu marpuibl Poka, a TakKe METOJ[ sIBJIAIONIANACS
[IPOMEXKYTOYHBIM MEXKJIy HUMHU. JTO - OOBIIHBIA METOJ], C XPAHEHUEM BbI-
YHUCJIEHHBIX JIByX3JEKTPOHHBIX WHTErDAJIOB Ha BHeEIIHeM ycTpoiictse [1],
[IPSIMOil METOJ[, B KOTOPOM JIBYX3JIEKTPOHHBIE WHTETPAJIBI [T€PEBBIUNCIIs-
FOTCSI Ha, KayKJIOM IIare UTePAIOHHOr0 MeTO/Ia [2], a TaKKe IOJIy-IIPsIMOit
MeTOJ[, B KOTOPOM YaCTh HMHTEIDAJIOB COXPaHSETCA HA BHENIHEM YCTPOIi-
CTBe, & 9acTh IepeBbrancisercs [3].

Kaxaprit n3 9Tux JIByX METOJOB HMEET CBOM IpenmMmyInecTBa. Tak,
OOBIYHBII MeTOM, TpeOyeT MEHbIe APUMMETHIECKUX OIEPAITHil, TOCKOJIBKY
JIBYX3JIEKTPOHHBbIE MHTErPAJIbl BBIUUCIILIOTCS B HEM OJUH DPa3, a MPAMOIf
MEeTOJ, UMEET IIPEUMYIIECTBO, KOTJa YTE€HNEe MHTEIPAJIOB U UX MHIEKCOB C
BHEIITHEr0 YCTPONCTBa TpebyeT OOIbIlle BpEMEHH, €M UX BLIUHCJIEHUE.

o mocienHero BpeMeHH INPEUMYIIECTBO OT/IABAJIOCH HIPSIMOMY METO-
JIy TIOCTPOEHUS NBYXJIEKTPOHHOU dacTu MaTpuiibl PoKa, MOCKOIBbKY, KaK
OBLIIO ITOKA3aHO, 9TOT METOJ| IIPOsIBJIsIET CBONCTBO CyIlep-JIUHENHHOi Mac-
ITA0OMPYEMOCTHU CJIOYKHOCTH BbIuucjenus Marpunbl Poka 10 OTHOIIEHUIO
K 9uCIy 6a3ucHbIX QYHKIUI UCHOIb3yeMbIX B pacuére [4-6].

O Hako, HEJJABHO HAMH ThLIJIA JIOKa3aHa TeopeMa 00 aCHUMIITOTHYECKU
JINHEHOM MACIITAONPYEMOCTHU YNCJIA HEHYJIEBBIX IBYXJIEKTPOHHBIX HHTE-
PAJIOB 110 OTHOIEHUIO K 9HCJIy OA3UCHBIX (PYHKIUI JJ1si OOTBITUX MOJIE-
KyJIsIpHBIX cucreM [7]. OHa GbLIa YHCIEHHO NPOBEPEHA Iy TEM HOCTPOEHMUSI
3aBUCUMOCTEl YNCJIAa HEHYJIEBBIX IBYXJIEKTPOHHBIX MHTETPAJIOB OT UUC-
Jia 6a3uCHBIX (DYHKIUI 1 TOYHOCTH BBIYUCECHUS WHTETPAJIOB, & TAKMKE MX
[IPOU3BOJIHBIX JIJIsI TOJUMEPOB AJIAHWHA, IIOJIyUEHHBIE B pAcuérax ¢ 0as3u-
com 6-31G, KoTopble npejcrasieHnbe Ha Puc. 1.

Kpome 3roro, 0p110 1OKa3aHO, YTO HCIOJIL30BAHUE METOIOB CXKATHS
JIQHHBIX JJTsl XPAHEHUST JBYXJIEKTPOHHBIX HHTETPAJIOB U UX WHJIEKCOB [8,9]
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Puc. 2. BaBucumocts BpeMeHn nocrpoenusi Marpunpl Poka (a) u ero nepBbIx
npounsBogubix (b) or uncna Gasucabx dysknmit B Xaprpu-PoKoBcKuX
pacyérax moJMMepoB ajaHuHa B 6aszuce 3-21SP 1ys pa3indHOil TOYHOCTH
BBIYUCJIEHUs] MHTEIPAJIOB.
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BHUJ/HO Ha IIPUMEpEe 3aBUCUMOCTEH BPEMEH IMOCTPOEHUS JIBYXIJIEKTPOHHON
qactu Marpuribl Qoka M MX MEePBBIX ITPOU3BOIHBIX OT YHC/IA OA3UCHBIX
byuknnit B Xaprpu-PoOKOBCKUX pacuérax MOJNMEpPOB aJaHWHa B Oasuce
3-21SP pyist pa3uvHOi TOYHOCTH BBIYUC/ICHAS] MHTETPAJIOB, IPEICTABIICH-
HbIX Ha Puc. 2. OHEM TOKa3bIBAIOT, YTO IIOCJE JOCTHKEHUs ITOCTATOYHO
60JIbIIIOr0 pa3Mepa Bbrancjenne Marpuilbl Poka CTAHOBUTCS JIMHEHHO Mac-
ITabUpPyeMBbIM 0 UNCIa OA3UCHBIX (DYHKITHIA.

PesynbraThl BBINIEYIIOMSIHY THIX UCCJIEIOBAHUIT ITOKA3BIBAIOT, YTO MO-
TAPUITIPOBAHHBINT OOBITHBIN METO BRITUCIEHUsT MATPUITbl PoKa, MoI00HO
[IPSIMOMY METO/Ly, TaKzKe 00J1aJIaeT CBOMCTBOM JIMHEIHON MacuIrrabupyeMo-
CTH II0 OTHOIIIEHHIO K Pa3MepPy PacCUYUTBHIBAEMOil cucreMbl. TakuMm obpa3oM
CpaBHEHHE JIBYX METOMOB BbruncieHuss marpuilbl Poka MOKA3bIBAET, 9TO
[IPEUMYIIIECTBO OJHOI'O0 METOJa HaJ| JIPYTHM OMPEIEesISeTCs] NCKIIOUNTE b
HO COOTHOIIIEHUEM MEXKJy OBICTPOIEICTBAEM IIEHTPAJIHHOTO IIPOIECCOPA U
CKOPOCTBIO YTEHUS JAHHDBIX C BHEMNTHEro ycrpoiictsa. [losTomy, B mambmeii-
1eM HaMU OBbLIN ITapaJuIe/In30BaHbl BCE METOBL: MIPSIMOM, TIOJIY-TIPSIMOM 1
MOIUUIUPOBAHHDBIN OOBITHBIN METOJI BRIYUCTeHUsT MaTpHUIlbl Poka.

3mech ciemyer n00ABUTH, ITO TBEPTOTEIbHBIE JUCKH, ITOsBUBIITHECS
HEJIABHO, C CYIIECTBEHHO 00Jjiee BBICOKOW CKOPOCTBIO IEepeiadn JIaHHBIX
[I0 CPABHEHUIO C TPAJUIMOHHBIMU JUCKAMU, OYEBUIHO J1a€T HOBBIE IIpe-
AMYIIECTBA KJIACCHIECKOMY METOMY BBIYUCJICHUS IBYXIJIEKTPOHHONU JaCTH
oneparopa Poka. Hampumep, nist auckosbix RAID ycrpoiicTB ¢ HOBbIME
JINCKAMU JIOCTUTHYTA CKOPOCTh Iepeiadn ganubix 6osee 6 I'B /cex B Hacro-
sitmee BpeMsi. [Ipobitema 37ech TOBKO B TOM, KaK OBICTPO TaKue yCTPOIi-
CTBa CTAHYT ODIIEIOCTYITHBIMHU.

DD EKTUBHBII AJTOPUTM TAPAJIICTH3ANNNA BBIYUCICHUS JIBYXIJIEK-
TPOHHOI YacTh MaTpuilpl omepaTropa Poka B Meromax Xaprpu-Doka n
T®II 1o yanam kiacrepa Obl1 paspaboran Hamu [10] Ha OCHOBe cuCTEMBI
PVM [11].

BoJibrHCTBO U3 aHAJOMUYHBIX METOJIOB IapaJlIe/IUu3ali ObLIN pas3-
paboTaHbl [IJIs CYIIEPKOMIIBIOTEPOB, B KOTOPBIX Y3JI0BOI KOMIIBIOTED UMEJI
OTHOCUTEILHO HEOOJIBIYIO OIIEPATUBHYIO MaMsTh. [109TOMY B HUX HUCITOJ/IB-
30BAJIOCh pacIleljieHne MaTpuil IVIoTHOCTH U PoKa Ha H6JIOKH C XpaHEeHHeM
TOJILKO HECKOJIbKO OJIOKOB Ha KaXKJOM U3 y3J/I0B. Takne MeTOIbI XOPOIIO
MaCIITabUPYIOTCs IO HEDOJIBIIOMY YHCILY HUCIOJIH30BaHHBIX y3j10B. OnHa-
KO, JIJIsl DOJIBIIIOrO YHCJIa Y3JI0B MACHITAONPYEMOCTh CTAHOBHUTCS HEY/IOBJIE-
TBOPUTEJIHHON 1U3-33 BCE BO3PACTAIOIIETO ITOTOKA JTAHHBIX MEXKIY HUMU.

B cBsizu ¢ 3TUM MBI TTOCTPOMJIN MAPAJIIETU3AIAI0 C COXPAHEHUEM KO-
nnit MaTpur mwioTHocTy 1 Poka Ha KaXKJIOM M3 y3710B. Takoil moaxon 3a-
METHO yIPOIAET HAPAJIICJU3AINIO U TPEOYEeT mepeadin Ha Y3JIbl TOJIBKO
YIPaBJIsTIONIel nHpOpMaIu, 00bEM KOTOPOU SIBJISIETCS HE3HAUUTEILHBIM.
DTO 03HAYAET, UTO MMOCTPOEHHBII METO | 00JIaIaeT 3HAYUTEHbHBIM [TOTEH-
nurajaoM it 3pGEKTUBHON TapasIen3aiui Ha OOJIBIIOM [HCJIE Y3JI0B.
OrpanuunTesieM B HEM sIBJISIETCSI Pa3Mep OIEPATUBHON NaMATH Ha y3Jie
HEeO0OXOIUMOIT JIJIsT XPAaHEHUsT OCHOBHBIX MATPHII.
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B nocrpoerHoM mapaJutesIbHOM METOJe PeIlleHusi ypaBHeHuit XapTpu-
®oka n Kona-IlTama co ckarmeM JaHHBIX BBIYHCICHUE W XpPAHCHUE WH-
TerpaJjioB, a TakKXKe Bbluucjenue dacrteil marpuibl Poka MPOUCXOAUT HA
KaXKJIOM U3 [OTYMHEHHBIX y3JI0B. Y IPABJISIIONTYI0 HHMOPMAIUIO O OJIOKAX
WHTErPAJIOB, MOJJIEXKAINNX BHITUCJACHUIO HA KAXKJOM U3 y3JI0B, PACCHLIAET
VIIPaBJSIONIAI y3/I0BOit KOMITBIOTED, paboTast MO MPUHITAIY MEPBBI CBO-
OOHBIN y3es MOIydaeT IMepBhIM MHMOPMAIUID O HOBOM TpedyemMom 6J10-
ke uHTerpasioB. CyMmmupoBanue dacreit Marpuilbl PoKa ITPOUCXOJUT HA
VIPABJISIOIIEM y3JIe, BBIIOJIHAIONEM TaKKe APyrue onepannn. Takas cxe-
Ma IapaJIIeIn3aIIH XOPOIIO MOAXOAUT KaK JJIsl YICTO KJIACCHIECKOT0, TaK
U JJIs TIOJIy-TIPSIMOTO MeToza. B KiraccuieckoM MeTo/ie BCe JIBYXJIEKTPOH-
Hble MHTETPAJIBI BBITHUCIISIOTCS M XPAHATCI Ha JINCKaX MOTINHEHHBIX Y3-
Jgax. B mousry-ipsMoM MeTojie CHadaJIa BBIYUCIAIOTCS JIBYX3JEKTPOHHBIE
UHTErpaJbl U COXPAHSIOTCS HA JIUCKAX MOIMHEHHBIX Y3JI0B. 3aTeM, B Ha-
Jajie BbIYHCIsgeTcs BKiasd B Marpuily Poka OT COXPAHEHHLIX HA JUCKE
WHTErPAJIOB, a TIOTOM BBIYUCJIAIOTCS OCTABIIAECS MHTErPAJIbI U HAXOIUTCS
nx BkJIaJ B Marpuiy Doka.

OpHoit U3 BaXKHEUMUX 3a/1a9, KOTOPbIe HEOOXOIUMO PEIIUTD JJIs [0-
Jgydenns 3dOEKTUBHON HapalJIeIM3aINY, SIBISeTCs OAJaHCUPOBKA y3JI0B
110 BpeMeHn X paboThl. B KadecTse 1neneBoit pyHKIMT 111 6aIaHCHPOBKU
y3J10B, HaMu OBLIO BBIOPAHO HUHCJIO IABYXJIEKTPOHHBIX mHTEerpasoB. OHo
o3BOJIsIeT cOaJIaHCHPOBaTh pabOTy y3JI0B KaK 10 BPEMEHU BLIYUCJICHWSI,
TaK ¥ II0 BpeMEHH BBOJa/BbIBOJa NaHHbIX. C BLIOpaHHOII 1ies1eBoil QhyHK-
nueit moTepsi BpEMeHHU, u3-3a HeCOAJAHCHPOBAHHOCTU Y3JIOB, COCTABJISIIA
0K0J10 2% B TECTOBLIX pacuéTax.

Bpemst pacuéra MoJieKysl PA3HBIMUA HAPAJIIEIBHBIMA  METOIAMU
Xaprpu-Qoxka n TOII B 3aBucuMocTH OT YHCIa y37I0B HA KJIACTEPE TIPE]I-
crapyieto B Tabsure 1. [losrydentbie pe3yabTaThl HOKA3bIBAIOT, ITO Pa3pa-
O6oTaHHbIe MOTUMPUITTPOBAHHBIN KJIACCUIECKUH M TTOJTY-TIPSMOM ITapaJIaesb-
HBIE€ METOJIBI 3HAYUTE/IHHO OIEPEKAIOT IPAMON METOJ,. DTO IPEUMYIIIECTBO
00yCJIOBJIEHO TJIABHBIM 00pPAa30M TEM, YTO MOIAMMUIIMPOBAHHBIN KJIACCHYE-
CKUIl U TOJI-yIPSMON MeTOIbI TPEOYIOT 3HAYUTEIHFHO MEHbBIE apudMeTu-
YeCKUX ollepaluii.

3. DddexkTUBHAT MapaLIeIN3AIUA METOAA
KOH(UTYPAIMOHHOT0 B3aNMOAENCTBUS

OcHoBHast TpobJsleMa MeTOJI0B KOH(MDUTI'YPAIIMOHHOTO B3aMMOJIEHCTBISI,
OCHOBAHHBIX Ha HCIIOJb30BAHUU TEOPUHN YHUTAPHOHN I'DYIIIBI JJId BBIYMC-
JIEHUsI MATPUYHBIX JJIEMEHTOB, 3aKJ/I0Y9aeTCsl B TOM, YTO OHM IO3BOJISIIOT
SIBHO KOPPEJIMPOBATH TOJBKO OKOJIO 20 3JIEKTPOHOB. DTO sIBHO HEJOCTATOU-
HO JIJIsT TEOPETUIECKOTO MCCJIETOBAHNS OOJIBITNX MOJIEKYJISAPHBIX CHCTEM.
Bumecte creMm, B padore [12], Ha npuMepe pacdéra HEPrUM aCOPOIUHI MO-
sekysasl CHo Ha MOBEPXHOCTH METaJIMYeCKOTO HUKEJIsl, ObLIO MOKA3AHO,
9TO MOIUMPUIMPOBAHHBIA METOIOM KOH(MUTYPAIIMOHHOTO B3aMMOIEHCTBHSA
¢ 0TOOPOM KOH(pUTypaInil, B KOTOPOM MaTPUIHBIE 3JIEMEHTHI BHITUCIISIOT-
cst o paBusiaM CiTepa MO3BOJIUII SIBHO KOPPEJINPOBATH 76 3JIEKTPOHOB.
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Tabymma 1
3aBUCUMOCTE BpeMeHH (B MHH.) PACIéTa MOJIEKYJI IAPAJIIEbHBIME OOBIYHBIM
(Ka), npsmeiv (I1p) m mosy-upamvemv (IIIp) meromamu Xaprpu-Poka n TOIT

OT YHCJIa UCTIOIB30BAHHBIX y3JIOB KJIACTEPA.

YHucmno y3/10B

Mour. Mer. BO 1 2 3 4 5
Sii7Hao HF 406 IIp 81.2 42.4 29.9 22.3 18.5
Kan 28.3 15.3 11.1 8.8 7.0
Ip/Ka 2.9 2.8 2.7 2.5 2.6
Taxol SVWN 660 IIp 395.9 202.8 137.3 1049 85.4
IITp 262.5 1454 98.0 75.4 60.8
IIp/IIIp 1.5 1.4 1.4 1.4 1.4
Yohimbine BLYP 494  TIlp 289.8 1459 99.1 76.6 60.6
IIITp 163.9 88.3 59.6 45.6 36.8
IIp/IIIp 1.8 1.7 1.7 1.7 1.6
Porphine B3LYP 916 IIp 614.7 319.1 209.6 159.3 130.4
TIIIp 305.1 182.0 124.8 92.9 7T

Ip,/MIIp 2.0 1.8 1.7 1.7 1.7

ITo sToMy mOKa3aTesIO €ro MapaJjuIeIu3alis SBIsSeTCs Hanbosee HHTEPec-
HOIf, TIOCKOJIbKY HO3BOJIAT MPOBOJUTH HMCCJEIOBAHUS CUCTEM C OOJIBITUM
9UCJIOM $IBHO KOPPEJTUPOBAHHBIX JIEKTPOHOB.

OcobEeHHOCTRIO JIAaHHOW (DOPMYJIUPOBKU METO/a KOH(MUI'YPAIMOHHOTO
B3aMMOJIEHCTBUSI SIBJISIETCST HEOOXOMMMOCTh XPAaHEeHUsI B ONEPATUBHON ITa-
MATH BCEX IBYXJIEKTPOHHBIX MHTErPAJIOB OT MOJIEKYJISIDHBIX OpOuTaJIeit
(MO). D10 uncyo, mponopruonaibraoe 1/8N*, rae N - wncio MO, 3amaét
BBICOKHE TpeDOOBaHUsI K pa3MepPy OIEPATUBHON IMaMSITU Y3JI0BOIO KOMITBIO-
tepa. g xpanenuns Toipko maTerpasioB upu N=1000 tpebyercs okojo
933 I'b. Oxnako, /jist COBpEMEHHBIX MUKPOIIPOIIECCOPOB 9TO HE3HAUUTE b~
Has npobsema. Hampumep, KOHTPOJLIEP MaMsITh B MUKPOIIPOIIECCOPAX Xeon
E7-4800 v4 u xeon E7-8800 v4 mogmepxuBaetr ajapecaruio 10 3TH omepa-
TUBHOU IIaMATU HA IIPOIECCOP.

CaMm MeTo]1 KOH(DUTYPAIIMOHHOTO B3AUMOJIEHCTBHUS C IVIODAJIBHON TOY-
KI 3PEHUS SABJISETCs 0 CyTH METOIOM HAXOXKIEHUS SKCTPEMAJIBHBIX COO-
CTBEHHBIX 3HAYEHWI U MX COOCTBEHHBIX BEKTOPOB IKCTPEMAIHHO OOJIBIION
MaTpursr pasmeprocTH - 107 1 Bbime (eM. 0630p [13] HOBBIX HTEpATORHEIX
METOJOB aBTOpa). M3BeCTHO, 4TO MareMaTHYecKue MEeTOJbl HAXOXKEHUs
9KCTPEMAJIBHBIX COOCTBEHHBIX 3HAYEHUI XOPOIIIO MapaJLIe U3y 0TCs KaK 0
YUCILy Y3JI0B, TaK W TO YHUCIY siJiep MaKpOIPOIIECCOPOB, pabOTAIONNX HA/T
obrmem mosteM naMmaTu. [losroMmy mapasienmsanus MeTo1a KOHMUrypaiu-
OHHOI'O B3aMMOJIEHCTBHUsI, TEXHUIECKU CJIOXKHAsI, HE MMeeT ITPUHIUINAb-
HBIX TIpobJieM. [ 1aBHOE TpeboBaHME J7ISI 9TOTO UMETH JOCTATOYHBIN pa3Mep
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OIIEPATHBHOMN HMaMTH JIJIsI PA3MEIIEHUS JBYXIJIEKTPOHHBIX HHTEIPAJIOB OT
MO wu BosHOBOI hyHKIHN.

4. 3akJjroueHue

Paspaboranuble MOAUMDUIMPOBAHHBINA KJIACCUYECKUA M IIOJIY-TIPSIMOI
mapaJiiebHble MeTOIbI pernenus ypapuennit Xaprpu-Poka n Kona-ITlama
3HAYUATE/IFHO OIMEPEKAIOT TAPAJIJICBHBI MPSIMO METOJ PEIIeHUs] ITUX
ypapaeruii. ChopMyIMpoBaHbl OCHOBHBIE TIOJIXO/IbI K MAPAJIIETN3AIUN Me-
TOJIa, KOH(MUTYPAITMOHHOTO B3aNMOIEHCTBU ¢ OTOOPOM KOHMUTYpaInii, B
KOTOPOM MAaTPUYHBIE 3JIEMEHTHI BHIUUC/IAIOTC 110 npaBmiam Civrepa. On
TO3BOJISIET SIBHO KOPPEJINPOBATH 3HAYUTEIBHO 0oJibie 20 3JIeKTPOHOB, KO-
TOpOE SIBISETCS JTUMUTUPYIONIIM JIjIsT OOIIEITPUHSTOrO B HACTOSIIIEE Bpe-
MsI METO/1a KOH(DUTYPAIMOHHOTO B3aNMO/IEHCTBYS, B KOTOPOM MaTPUIHBIE
9JIEMEHTBI BBIUHUCJISIIOTCS HA, OCHOBE TEOPETUKO-TPYIIIOBBIX TOIXO/TIOB.
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It is demonstrated that the modified method of Fock matrix calculation with
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ber of basis functions for large molecular systems. Efficient parallel algorithms
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Stabilization
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Abstract. The equations of classical mechanics used for describing a dynami-
cal process of controlled systems containing different elements. The method of
constructing differential equations of known partial integrals is used to stabilize
the constraints imposed on the mechanical system dynamics which is described
by Lagrange equations and Hamilton equations. The problem of constructing
the dynamics equations with known properties of motion in the class of Ito
stochastic differential equations was investigated by Tleubergenov M.I., Azhym-
baev D.T. Assuming that some of the properties of the motion are known and
the random perturbing forces belong to the class of processes with indepen-
dent increments, Lagrange functions, Hamilton functions and Birkhoff functions
can be constructed. Stability conditions for solutions of equations of dynamics
with respect to the constraint equations are obtained, and an algorithm for con-
structing equations of constraint perturbations that guarantees the stabilization
of constraints in the course of numerical solution is proposed. The problem of
controlling the rectilinear motion of a cart with inverted pendulum is solved.

Keywords: Modeling, system, differential, equation, dynamics, stability, con-
straction, solution, control.

1. Introduction

Modern methods for modeling the dynamics of complex systems imply
that the required operating properties satisfied at the stage of setting up
the equations of dynamics. To set up these equations and to investigate the
kinematic and dynamic properties of controlled systems equations methods
of classical mechanics [1] - [5] are used. The analogy of dynamic processes
in a simple economic object with the motion of a point of variable mass [3]
makes it possible to solve problems of scheduling and managing the dy-
namics of production systems using the methods of analytical dynamics
of systems with variable mass [6]. The motions of mechanical systems are
described by differential-algebraic equations composed of equations of dy-
namics and constraint equations. A considerable problem in the numerical
solution of such systems is the stabilization of constraints [7], [8], which
is formulated as a problem of limitation of deviations due to additional
forces or adequate modification of constraint forces.
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2. Statement of the problem

We consider the problem of modeling the dynamics of a system with its
kinematic properties and control objectives given by constraint equations.
The control of dynamics should ensure that the constraint equations are
satisfied for appropriate initial conditions and the constraints are stabilized
under perturbations caused by deviations of the initial conditions and er-
rors in the numerical solution of dynamics equations. This problem can be
solved only if the constraint equations involve the partial integrals of the
corresponding equations of system dynamics. In this case, the solution of
the equations of dynamics must be asymptotically stable with respect to
the functions that estimate the deviations from the constraint equations.
The existing methods of constrain stabilization [7] - [10] are based on a
linear combination of equations of constraints and their derivatives. The
control constraint forces can be determined using the generic approach
based on the construction of systems of differential equations given known
partial integrals [11] - [13].

3. Construction of dynamics equations

Due to the dynamic analogies, methods of classical mechanics can be
used for the analysis and synthesis of control systems [12]. The necessary
kinematic properties and dynamics of the controlled system are described
by the system of differential-algebraic equations, presented by constraints
equations and, for example, the Lagrange equations

f(qat):()v fqv+ft:07 @(qavat)zoa
dq d (OL\ 0L oD
(ﬁ_v’cﬁ(&;)_&;_Q_&;+Bu’
q(to) = q07 ’U(to) = an
q,v ERn7 fERnu QOERM UERka

B = B(q,v,t),m+r<k<n.

Here ¢, v are the vectors of generalized coordinates and velocities, @, u
are generalized forces and controlling, L is Lagrange function, D is dissipa-
tive function. The general solution of problem of control synthesis that pro-
vides constraints stabilization is proposed. For the purpose of constraint
stabilization excessive coordinates ¢ = f(q,t), 0 = fov + f, v' = ¢(q,v,t)
are introduced and consider the extended system to which correspond La-
grange function L = L(z,y,t) and dissipative function D = D(z,y,t),

z = (q,v) , y = (¢, 0,v'), which satisfy the conditions L(x,0,T) = L(x, 1),

D(x,0,t) = D(z,t). For definition of constraint stabilization conditions
we will present the expanded system equations in the form.

dx
i w(z,t) + G(z, )y, (1)
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E = K( 7t)ya (2)
y_g(xvt):(l (3)
x(to) = 20, y? = g(2°t). (4)

4. Stability and stabilization

The stability with respect to constraints’ equations we shall consider
in sense of the following definitions.

Definition 1. The solution of the expanded system equations is stable
with respect to constraints equations, if for any e there exists such 6,
that for any initial conditions z(tg) = ¥, that satisfy the inequalities
ly(to)|l < 6, for all t > tg the inequality ||y(¢)|| < e fulfills.

Definition 2. The solution of the expanded system equations is asymp-
totically stable with respect to constraints equations, if it is stable and the
condition lim;_,« ||y(¢)|| = 0 is fulfilled.

The solution of the system of equations (1),(3) is asymptotically stable
with respect to constraint equations g(z,t) = 0 , if the trivial solution
y = 0 of the system of constraint perturbation equations (2) has this
property. The matrix K of the coefficients of equations (2) of constraint

perturbations is determined by the choice of functions L, D, and it gener-
ally depends on the phase coordinates ¢, v of the original system. If matrix
K is constant, then the trivial solution is asymptotically stable if the roots
of the characteristic equation have negative real parts. In the general
case, the stability conditions are determined directly by the method of
Lyapunov’s functions [14]

For the successful numerical simulation of the dynamics of controlled
systems, the asymptotic stability of the solution of equations (1),(3) with
respect to constraint equations g(z,t) = 0 is insufficient. The constraints
will be stabilized only if the deviations of the numerical solution of the
equations of dynamics satisfy the constraint equations with certain ac-
curacy. Obviously, the estimation for deviations of the solution to the
equations of dynamics depends on the numerical solution method.

Let differential equation (1) with (3) and the initial conditions (4) be
solved using the simple difference scheme

Rt = 2k 4 1o (2k 1),
f}(xat) = U/(l’,t) + G(xat)ya
P = x(ty),

T:tk_;,_l*tk,
k=0,1,2...
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Then, expanding the function y**1 = g(2**1 #,,1) in powers of 7 with
regard to (1),(3) as

ag\" og\" 72
k41 _ 99\ A a9 T k@)
y y+<8w> .’ﬂJrT(at + 5907

we obtain the bound
k+1 k k 7 k(2)
1™ < Mt + 7K (25, 8171+ - g™

Hence, if [[y*|| <&, [[Lm4r + 7K (2%, 1) <@ <1, 7°g"P]| < 2¢(1 —
), then we have the inequality ||y*!| < e.
If equations (1),(3) is solved using the second order difference scheme

= 2F 4+ Ak, AzP =7(1 - 0)oF 4+ rot",
o* =2kt + ar), &, =z + ardh,
o >0, a >0, k=0,1,2,...

where o and o are constants and the conditions

200 =1,  |¢¥<e,  Pg"P | <6e(1-p),
1
||Im+r + TKl(l'katk) + 57_2K2(xk7tk)” < B <1, (5)
dK (z*,ty,)

Kg(l‘k,tk) :KQ(xk,tk)—F dt 5

hold for all k = 0,1,2,..., then we have the inequality ||y**!|| < e (see
[15]). If is a constant matrix, inequality (5) is simplified:

1
||I7n+7- + 7K + 572KH < /6 < 1.

The constraint stabilization conditions to be imposed on the coefficients
of constraint perturbation equations (2) with the help of higher order fi-
nite difference schemes were obtained in [16]. Specifically, the solution of
equations (1),(3) by a fourth order Runge-Kutta method can provide the
stabilization of constraints if the following conditions are satisfied:

7°llg* || < (5De(1 ~ B,

4 T k
HIm—&-r + 25:1 g (KG) H < 5 < 1,
K, =K,
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dK
Ky= " 4 K?
2 dt + )
PK _dK
Kyg=—— +3°~ + K3
3% gz T T
BK K dK\? dK
Ky=—— 14~ 132> 6 K2+ K*.
S E e T (dt>+ T

At each computing step, the constraint stabilization conditions ensure
that the constraint equations are satisfied with a given accuracy and the
deviation errors are not accumulated. This makes it possible to use sim-
ple numerical methods for solving the equations of the controlled system
dynamics.

Example. The solution of the system of first order differential equa-
tions

dx dy
— =X — =Y
= X@y), =Yy,
x
X(z,y) = —dey — mu(%y%
4y
Y(z,y) =cx— mu(% Y),

u(r,y) = k(z? + 4y — 4),

satisfies the constraint equation g(x,y) = (22 + 4y®> — 4)/2 = 0. The
equation of constraint perturbations dg/dt = /kg has an asymptotically
stable trivial solution g = 0 for all £ > 0 . The system is numerically
solved using the difference scheme

aF = gk 4 7 XF P =k Yk thr1 =t + 7.
We assume that

e =0.001,7 =0.001, [z] < 2.1, |y| < 1.1,e =1,
to=0,20=29"=0,]g(z°, %) =0 < e.

Inequalities for o and k take the form a < 0.815, 0 < k < 38217. As-
suming that a = 0.8, we obtain the conditions for k: 200 < k < 1800.
The direct calculations show that, for £k = 50 and £ = 2050, the
condition for the numerical solution stability is violated at ¢ = 0.023:
|g%3] = 0.00011 > & and ¢ = 0.069: |g%%] = 0.00011 > &, respectively. For
k = 300, the stabilization conditions are satisfied: |g| < 2.66FE — 05. The
graphs of changes in the deviation of g(¢) from the constraint equation
g(x,y) = 0, corresponding to the values k = 50,300, 2050, are shown in
Fig. 1.
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Figure 1. The deviations from the constraint equation

5. Construction of stochastic differential equations

The problem of modeling control dynamics systems in general formula-
tion has a broader interpretation and relates to inverse problems of dynam-
ics. The problem of reducing the system of differential equations to the
structure of the Lagrange equations and systems of Helmholtz is studied
in [17], [18]. A method of constructing dynamics equations of systems with
constraints in the form of Lagrange equations is proposed in [19]. Inverse
problems of the Helmholtz dynamics systems are investigated in [20], [21].
In [22], [23] methods for solving inverse problems of dynamics are used
to construct the equations of the dynamics of systems with constraints in
generalized coordinates, in the canonical variables and equations in the
form of Birkoff.

The task of constructing stochastic equations in the form of Lagrange
equations is as follows. From the known constraint equations

d
9(q.v.) =0,  gE€Rn  g€R, v=l (6)

required to construct a stochastic differential equation in the form of La-
grange equations.

dg d (0L\ 9L .
E =, % (8’0,,) aiqu - qu(qvvvt)§ )

€ Ry, k>m,

(7)

so that the set (6) was a system of partial integrals of the system (7). Here,
&(t,w) is a system of random processes with independent increments.

We represent the random process as the sum [24] & = & +
[ e(y)P°(t,dy), where & - Wiener process, P° - Poisson process, PY(¢, dy)
- the number of jumps of the process PY at the interval [0, ], entering into
a set of dy, c(y) - vector function mapping space R, in the space values
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of £(t) for all ¢t. To solve the problem in the first phase build a system of
Ito differential equations of the second order

dg dv

E =, dt f(Q7v t) + J(qﬂ) t)f (8)
for which the equality (6) is a set of partial integrals. Next, construct
stochastic equations of Lagrangian, Hamiltonian or Birkoffian structure
equivalent to the equation (8).

Previously, by the rule of stochastic Ito differentiation derivative is
calculated:

d 0 dg
ﬁ g f+ +51+SQ+S3+

dt 3q v ot,
_ 1 7 829
=37 aan )
g
0= {ata 0+ o)) = 90,00 + oty f a
Sy = / (g, v+ oc(y), ) — glg, v, )| P(t, dy).
Equating the right-hand side of equation (3) expressions
@—A( v,t) + B(g,q,v,t)&
dt - .g?q? ) g?Q’ Y ) (10)

A(Oa q,U,t) = 07 B(Oa Q7vat) = 07

form the equations of perturbation constraints. Comparing equation (9)
and (10) we arrive at the relations

99p 409 9 g 55,

v at 0 (11)
%,_p

o

The vector f and the matrix o is defined as the total solution of the
equations (11)

_ [og W\ " (, 99 09 o o
f—SO |:81}C:|+<81)) <A a 8qU Sl SQ 53 y
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where s - arbitrary scalar value, Sy is an arbitrary diagonal matrix

Thus the set (8) Ito differential equations of the second order allf')wing
partial integrals (6) has the form

dg dv dg dg + dg Jg
E =, E = S0 |:8'UC:| + (6’(} A E 87(]'() Sl SQ Sg +

(o[ (2)2)

(12)
After similar calculations for 7 (g > by the rule of Ito stochastic
differentiation
d (0L 0%L 0*L 0L duy
— —_— = S 14 S 14 S 128}
a (au,) 90,0t d0,0qs "t dugooy ar T TR s

arrive at the system

dq 9L 9L 0?L dv, OL
- =, + Uk — = —+
dt v, 0t 0v,0qy Ov, 0vy, dt dq, (13)

+ glu + 5(21/ + S’Su = Uy//j<qa Uat)éjv

From a comparison of the expressions (12), (13) the conditions that
must be imposed on the Lagrangian L and the matrix o’:

0L ok
v, Ov, Y
oL 0L 0L
o m+8vyaquk+51u+s2u+53u*fm

+
o = S() [gg0:| + <gg) B.

6. Applications

The proposed methods are used for solving problems of control of pro-
duction, logistics and technical systems.
A. The control problem for discrete adaptive optical system’s element.
Mirror’s element is simulated by a rigid body with six degrees of free-
dom and controlled by three parallel forces applied to the points of rigid
body at which the mirror is attached. The mirror moves along the guides
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B. Modeling of electromechanical system.

In the control problem of electromechanical system, consisting of power
supply unit and direct current motor, which controls crank mechanism,
the variable voltage is used for control. The dynamics equations and the
constraint equations are formulated. The solution of differential-algebraic
equations and phase portraits plotting are performed using the integrative
system of computing symbol mathematics Maple.

C. A control problem of a wheel system’s motion.

A control problem of a wheel system’s movement along a given tra-
jectory © = —kit, y = 0 with avoidance of moving bodies is resolved.
Three-wheel system is controlled by torque moments applied to back axle
wheels. In order to formulate the trajectory set qualitative theory’s inverse
problem of differential equations is used. System dynamics is described by
Voronet’s equations. The system is moving with avoidance two moving
obstacles, constrained curves

(1 — 2+ kst)? +4¢3 =1,
3

1 16
= 1— kyt)? 4+ — o2 =1
1@+ 1=kit)’ + (a2 + 3)

The trajectory is obtained as a result of solution of the dynamics equa-
tions at given initial conditions.

0 1

Figure 2. The trajectory of the center of the system.

D. Management of tire enterprise consisting of two plants.

The management problem of enterprise for the production of tires,
which consists of two factories: the factory of truck tire and of car tire
factory. We investigate the dynamics of the necessary resources. As con-
trol functions considers the cash inflow on acquisition for the necessary
equipment.

E. The problem of control for inverted pendulum on a movable base.

In a uniform gravitational field, a cart of mass m; can move linearly
along the horizontal axis Ox of the Cartesian coordinate system under the
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action of force F. The position of the cart on the axis Oz is determined
by the coordinate x of point Op, which has a hinged uniform rod O; A of
length 2/ and mass mo (Fig. 3). It is required to determine the magnitude
F of force F and torque M applied to the rod needed to move the end A
of the rod along a predetermined curve. The system dynamics is described
by the equations

dx dy
a0 A =W
2 a .
dv _ macos o(4lw* — 3gsin @) N 4 Fa 3Sln(pM7
di IN(¢) N(p) IN(p)
dw  3cosp . 3sing 3(my + ma)
&= Imaw? sin g — F
dt = IN(g) UM s = (md ma)g) by F S NG M

N(p) = 4my +ma(1 + 3cos® ),

where ¢ is the rod slope angle with respect to the axis Oz and g is the
acceleration due to gravity. Constraints corresponding to the motion of a
point A on the curve described by the equations

x+2lcosp —a(t) =0, 2lsinp — b(t) = 0.

Figure 3. Control for inverted pendulum on a movable base.

Believing
fi=x+2lcosp —a(t), fo =2lsinp — b(t).

the constraint perturbation equations can be represented by a linear system

df; ; : ¢ . ;
de; = f, % = —kufi — kiaf1, % = —ka1 fo — kaa fo,
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kij>0, 1,7 =1,2.

The problem of describing the point of the text is composed from
straight segments and arcs of ellipses is solved (Fig. 4).

—_—

CNAICUYO

Figure 4. Movement of a cart with inverted pendulum along a curve.

7. Conclusions

The results of theoretical research and numerical experiments confirm
the efficiency of the proposed methods of stabilization of constraints that
describe the system dynamics and the constraints that restrict the changes
of the coordinates and velocities.
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Annoranusi. Heo6XoquMoCTh PEKOHCTPYKIUU TPEXMEPHBIX KOODJIUHAT BO3HU-
KaeT B 3aJadax PACIO3HABAHUs, B KOTOPBIX TPeOyeTcs BOCCTAHOBUTH (DOPMY
n306parkeHHOro obbekTa. OnuH M3 cnocoboB pemreHus 3afadu Oasupyercs Ha
HCIIOJIb30BAHUN MOJEJIM CHCTEMBI TEXHIYIECKOrO 3PEHHs, OIHUChIBaOIel (hopMu-
poBanue crepeonapbl u3obpaskenuii. [lapaMeTpsl Takol MOJIEIU 3a0AI0TCS MaT-
puriamu mpeoOpa30BaHUs OJHOPOIHBIX KOOPAUHAT CIeHbI. JITs1 KaanbpoBKU MO-
JleJId MOTYT OBITH HCIOJIb30BAHBI TECTOBBIE CTEPEOU300DAKEHUsI, CIeJIaHHbIE B
Pa3HBIX paKypcax, JJisl IIeCTU TOYEK KOTOPBIX M3BECTHBI KOODIUHATHI COOTBET-
CTBYIOIIUX UM TOYEK CIEeHbl. TOYHOCTH BOCCTAHOBJIEHMSI KOODIHMHAT TOYEK II0-
BEPXHOCTHU U300Pa’KEHHOTO 00bEeKTa (TIPU YCJIOBHU YAATHOTO PACTIO3HABAHUS CO-
OTBETCTBYIOIIUX UM TOYEK CTEPEONapbl N300paKeHuii) 00yCIaBInBaeTCs, IIaB-
HBIM 00pPa30M, TOYHOCTHIO KAJUOPOBKHU MOJEIN TEXHUIECKOTo 3penns. OreHka
[IOTPEITHOCTEN MMO3BOJISIET MOCTPOUTH TETPa’dp, BO BHYyTPEHHEH 00JacTh KOTO-
pPOTrO JIEXKUT TOYKA IIOBEPXHOCTH TPEXMEPHOIO Tejia, COOTBETCTBYIONIAs PACIIO-
3HAHHOM TOYKE CTEPEOn300parKeHus.

KurroueBsbie cioBa: crepeonsobparkeHne, KaaubpOBKa CTEPEOKaMEPbI, CTEPeO-
rpadudecKasi IPOEKIIHS.

1. Bsenenune

ITouck TOYHOTO MECTOITOIOXKEHUSI IEJIEBBIX OOBEKTOB IIyTEM AHAJII3A
CHUMKOB, CJIeJIAHHBIX CTEPEOKaMEPON, yCTAHOBJICHHON Ha JIeTaTeJIbHOM all-
rapare, IIPEJICTABISET CYIIECTBEHHBIN ITpaKTu4IecKuii maTepec. [Ipu sTom
BayKHO MMETh OOOCHOBAHHbBIE OTIEHKH IIOI'PEITHOCTE, BOSHUKAIOIINX B IIPO-
necce Bbraucienuii. Vlcxomuoit nadopMarmeil 1jis Moy deHnsi KOOPAUHAT
OOBEKTOB CJIY2KUT MHOXKECTBO COTJIACOBAHHBIX I1ap IUKCEJEN, IIePBBIi U3
KOTOPBIX IPUHAJJICXKUT JIEBOMY, & BTOPOIl — IIpaBOMYy M300PaKEHUIO, TIOJTY-
YEeHHOMY cTepeokamepoii. JIjis BbISIBIEHUS 9TUX AP MUKCEIEl TPOU3BOISAT
COIIOCTABJIEHNE COOTBETCTBYIOIINX CTPOK HAPbl N300PAKEHUH, SIBJIAIONINX-
Cd TPOEKIUSAMHU OJTHON TOPU3OHTAJbLHOU JIMHUU Ha MeCTHOCTH. TodHOCTH
BOCCTAHOBJIEHUSI TPEXMEPHBIX KOOPANHAT 00'bEKTOB 00yCJIaB/INBAETCSI MHO-
2KeCTBOM (paKTOPOB, IVIABHBIMH CPEIU KOTOPBIX SBJISIIOTCS IIOTPEITHOCTD
KaAJIMOPOBKY CTEPEOKAMED U HEOTHOZHATHOCTD OIPEIEICHIST KOOPINHAT CO-
OTBETCTBYIOIIUX IUKCeJIell. DTa HEOJHOZHAYHOCTh BO3HUKAET BCJIEJCTBHE
DPa3HUIIBI PACIIPE/IESIEHUS IPKOCTEI Ha N300PaKEHHSX, IOy Y€HHBIX B Pa3-
HBIX paKypcaxX, U JUCKPETHON mpupoisl n3obpaxkenuii. C mpakTUIecKom
TOYKH 3PEHUS BaXKHOM SIBJISIETCS BHIPAOOTKA aJTOPUTMa OIEHKH abCOJTIOT-
HBIX NOTPENIHOCTEIl BBIYUCJICHHBIX TPEXMEPHBIX KOODIWHAT.
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2. TIlocraHoBKa 3aga4u

IIpeobpasyromue XapaKTePUCTUKNA CUCTEMbBI TEXHUIECKOTO 3PEHUsS MO-
Jenupyiorcss marpurieit T pasMepHOCTBHIO 4x4, KOTOpas ONUCHIBAET IPO-
eIUPOBAHME TTPOCTPAHCTBEHHON TOYKHU, 38JAHHON B OJTHOPOIHBIX KOODIH-
HATax, B IJIOCKOCTb n300parkenus [1]:

[x y z 1 xT=[H«* Hy* 0 H],

rue (x,y,z) — TPeXMepHble KOOPJIMHATHI TOUeK 06bekTa, (¥, y*) — Koop-
JWHATHL TOYKM B mpoeknuu, H — macmrrabusiii kosddurment. B ciayaae
aHaJIM3a CTePeon300parKeHNsi, KOTJIa U3BECTHBI 1Ba Habopa (2, y*), coor-
BETCTBYIOIIHE PA3HBIM PAKypPCaM, U JBE COOTBETCTBYyoNme Marpunsl 10 u
T?, 33292 BOCCTAHOBJICHNS] TPEXMEPHBIX KOODJIMHAT CBOJAUTCA K CHCTEME
U3 YeThIpexX ypaBHEHUil ¢ TpeMs Hem3BecTHbIMU. B cirydae paccorsiacoBa-
HUsI IAPAMETPOB IIPeodPa30BAHUs JIEBOH U MIPABOil BUICOKAMED 9TU YPAB-
HEHWsI HECOBMECTHBI, ¥ CHCTEMY MOYKHO PEIUTH TOJBKO MPUOINKEHHO [2].
CucreMy MOXKHO TIPUBECTH K (DOpMe

(T111 - T114$ )z + (T211 T214x1*)y + (T311 T314-’EI*)Z + (T411 - Thx )=0
(T112 - T114Z/1*)$ + (T212 - T214y1*)y + (T312 - T314Z/1*)Z + (T412 - T414y1*) =0
(T, - T124932*)95 + (T21 — T224$2*)?J + (Ts1 — T324=T2*)Z + (Tay — T424902*) =0
(Tt = Thy™ e + (T3 — Toay™ )y + (T5: — Toay™ )z + )

1 3alnucaTb B MaTPUIHOM BHUJE
A()Q?o = b(). (2)

Cucrema MOXKeET OBITH HpI/I6.TII/I)KeHHO penieHa MeTOAOM HaNMMEHBIINX
KBaJIpaToOB, O6eCHe‘II/IBaIOH_U/IM MUHUMYM KBaJIpaTa OIINOKMU:

o = (AT A9) " Al'b, (3)
rae
T111 - T114x1* T211 - T214171* T311 - T314x1*
T112 - T114y1* T212 - T214?Jl* T312 - T?,l4yl*
Tt — Tha™ T3 — T TH — THa™
Tty = THy™  Top = T5,y>* Tih — Toy™

o = Yyl AOZ

3

1 ,.1%
Tyya™ —Tgy
1, 1% 1
bo = Ty =T
T2 w?* _
44 41
2 2% 2
Tay™ —Th
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Touka, cOOTBETCTBYIOMAs PEIIeHnIO (3), PACIONOKEHA BHYTPH TeTPa~
9/[pa, OIPAHIMYEHHOTO YEeTHIPHMsI IUIOCKOCTSIMU, 3a[aHHBIMU yPABHEHUSIMU
cucremsl (1).

3. OHeHKa TOYIHOCTH BOCCTAHOBJIEHHA TPpEXMEPHBbIX KOOpAWUHAT

1151 BBIpabOTKY aJrOpUTMa OIEHKH TIOIPENTHOCTE, BOSHUKAIOIIUX TIPH
BOCCTAHOBJIEHUU TPEXMEPHBIX KOOPIUHAT II0 JAHHBIM CTEPEOn300PaKeH s,
NPOAHAIN3UPYEM OCOOEHHOCTHU MPUBIIMKEHHOTO pemterust (3) cucreMsr (2).
DTO pellleHre JIEXKUT BHYTPU Te€TPa’Jipa, BEPIIUHBI KOTOPOI'0 MOXKHO Haii-
TU PelIeHHeM YeThIPEX CUCTEeM yDPABHEHHWii, [0JIydYeHHbIX u3 cucrembl (1)
yJIaJIEHUEeM OJIHOTO U3 ypaBHeHHil. PazMepsl TeTpasjpa OIpejessio TOu-
HoCTh npubsmkennoro perenus (3). ITokaxem, aro eciu KoadbdbuueHTsH
Marpunibl Ag 1 crosiber; cBOOOIHBIX YJIEHOB by M3MEHUTH Ha MaJible Be-
JIMYUHBL, TO U perenue (3), Moy YeHHOe ¢ IOMOIIBI0 METO/Ia HAUMEHBIIUX
KBa/I[PaTOB, U3MEHUTCSI HE3HAUUTEJLHO. [1JIsT 9TOr0 BBEJIeM BO3MYIIAIOILY IO
maTpuily Aip, Bo3MmyIaomuii BeKTop by u morpebyeM, 4TOOBI CHHTYJISIP-
Hble 9nciIa (TO eCTh KBaJIpaTHble KOPDHU M3 COOCTBEHHBIX UHCEN) MATPUIIHI
A; 6bLIn orpaHUYeHbl CBepXy HEKOTOpoil KoncTanToi [3]. Tlomumo cucre-
MBI (2) PaCCMOTPUM TaKKe CUCTEMY

(A() + €A1) Te = bo + 61)1,

rje e-Magblii napaverp [4]. E€ pemenne uveer sus

2o = (AT + eAT) (Ag + e41)) ™" (AT + cAT) (bo + eby) .
PaccmoTpum BhIpazkenme
J = (AT +eAT) (Ag +eAy) A,
rae A = |.235 — J;O| — orkJioHeHUe. Bemmauny J MOXKHO IPUBECTH K BHUILY
J =eA] (B — Ao(Af Ao) " Ao) bo+eAf (br — A1 (AT Ao) "t Al by) +0(e?),

rie E — equamanas matpuna. Marprma AL Ag monoxurensio ompeserne-
Ha. 3HAYHUT, DU MAaJIbIX 3HAYEHUSX € 9TO CBONCTBO COXPAHSETCS U JIs
(A§ +eAT) (Ao + €Ay), BeaeacTene dero nveem

A =0(e) = ||(Ag + A1) (Ao + e A1) || — || AT Ao -

Takum 06pa3oM, MaJjIble U3MEHEHUS TIAPAMETPOB CTEPEOKaAMEDHI IIPUBO-
JIAT K MAJIBIM U3MEHEHUsIM PeIlleHNs 33/1a9l BOCCTAHOBJIEHUS] TPEXMEPHBIX
KOOPJMHAT M300PasKeHHOT0 00HEeKTa.
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4. Bbi6op onTUMaJIbLHOTO TPUOJIUKEHUS

PeHIeHI/Ie (3) IIpI/I6JTI/I)KaeT TOYHBbI€ KOOP/IMHATHI TOYKHN CHEHBbI, JIJIsA KO-
TOPOIl PACIIO3HAHBI KOOPINHATHI €6 TPOEKINN Ha CTEPEON300paKeHNH, 0
METO/ly HAMMEHBIINX KBa/IPATOB. BO3MOYKHO HCIIOJIb30BAHUE JIPYTUX KPH-
TEpUEB, B COOTBETCTBUU C KOTOPBIMU JIPYTUE TOYKH, JIEJKAIINE BHYTPH TET-
pasIpa, 3a3JaHHOI0 ypaBHEHUsAMU cucreMbl (1), OyIyT paccMaTpuBaThCs B
KavYecTBe ONTUMAJIBHOTO npubsmkenust [4]. s BeipaboTKa TaKnx KpuTe-
pueB OyzeM HCIO/Ib30BaTh cucreMy (1), mepeonpeeeniyio B 0003Haue-
HUSAX ypaBHeHus (3):

1T + a1y +an12+b1 =0
Ag2® + 2y + az02 + by =0 (4)
(73T + ay3y + a3z +b3 =0
AzaT + Qyaly + az42 + by =0,

MozKHO UpeJJIOKUTH CJIEYIONIHe KPUTEPUHM IIOUCKAa TO4YKH N =
(z,y, 2z), aBisIOmEeiica ONTUMAIBHBIM TPUOIHIKEHIEM:

1. MunuMu3anust CpeaHeKBAIPATUIHONO OTKJIOHEHHst N OT peleHust
ypaBHeHuiit cucremsr (4);

2. MunnMusanmsi oTkjaoHeHUus1 N OT peIleHWsl yPABHEHUS U3 CUCTe-
Mbl (4) mas caydas ypaBHEHUs, JAIOIIEr0 caMoe GOJIBIIOe OTKJIOHE-
Hue;

3. MunrMu3anms CpesHEeKBaIPATHIHOTO OTKIOHeHN N OT rpaHeii Ter-
paspa, 33JAHHOIO yPABHEHUSIMU cUCTeMbI (4);

4. Munnmvuzanus oTKaoHeHus [N OT TPAHU TeTPadApa, JJs cIydasd Ipa-
HU, COOTBETCTBYIOIIEH cAMOMY GOJIBIIIOMY OTKJIOHEHHUIO;

5. MuHUMU3AIUST CPEJHEKBAIPATHIHOTO OTKJIOHEHNSI OJJHON U3 KOOP/IH-
HaT Touku N OT pelienus ypasHeHuii cucrembl (4);

6. MunnMusanms paccTosHus OT TOYKU N JI0 BEPIIUHBI TETPASAPA IS
cJIydasl BEPINUHBI, COOTBETCTBYIOIIEH CAMOMY OOJIBIIIOMY OTKJIOHE-
HUIO, TIPU YCJIOBUM HAXOXKJeHUst N BHYTPH TeTpasapa.

[Tepeorit KpuTepuii mpuMensiercs Hanbosee yacto. OH y2Ke PacCMOTPEH
B TPEThEM pa3Jedie.

IIpu paccMoTpeHUM CIydas MUHUMH3AIANA OTKJOHEHUS IS CJLydast
YDaBHEHUsI, JAIOIEro caMoe OoJIbIoe OTKJIOHEHHe cucreMy (4) MOXKHO
MPUBECTU K BULY

1T + a1y + a2+ b1 =§
Az2% + Qyoy + z22 + by = ¢
az3% + ay3y + az3z + by =§
Qz4T + Qyaly + az42 + by =&,



Hryen 3.T., ®omun M.b., Xauymos B. M. 237

rjie £ — OTKJIOHEHHE OT PeIleHusl CUCTeMbl. Peras cucreMy MOKHO HaflTh
TOYHOCTH IPUOJIMKEHUS &.

IIpn MuHUMU3AIMY CpETHEKBAIPATUYIHOIO OTKJIOHEHNsI OT T'PAHell TeT-
pasipa ycJIOBHe IONCKA ONTHMAJILHOTO PEIIeHNns NMMeeT BUT

i % 21 bi2 .
Z(a &+ ayiy + aziz + b;) s min.

62_
- a2, +a’ + a2 Y,z
Tt Y 21 I

1 IIPpUBOJ/IUT K CUCTEME ypa,BHeHI/IfI

amzayz Qi @z azibi o
S T D 0

? 2

- Z axzayz Z + 5 Z a’yzazz Z ayl -0 (5)
. Z amazz Z ayzazz Z Z azz i 0,

rne A7 = a2, +a2; + a2, i€ {1,2,3,4}.

Venosne MI/IHI/IMI/IS&HI/IH oTkJioHeHnst N OT I'PaHd TETPa3/pa JJIsl CJIy-
9asi TPaHy, COOTBETCTBYIONIE caMOMy GOJIBIIOMY OTKJIOHEHUIO, IIPHBOIUT
K PABEHCTBY DACCTOAHMIL /10 BCEX TpaHeil. B ciyvae TOCTHKeHNsT MUHIMY-
Ma TouKa N JIEKUT B [EHTPE MIapa, BIUCAHHOTO B TETPA3/IP.

ITpyn MUHMMH3AIME CDPEHEKBAJIPATUYHOIO OTKJIOHEHUs TOYKH N IO
OJIHON M3 KOOD/MHAT NPUXOJMM K CHCTEME ypaBHEHWH, MOMOGHON cucTe-
Mme (5):

a? Qi Qyi Aai Agibi
xzaé”z az; +Zzazi+zi: az; -
xz%%+zww23+2%“o
X TVt Y=

21

1

VcioBue MUHUMU3AIMsSI OTKJIOHEHHs [N OT BEPIIMHBI TeTpa’dipa JJis
cydasl BEPIINHBI, COOTBETCTBYIONIEH caMOMy OOJIBIIIOMY OTKJIOHEHHUIO,
IIPUBOJUT K PABEHCTBY PACCTOSHHIl IO BCEX BepINUH. B ciydae J10CTH-
JKEHUST MUHUMYMa TOYKa N JIEXKWUT B IEHTPE IMapa, OMUCAHHOIO BOKDPYT
TeTpadapa.
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5. HOl"peI_HHOCTb BOCCTaHOBJIEHUdA KOOpAWHAT, CBA3aHHadA C
HEOJHO3ZHATHOCTBHIO pPAacCIiO3HaBaHUA COOTBETCTBYIOIIINX nuKceJiein

UcxonubiMu  JaHHBIMUA JIJISI  BBIYHUCJIEHUST KOI(MDPUITMEHTOB ypaBHe-
uus (1) aBisiores aBa HaboOpa KoopauHaTr (x*, y*), onuChIBAIOIIUE HAPY
COOTBETCTBYIOIIUX ITUKCEJIEil, pACIIO3HAHHBIX Ha cTepeon3odpakennu. Pac-
[MO3HABAHNUE TTPOU3BOJUTCS MIyTEM aHAJIN3a PACIPEIEIEHUsT SIPKOCTH B CO-
ITOCTABJIAEMBIX 0DJIACTIX CTEPEON300PaYKEHN s, BBISBICHUEM 0COOEHHOCTEH
9TOr0 PaCIpeIe/IEHUs U yCTAHOBJIEHNEM COOTBETCTBUSI MEXKTy ITUKCEJISIMH,
HAIEHHBIMI HA JIEBOM U IIPABOM M300PaKEHUSIX, B OKPECTHOCTH KOTOPBIX
MPOSIBJISIETCS 3T, OCODEHHOCTh. B KadecTBe MATeMaTHYECKOrO KPUTEPUst
UCITOJIB3YIOTCS PA3JINYHBIE CTATUCTUIECKIE XaPAKTEPUCTUKY PACIIPEIeIe-
HUSI SIPKOCTH.

HeonmoznaaHoCTh ONpee/ieHusT KOOPJAUHAT COOTBETCTBYIONUX MMHKCE-
Jieil Ha cTepeon300parkeHny IIPUBOIUAT K IIOIPEIIHOCTU IIPU BOCCTAHOBJIE-
HUU KOOPJIMHAT TOYEK Ha MOBEPXHOCTU OOBEKTOB CIEHBI. BO3MOXKHBI pa3-
Hbl€ IPUYWHBI BOSHUKHOBEHUS HEOIHO3HATHOCTH. 3-3a pasimmans pakyp-
COB IIMKCEJIIO Ha OIHOM H300paKeHUN MOXKET COOTBETCTBOBATH HECKOJIBKO
MUKCeJIell Ha JIPYTOM, JJIsi KOTOPBIX OJMHAKOBO OYJIyT BBITOJTHATHCST KPH-
TepuM OIEHKHU pacipejeieHns spkocTu. [lukcesn, nMeronumecs: Ha OJHOM
I/1306pa.)KeHI/II/I7 MOI'yT HE 6I)ITI> npeJacTaB/IEeHbl COOTBETCTBYIOIUMU ITNKCE-
JISIMU Ha JIPyroM u3-3a 3hdeKTa 3aropaKuBanus. AJTOpUTM COmocTaBIe-
HUsT MOYKET BBIMIOJIHATHCS Oe3pe3y/IbTaTHO U3-38 MOHOTOHHOCTU TEKCTYPhI
n300pazkeHHbIX 00beKTOB. ONUCaHHBIE CIydYad MOTYT IIPUBOIUTH K 0OJIb-
UM [TOTPEITHOCTSIM, JIJIsi KOTOPBIX CJIOYKHO MMPOU3BECTU CTPOTYIO KOJIHIE-
CTBEHHYIO OIEHKY.

6. 3akJirouyenue

B pabote 0bLi1a paccMOTpeHa, 33/1a4a PEKOHCTPYKIIMA TPEXMEPHBIX KO-
OP/IMHAT TOYEK OOBEKTOB, N300parKeHNEe KOTOPBIX IOJIYYEHO C HCIOJIB30-
BaHUEM CTEPEOKAMEDBI. JHAHNE MPEO0PA3YIONNX XaPAKTEPUCTUK CACTEMbI
TEXHUYIECKOI'0 3PEHUsI TIO3BOJISIET B CJIyUae PAcIO3HABAHUSI HA CTEPEOU300-
paXKeHnu apbl IIKCeJIell, COOTBETCTBYIOIIUX OJHON TOYKE HA IIOBEPXHOCTH
n300pazkKeHHOTr0 00beKTa, CPOPMUPOBATHL CUCTEMY YPaBHEHUN 1 HAWTH pe-
IIIeHre, COOTBETCTBYIONIEE MUHUMAJIbHOM morperrnoctr. Toduka, cooTBer-
CTBYIOIasl STOMY DEINIEHUIO, JIEKUT B IEHTPE TETPAdIpa, BEPIIHHBI KO-
TOPOTO MOXKHO HAUTH IIyTEeM TOYHOI'O PEIIEHUs CHCTEMBI C UCKIIOYCHUEM
OJIHOT'O U3 ypaBHEHUIA.
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Evaluation of the reconstruction precision of
coordinates in modeling tree-dimensional objects
using stereo images

D. T. Nguen*, M. B. Fomin*, V. M. Khachumov*

* Department of Information Technologies
Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, Moscow, 117198, Russia

The need for reconstruction of three-dimensional coordinates arises in pattern
recognition, in which you want to restore the form of the object that is depicted.
Machine vision system model, describing the formation of a stereo pair of images,
can be used to solve this problem. The parameters of this model are determined
by the matrices, which specify transformation of the homogeneous coordinates of
the scene. Calibration of the model can be performed using several test images
at which six points that correspond to known points on the surface of depicted
object are recognized. The precision of reconstructing the points’ coordinates on
the surface is determined mainly by the precision of the machine vision system
model calibration. Estimation of errors allows building the tetrahedron, inside
which lies the point, corresponding to the detected point of the stereo image.

Keywords: stereo image, stereo camera calibration, stereographic projec-
tion.
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Filtration Flow in Porous Medium: Cylindrical and
Radial Geometry

Yu. P. Rybakov

Department of Theoretical Physics and Mechanics
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Miklukho-Maklaya str. 6, Moscow, 117198, Russia

Abstract. We study the hydrodynamics of flow in porous medium modelling the
grain filling in filters. Using the lattice approximation, we derive the structure
of the current in porous medium and obtain the transverse diffusion coefficient,
which proves to be proportional to the diameter d of the grain. Solving the
resulting continuity equation, one can explain the so-called ‘“near-wall effect”
resulting in large value of velocity near the wall. Finally, the filtration coefficient
is found for two kinds of filters: cylindrical and radial ones.

Keywords: porous medium, filtration, hydrodynamics, diffusion, near-wall ef-
fect.

1. Introduction. Lattice approximation and continuous limit

¢

The main difficulty in the filtration process seems to be the “near-
wall effect” [1,2], that is the anomalously large value of flow velocity near
the wall due to more large value of the gap between the wall and the
grains, the effectiveness of the filtration being decreasing. In order to take
this effect into account, let us first consider the discrete variant of the
mass conservation equation and number the lattice cells by the indices 7, j
(transverse to the flow direction) and k (along the flow), the corresponding
Cartesian coordinates being x, y and z, respectively. Let us denote the
local stream of the fluid by G, = Souiji, where u;jy, is the velocity of the
flow and Sy is the area of the gap between the grains, i. e. lattice spacing
squared. Therefore, the conservation law reads

Gijk = rGiji—1 + 0 (Giciji—1 + Git1jr—1) +
+ ¢ (Gij—ik—1 + Gijyrik—1), (1)

where the branching coefficients 7, p, ¢ are introduced and it is supposed
that p = ¢ due to the z, y symmetry of the flow. Inserting (1) into the

conservation equation
E Gijr = E Gijk—1, (2)
ij ij

one immediately gets the following constraint on the branching coefficients:

r+dp=1. (3)
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Identifying now the lattice spacing with the size d of the grain, it can be
proved through (1), (2), (3) that in continuous limit the following differ-
ential equation holds:

div(rd) = d 9, (p Ozu,) + d 0y (p Ozuy) . (4)

One can rewrite the equation (4) in the form of the stationary conservation
law:

divj = 0, (5)
where the components of the current jin cylindrical coordinates p, z read:
Jp =1up — DOpu., j.=rus, (6)

and the transverse diffusion coefficient is introduced:
D =pd. (7)

Taking into account that p = 0 at the wall, one can easily deduce from
(5), (6) and (7) the specific behavior of the fluid velocity near the wall.

2. “Near-wall effect”, velocity profile for two geometries

To find the velocity profile, let us first consider the flow in the cylin-
drical tube of the radius a. Suppose also that u, < u, = u and

D =~ Dy = const in the center of the tube (p — 0), but near the wall
(p — a) one could expect the behavior of the form:

D = Dyla— p)/d, (®)

if a — p ~ d. Thus, the velocity u(p, z) satisfies the equation
1
0, (ru) — ;ap (Dpdyu) =0, (9)

where D = D(p), r = r(p). Let us solve the equation (9) by the separation
of varibles:

U= ZGXP(*)‘HZ)Rn(p)a (10)

where z > 0 corresponds to the direction of the flow. At p — 0 one easily
finds

Rn = R'r: = CnJO(knp)7 kQ = )\n 10

. D—O, ro =1(0), C,, = const,
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with Jp standing for the Bessel function. However, at p — a one gets
9 [Dopla — p)O, Ry ] + dAnpr(p) R,y =0,

where D
0
r(p) =1-—5-(a—p).
In the first approximation one finds
" dk?
R,=R'~B,|1-—(a—p)]), B,=const,

To

where
B, = CpJo(kpa), Ji(kna)=0. (11)

As follows from (10) and (11), the main contribution to the velocity profile
is given by the first eigenfunction with kya ~ 3, 8317.
Let us now consider the radial flow, for which the components of the

current ; in cylindrical coordinates are given by the formulas similar to
(6):

Jp =TUp, J.=ru; — DOu,,
with the stream conservation equation reading:

0, (ruy) + %(% (rpuy) — 0. (DO u,) =0

If one supposes that u, < u, = u and D = Dy = const at z — 0, then at
z — 1 ~ d one can expect the form of D(z) similar to (8):

D= DO(Z - Z)/dv

with u(p, z) satisfying the equation
1
p 9y (r(z)pu) — 9: (D(2)0.u) = 0. (12)
Solution to (12) can be found by the separation of variables:
oo
= Z n exp )\np)v
where p > pg > 0, z € [-1,1]. If z— O7 one easily finds that

Zy =27, =Cpcos(knz), k2= )\nﬁ.
Dq
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However, at z — | one obtains the equation
[D(Z)Zr/z]/ = A2y
with the following behavior of its solution:

d
Zy =25 =B, 1= \y— (-

The smooth matching of the functions Z, and Z; gives the conditions:
sin(kn,l) =0, B, =(-1)"C,.

In particular, for the first mode (n = 1) one gets ky = 7/l and B; = — C4.
Thus, such a behavior of the velocity profile again illustrates the “near-wall
effect”.

3. Effectiveness of the filtration process

Finally, let us estimate the so-called filtration coeflicient, which is given
by the ratio of the impurity concentration n for the outgoing flow to that
for the incoming one. Taking into account that n satisfies the balance
equation of the form

on + div(nd) = —fn,

where u stands for the velocity of the fluid and § — for the absorption
coefficient of the porous medium, one gets for the stationary process of
filtration the following relation:

div(n @) = —fn, (13)

For the rude estimation of the solution to (13) one can neglect the
contribution of the diffusion term to the current f, since D ~ d and
Al ~1d/a* ~ dJl < 1 for both kinds of filters. Therefore, for the cylin-
drical filter one derives from (13), in supposition that u = uy = const, the
more simple relation:

div(nd) = d,ug = —fn,
whence
n(z) = ng exp (_Bz) . (14)
Uo

Taking into account that for the radial flow the velocity appears to be
inverse proportional to the radial coordinate p:

u = ug po/p,
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one easily finds

div(nt) = — 0,(pnu) =

whence

alp) = o exp [ 52 7] (15)

2ug po
Comparing the formulas (14) and (15) giving the expressions for the filtra-
tion coefficient, one can easily see that for p > pg the radial filter proves
to be more effective than the cylindrical one.

4. Conclusions

Studying the filtration process, we describe the flow in the porous
medium by the diffusion equation for the velocity, with the diffusion coeffi-
cient being proportional to the grain diameter. This result reveals a simple
mechanism generating the well-known “near-wall effect” in filters. Finally,
we estimate the effectiveness of the filtration process in the filters of two
possible geometries: cylindrical and radial ones, the latter type proving to
be more effective.
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Abstract. The Rubinow—Keller and Maxey—Riley method of estimating the
force and the torque acting on a small rigid spinning spherical particle moving in
viscous Navier—Stokes fluid is generalized to the case of shear flow and arbitrary
Reynolds number. We represent the velocity of the flow near the particle as solid
body part and small perturbation. As for the velocity far from the particle, it
includes a steady external shear flow part and again small perturbation. We use
quadratic polynomial approximation for the small velocity parts and insert it in
matching condition at some intermediate spherical surface. It appears that the
force and the torque acting on the particle depend only on linear parts of the
perturbative velocity. The force parallel to the angular velocity of the particle
proves to contain the oscillatory part, with the frequency being proportional to
the gradient of the external steady velocity.

Keywords: viscous fluid, spinning particle, shear flow.

1. Introduction

The equations of motion for small spinning grains in viscous fluid flow
were investigated in numerous papers [1,2]. The main approach was based
on the small Reynolds number approximation. We don’t use this suppo-
sition and suggest the polynomial development of the flow velocity near
the particle. As a result the linearization procedure appears to be effective
both in the nearest domain and far from the particle. General formulae
will be given for the force F and the torque T acting on the particle. In
the sequel we use the following notations:

a — radius of the sphere particle; £(t) — radius-vector of its center,
Q(t) — its angular velocity; V(t) = £(t) — velocity of its center,

r = (1,22, 23) — Cartesian coordinate radius-vector;

u(r) — steady fluid velocity; v(r,¢) — perturbed fluid velocity,

S — the particle surface; a = r — £(¢t) — relative radius-vector,

n — the unit normal vector on the surface S; p — fluid density ,

p — dynamical viscosity; v = u/p — kinematic viscosity,

oir — the stress tensor of the fluid; p — the pressure in the fluid.
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2. Main equations

The Navier—Stokes equations for the viscous fluid read:
v+ (vW)v=—vp/ptvAv, (1)
with the condition of incompressibility
divv = 0. (2)
We divide the space out of the sphere particle into two domains:
I'={a<pr—&@) <ro}, II={ro<|r—¢(t) < oo},

with some parameter g ~ a. In the domain I one can put

vV = U + Wi, (3)
where U stands for
U=V +QOxa (4)
and it is supposed that
lwa| < [U]. (5)

It can be seen that (4) corresponds to solid body motion of the fluid.
Inserting (3) into (1), in view of the restriction (5) one can linearize
the equation (1) in the domain I:

w1+ (w1 V)U + (Uy)wr —vAwy = - p1/p— 90U~ (UY)U, (6)
with the trivial boundary condition on the surface of the particle:
wilg = 0.
As for the domain 11, one can put
V=u+ Wy, (7)
with the natural restriction
[w2| < [ul. (8)
Inserting (7) into (1), one can linearize that equation due to (8):
Owa + (Way)u+ (uy)we —v Awe = —pe/p— (uy)u.  (9)
Taking into account that divU = divu = 0, one also derives from (2) the

similar equations:
divwy = divwy = 0, (10)
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with the natural boundary and matching conditions for the velocity, pres-
sure and their normal derivatives:

(14 50,) (w1 + U —wz — )|y, =0, (1+20,)(p1 —p2)lr, =0, (11)

where s is an arbitrary parameter. In particular, one can search for the
solution to (6) in the form of the polynomial decomposition:

wi; ~ A; + Biar + Cijkajaka (12)

with coefficients vanishing on S and being some functions of time ¢ and
|]a|, and use (12) to calculate the stress tensor

Oi5 = —p5ij +u (aﬂ}j + 8jvi) . (13)
Using (12) and (13), one can obtain the force F acting on the particle:

F; = f njoijdS = 41@3 (=0ip+ p A wi)y = 4ia3 <&:P+ ?WAQ) ;
S 3 3 a 0
(14)
where the prime denotes tha radial derivative and the subscript “0” stands
for the mean value of the corresponding function in the particle domain.
The latter value, due to small size of the particle, can be obtained by
extrapolation. Similarly, one can get the torque T:

4
T, = aeijk% n;omdS ~ pa’e;;, By, ]{ njndS = ga‘lueijkB,’cj. (15)
S s
Denoting the mass of the particle by m,,, one deduces from (14) and (15)

the following equations of motion for the spherical grain:

Mo gy = EGQ (—adip + 3pAj),; Mg TaQueiﬂB;ﬁj-

3. Structure of Solution in the Domain [

In the domain I we use the first three terms in the decomposition (12)
and the analogous one for the pressure:

p1 ~ Py + Prag + Quakay, (16)

where the coefficients are tensor functions of |a] and ¢ with the evident
restrictions:

Cirt = Citk, Cigk = 0, Qi = Qri, Qi = 0, (17)
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and the Einstein rule of summation over the repeating indices is used.
Now we choose the following Cartesian components for the vectors €2
and U: )
Q; = Qt)biz, U; =& — Qeigsay,
where dot denotes the time derivative, and insert the decompositions (12)
and (16) into (6). Using the well-known formulae:

8t|a| = —nkf-k, 8j\a| = TLj, Bjak = 5]‘]@7 ne = ak/|a\7

one gets, after multiplying (6) consequently by 1, a;, ajar and averaging
over the sphere niyni = 1, the following relations:

Ai = QeijsAj —v <A§’ + 2A2> =—&i - % (Pi + i{)Iaﬂ’) ;o (18)

al

. 4
Bir, — Q (€x3Bij + €ij3Bji) — v <B;;<: + Ta] ;k) =

. 1 1 2
= Qeips + Q265 — p <|aP(/)51'k +2Q4 + 5|3|Q;:k> ;o (19)

Cist —Q (€153C)s1 + 2€(53Cij1)) —v <Cz{;l + % z{sl) = 7ﬁp(/l5is)a (20)
where the special notations were used for the symbol 5},6 = €;53€k53 and
for the symmetrization operation: f(ik) = 1/2[fir + fri], the tensor Cijk
being totally symmetric.

Executing similar procedures with the incompressibility equation (10),
one easily finds the following two new relations:

By + %B:’i =0; (21)
1 2

Taking into account the vanishing of the radial functions on the surface
of the particle, one deduces from (21) that

By = 0. (23)
Then the equations (23), (20), and (19) imply, due to (17),

(3

2
P = €p|a\§2 (+ €3Br;); Pl =0.
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Now we search for the solutions to the equations (18)—(23) in the form
of the radial polynomial decomposition:

o0
Qi =@ Bu=YBPan, Cp= 3,
n=0 n=1 n=1
where z = |a|] — a. In the cubic approximation one gets

2 1 a . 2
Bzf) =->B}) - (Q ng?) + Qeips + O (@Lk - 5ik>]§

a ik 21/[

3
(24)
. 2 20
GZ/BZ.(S) = Bi(li) - Q <€jk3Bz‘(;) + 5ij3Bj(<]1€) — 35ik€j5332})> + TQVBZ»(;)—F
i (1062(.0) —aQlY — a2Q<.2>) + Qega + 9 (04 — 260 )|
a 5p ik ik ik 2 ik 3 ? ’
o) =20 (25)

Cl(sgl) - 70151? 6 [Cl(sll) (E’Ugcjsl + 26] 5302]l))] (26)

Inserting the expressions C")) from (25) and (26) into (22), one derives

sl
1
A; =~ ~5 [ax(2a + x)C,(c}ﬁ)Z + aa:QC,SJi + 223 (‘7019@1 20,22)]
Inserting the latter expression into (18), one obtains the following relations:

. B 6av
fi + ? = _7016]”’

€ij3Chiy = €njaClp)

jki* (27)

The relation (27) is equivalent to C’,SC)J =0forj=1,2.

4. Structure of Solution in the Domain 17

In the domain I1 we consider the simplest steady shear flow of the form
uy; = Axo + ug, where A stands for the constant velocity gradient and wug
is the constant velocity. In this case the equations (9) take the form:

1
Orwa; + (Aza + ug)Orwa; + Adjiwar — v A wy; = 5 iD2. (28)
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In much the same way as in the previous section, we insert into (28) the
polynomial decompositions of the form:

wo; ~ A7 + Bjag + Cjazar;  pe = Py + Prag + Qaka.

As a result we obtain the following equations for the radial functions:

* - a ! £ Ai %7 2A *7
Bi&k — %Bikfk + §§2|a|Bi1 + (Al +wo)Bjy + —¢ 5 lal>Ca +
2A 9 " 2 / 1 |a| ’
A, 4 Adndy —v (A 247 =L (pr 4 Bl
+ 3|a| i2 T 1412 V( 4 +|a| 1) p( + 3 i

% 1 *’ : * 1 %! * *
ik~ HAi —2¢s ( iks T *|a| iks) +A{B¢15k2 +B2k5il} +

4l

’ a
+A[§ <| |A* k1 + Cipr + 5 z‘*k1> |5| (B:15k2+3125k1>} -
11 4 / 1 1 / 2 /
By + =B ) == =P 0 +2Q% + =|alQx ) ; (30
V( ik + |a| zk) p <|a| 0 k+ sz: + 5|a|sz> ( )

L, . .
T Y kfl)+A[Czkz5z1+20 k151)2+| |<Ai 5(k1§l)2+£23i(k5l)1)+

6 *! 1 *!
|a| ( 12(1&51)1 +Cu(ﬁkﬂ)} - <C kT T | | 7kl> = *mp(kfsiz),

where & = & + u,/A. Finally, the incompressibility equation (10) gives
the relations similar to (21) and (22):

B+ |§|B* =0; (31)
1 *’ * 2 *!
@Ai = —2C) — g|a|0kki' (32)

From (31) and (21) one deduces, in view of matching condition (11),
that
B}, =0.
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Taking into account (30), (31) and (32), one obtains from (29), (30) and
(31) the following relations containing the radial gradient of pressure:

- 3
A| B, + B: (B* B ) __° p.
[ 12 + Do + — 5 12 + Do pla]’ 0
4\a| ? « 1 & - 1 o
A|:2 112+ 7,12+ | |B |a|B7,k§k = _Mpz ;

. . — 2
Aj — B + A <A§5i1 + & B |a|3 112) -
1" 2 ’ ].
—v <AZ‘ + — A7 ) =——P" (33)
a| p

Now we search for the solutions to the equations (29)—(33) in the form
of decompositions in decreasing degrees of |al:

Z P(*(n)‘arn; pPr= i Pi*(n)|a‘7n; r = ZQ*(H)‘ |~

n=2
AF = ZA:(")|a|_”; k= ZB*(n)| ™" Gl = chk(ln la| ™",
n=1

with the coefficients depending on time ¢. Thus, the relations similar
0 (24)—(26) arise. In particular, putting n = 2 one finds in the first
approximation the following nontrivial tensor components:

* 2 . * .
Bgf) = ¢ cos(wt) + \/?5 sin(wt); B3§2) = cos(wt) — \/ge sin(wt),

with €, § being arbitrary integration constants and w standing for the
frequency
V6

w=—A.
5
Substituting the solutions found above into the matching conditions (11)

one obtains the continuity relations for the decomposition coefficients con-
sidered as radial functions defined on the matching sphere |a|] = ro(t).

5. Conclusions

Using polynomial decompositions of the viscous fluid velocity in the
vicinity of small rigid particle moving in the shear flow, we found the
approximate expressions for the pressure and velocity and calculated the
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force and the torque acting on the particle. The force parallel to the
angular velocity of the particle proves to contain the oscillatory part, with
the frequency being proportional to the gradient of the external steady
velocity.
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Abstract. The mathematical model is suggested describing a typical clinical
situation when a clot in blood vessel is detected, the problem being to estimate
the time interval between the drug injection and its action on the clot. We
consider pulsating blood flow in cylindrical vessel with variable boundary, the
Navier—Stokes equations being used for simplifying the problem. Taking into
account the incompressibility of the liquid in question, we introduce the current
function to satisfy the continuity equation in axially symmetric case. In the
vicinity of the axis we search for the solution to the Navier—Stokes equations
in the polynomial form with respect to the radial coordinate, the coefficients
depending on the time and the longitudinal coordinate not surpassing the length
of the vessel. The fluid velocity is supposed to be periodic in time. The main
difficulty concerns the variable form of the vessel boundary consistent with the
flow and harmonic in time, the small periodic variation being considered as
a perturbation. Finally, the approximate expression for the range of time in
question is obtained.

Keywords: blood vessel, clot, Navier—Stokes equations.

1. Introduction. Main equations

The blood belonging to a class of non-Newtonian liquids, we admit,
however, as a simplifying hypothesis that its flow can be described by the
Navier—Stokes equations for the incompressible viscous liquid [1,2]. Let
us consider a piece of the cylindrical blood vessel with the length [ and
the radius Ry, its boundary wall being flexible and changing the form in
accordance with the character of the flow. Supposing the axial symmetry
of the flow, we use the cylindrical coordinates r, ¢ € [0,27], z € [0,{] and
adopt the following form of the boudary wall:

F(t,r,z) =r— R(t,z) =0, (1)
where the unknown function R depends on the time ¢ and the longitudinal
coordinate z. In view of the axial symmetry the velocity u of the liquid
has the components:

u= (urv 0, uz)'

Taking into account that the points of the boundary (1) and those of
the liquid have the same velocity, one finds from (1) the equation for the
function R(t, z) [1]:

dF
i (up —u0,R — O R) |p—o = 0. (2)
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Now let us consider the Navier—Stokes equations in cylindrical coordi-
nates:

1 1

Oy = —(uy)u, — p -p -+ v <Aur — 1"2uT> , (3)
1

Ou, = —(u)u, — — 0.p+ v A uy, (4)
p

where p stands for the pressure, p — for the constant density, v — for the
kinematic viscosity and the following operators are used:

(uy) = updp +u.0,, A=07 + %ar + 02

Excluding the pressure p between the equations (3) and (4), one converts
them to the form:

O (Oup — Oruy) = Op(u))uy — 0, (U7)uy +
v (ABZUT — T%azur — 0, A\ uz> . ()
Now we take into account the incompressibility condition
divu = %ar(rur) + O,u, =0,

which can be solved by introducing the Stokes current (or stream) function

w(t7r7 Z)'
1 1 1 1
Upr = 7821# =1, u;= _787'1# = 7¢7" (6)
r r r r

Inserting (6) into (5), one gets the equation for :
1 1
6t (1/)7"7’ + 1pzz - ; 1/}7‘> = ; (’(/}raz - 1pza'r) (wr'r + d}zz) +
1 3
ﬁ [wz (Swr'r + 2wzz) - wrwrz] - 7'73 wrwz +
2 3
v |:(a7% + ag) (1/%«7« + "/)zz) - ; (83 + a§> 7/% + 7’73 (Twrr - 'll)r) ) (7)

with the following boundary conditions being imposed:
UT“ZiO = Uz|z:0 = UT“TZO = Oa uz‘z:l,r:O = Ug Sin(*)ta (8)

where w stands for the frequency of the pulsating wave, ug = const.
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2. Structure of the flow at small r

First we analyze the structure of the flow in the central region of the
vessel, at r — 0, supposing the following representation of the stream

function:
=y (t, 2)r% )2+ Po(t, 2)rt JA 4 - . 9)
Inserting (9) into (7), one finds the following relation:
ey + 9 = (40 + ) v (405 + 41"), (10)

where dots and primes stand for 0; and 0,, respectively. To satisfy the
boundary conditions (8), one can choose the function ¥, as follows:

Y1 = upsinwt(1 — cos kz)?, (11)

where k =mn*/l, n* =n+1/2, n € Z.
Inserting (11) into (10), one can search for ¥» by perturbation method
with respect to small dimensionless parameter

€E=v—,
w

which is proportional to the kinematic viscosity v. In the first approxima-
tion one derives from (10) that

Yo = =300 + s, (12)

where 1 satisfies the following equation:

w "

- (13)

Y= P19y =
If one takes into account only the first mode in the time Fourier develop-

ment of 1[12, the second mode being neglected, one can obtain from (9),
(12) and (13) the following structure of ¢ at r — O:

2 4
(RS 7ﬂ;uof(z) sinwt + 7ﬂzuo [9(z) sinwt + h(z) coswt], (14)

where
f(2) = (1 — coskz)?,
1
g(z) = kaQ(l —coskz)?(2 + 3coskz) = 2 "

h(z) = —%ekQ(l —coskz)(19 + 11 cos kz — 27sin? kz).
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3. Structure of the flow at the boundary r — R(¢, 2)

In order to describe the flow at » — R(t, 2), we deform ; in (14) by
adding a small stationary part £(z):

2 4 1
e %(uof sinwt + &) + % (uog sinwt + uph coswt — 4§”> ;o (15)

It appears that £ can be found from the equation (2), if one assumes the
following structure of the variable boundary:
R(t,z) = Ry + a(z) coswt + b(z) sinwt, (16)

where a(z) and b(z) are supposed to be small with respect to Ry. Inserting
(15) and (16) into (2), one gets, after linearization with respect to a, b,
and &, the following expressions for the functions a and b:

3
UORO , ’LL()RO ’

(1(2) = - 20 f - 4w )
U’OR8 /
b(z) = ——
() = 070y,
and also the differetial equation for &:
/ R% " 2 / " " 2 I
§—§§ = [fh W' (f+Rig)+h(2f"+REg")]. (17

As can be seen, the right hand side of the equation (17) represents the
total derivative, that allows us to integrate it:

_ & " _ 4R0 [Qf h/ h/f+R0( h/ )] (18)
where the boundary condition £(0) = £”(0) = 0 was taken into account.
In view of evident inequality k2R3 < 1 the expression (18) can be used
for estimating the transport velocity in the blood vessel. For example, for
n = 1 one finds, at the point z =1/3, coskz = 0, sinkz = 1, and therefore,
the stationary part of the liquid velocity reads

3,2 P2
Tug R

& = 18.6¢ mE

(19)
If one uses the following numerical values of the parameters: w = 7, 3s,
Ry = 0.3em, | = 5em, ug = 50cm /s, v = 0.06cm? /s, one derives from (19)
the following estimate for the time interval 7 of the drug transport to the

clot:
T =1/& =~ bs.
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4. Conclusions

Using the perturbation method for solving the Navier—Stokes equa-
tions, we could estimate the steady part of the velocity for the pulsating
flow in the blood vessel with a clot. As can be found reasonable on physical
grounds, this stationary velocity proves to be proportional to the viscosity
of the liquid.
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OneparopHoe ypaBHEHHE CO BTOPOII MPOU3BOIHOM MO
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Kagedpa mamemamuneckozo anaisuda u meopuu GyHKyu,
Poccutickuti ynusepcumem opyocho, Hapodos,
ya. Muxayxro-Maxaas, 0.6, Mockea, Poccua, 117198

Awnnporanusi. OneparopHoe ypaBHEHHE CO BTODO# IIPOM3BOJHOIN 10 BPEMEHH,
JIOIIyCKAloIIee IPsIMYIO BapHAIMOHHYIO (DOPMYJIMPOBKY, IIPEJICTABICHO B (bopme
ypaBHeHui# 'amMunbToHA.

KuroueBbie cjioBa: MOTEHIIMAIbHBIN OlIEpaTOP, FAMUJIBTOHOB OIEPATOP, YPaB-
HeHns ['aMuIbTOHA.

1. Bsenenne

Teopust raMUJIBTOHOBBIX CHCTEM 00JI/IAeT JOCTATOYHO AEHCTBEHHBIMUI
MEeTOJaMI WHTErPUPOBAHNS U KAUeCTBEHHOIO UCCIeoBanus nuddepeHim-
aJbHBIX ypasHeHuit [1]. C moMompoo KIacCHIecKoro raMuiIbToHOBa (hop-
Mau3Ma OBbIJI PellleH psiJi KOHKPETHBIX 33/1a9 MEXaHUKH. BOJIBIIYIO POJIb
OH CBHII'PAJI B OIPEJE/IEHUN IOJXOJ0B K M3YUYEHUIO JIBUYKEHUS CJIOYKHBIX
CHCTEM DAa3IUYHON (DUIMYECKON IPHUPOIBI, SABJISIONUXCT O0bEKTAMHU HUC-
CJIEJIOBAHUN KBAHTOBON MEXaHUKU, CTATUCTUYIECKON (DU3NKHU, a TAKHKE IIpU
[TOCTPOEHUU TEOPUH BO3MYIIEHU U PA3IMIHBIX BAPUAHTOB METOJIOB YCPEJI-
HEHUS.

WszBecTHO, 9TO M€Ky KOHEIHOMEDPHBIMA U OECKOHEUYHOMEDHBIMU CH-
cTeMaMU MMEIOTCsI 3HAYNTe/IbHbIe PA3/Indusi. B 9acTHOCTH, JIBUXKEHUSI 110~
CJIEJTHUX OIHUCBHIBAIOTCH MUMEPEHITATBHBIMI YPABHEHUAMEI C YACTHBIMA
[IPOM3BOIHBIMU, UHTErPO-AudHEPEHITNATBHBIMI YPABHEHUSIMA C IaCTHBI-
MM IIPOM3BOJIHBIMU W JIPYTUMU BHJIAMU YPaBHEHUM, & TaKXKe CHUCTEMAaMU
TaKUX YpaBHEHUI.

PacripocTtpanerune MeTO0B KJIACCUYECKON TaMHUJIBTOHOBONW MEXaHWKU
Ha CJiy4aii 6eCKOHEYHOMEPHBIX CHCTEM HE sIBJIsIETCsI TPUBUAJILHOM 33 /1a9€ii,
[TO9TOMY IIPOXOJIMIIO BecbMa MeieHHO. Jlo HeaBHero BpeMeHu Jazke He Cy-
IIIECTBOBAJIO €MHOI0 MHEHUsI O TOM, UYTO CUUTATh UCTUHHOU (hOPMOii ypaB-
uvennit l'amuiibrona 151 6eckoHedHOMepHBIX cucteM. Havaso npaBuiibHOTO
IOHMMAHUS 9TOTO BOIIPOCA, CBI3aHHOE C OIPEIeJIEHIEM COOTBETCTBYIOIIEH
ckobku Ilyaccona, 3amoxkeHo B paborax [2,3], BO MHOrOM croco6cTBOBaB-
UX Pa3BUTHIO JAJHHEHIIINX UCCIEIOBAHNIT IT0 YPABHEHUSM | aMUIBTOHA.

Harmra 11es16 - 1mpejicraBuTh OlEpaTOPHOE YpaBHEHUE CO BTOPOIi MTPOM3-
BOJZIHOIT TI0 Bpemenu B popme ypaBHeHHit [amMuabTona.

Bynem cienoBarh 0603HAYEHHUSIM ¥ TEPMUHOJIOrIH pador [4-6].
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2. 06 ypaBHeHusix 'amMujabTOHA B MeXaHUKe
O0ECKOHEYHOMEPHBIX CUCTEM

W3noxxuM HEKOTOpBIE CBeeHus 00 ypaBHEHUAX ['aMUIBTOHA U TAMU/Tb-
TOHOBBIX OIIEPATOPAX, KOTOPBIE OY/IyT MCIOJIb30BATHCI B JIaIbHEHIIIEM.

Ilycre ypaBHeHusi nBuKeHHsI OECKOHEYHOMEPHOW CHUCTEMBI IIPEeCTaB-
JIEHBI B BUJIE

%:Ni(u)a (l'yt)GQT:QX(O,T)7 i=1n, (1)

rJie Bce onepaTopbl N He conepskar onepanuio auddbepeHIIIpOBaHUS 110 t;

u(z,t) = (ul (x,t),... ,u”(x,t))t — HeM3BeCTHasl BEeKTOP-(PyHKIUS, IIPHU-
HaJIjIesKalllasd HeKOTOPOMY JeHCTBUTEeIbHOMY JMHEIHOMY HOPMHPOBAHHO-
My mpocTpaHcTBY U.

Vpasuenus (1) BMecTe ¢ 3aJAHHBIMUA KPACBBIMHU YCJIOBUAMH OTIPEJIEJIsI-

_ _ N\t _
10T oneparop N = (Nl, .. .,N") :D(N) C U — V dopmyioit

- ou
N(u)=— — N(u
(w) = 2~ N(uw)
rje V — HEKOTOpOe JIeliCTBUTEIFHOE TMHEHOE HOPMUPOBAHHOE TPOCTPAH-
ctBO. Bynem npeamonarats, ato U C V.
Onpepnesnienne 1. Cucrema ypasHennit (1) HaspiBaeTcst MpeCcTaBUMOI
B ob6actu D(N) B Buze ypasHenuit [aMuibToHa, €C/iu CylnieCTBYIOT:
1. Gunmneiinaa dopma (-, ) = (-,-): V x V = R;
2. raMusIbTOHOB oneparop G, = (ij)n :D(Gy) CV =V,

3. dyukumonan H = Hu|, u € D(N), takue, 4To

ij=1

Ni(u) = G4 (gradg H[u]); Vu € D(N).

IIpu srom dyukimonan H Ha3bIBaeTCS FAMUJIBTOHUAHOM.
. . ii\ T
HeiicTBue smHetHOTO MaTpuIHOTO orreparopa G, = (ij)i j—1 Ompejie-
=

Jisiercst (popMyJIoit
n

(Gl = Yo G
j=1
Ounpenesntenne 2. Jluneitaslit oneparop G, : D(G,) C V — V na-

3BIBAETCS TAMHUJIBTOHOBBIM (OTHOCHTEIBHO 33 IAHHON OUIMHEHHOH hOpMBI
®), ecsu jyist 066X g, h,v € D(G,,) BBIIOJIHAIOTCS YCIOBUS

(I)(gv Guh) = _(b(ha Gug),
® (v, G, (g9; Guh)) + @ (g9, Gy, (h; Gy)) + @ (h, G, (v; Gug)) = 0.
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OTMeTnM, 9TO BTOpOE YCJIOBHUE 37€Ch 3aBEIOMO BBIMOJHAECTCHA, €CIIN
onepatop G, TOCTOSHHBIH, T.e. Korya G, sIBJISIETCS HyJIEBBIM OLIEPATOPOM.

Cy1ecTBoBanue IPEJICTABICHAS CUCTeMbl ypaBHenuii (1) B Buse ypas-
Henuit 'amuabrona

ou
ot

= G (gradg H[u)) i=1,n, (2)

j I
upu 3aaHHOM oreparope Gy, 3aBUCUT Kak oT obJsiactu oupeaeienus D(N),
Tak M OT BbIOOpa OmmHeiHoi dopmbl. [TockobKy BBIOOP 3THX (hOpM 110
CTPYKTYpE HE OTPAHWYUBAETCs, TO ITO MOXKET NPUBOJNUTH K TAMUJIBTO-
HUAHAM, TPUHAJJIEXKAIIM KaK 3JI€POBBIM, TaK W HEIIEPOBBIM KJIACCaM
dYHKIMOHAJIOB.

Teopema 1 [7]. Ipeamonoxum, aro muddepenmupyembrii mo aro
onepatrop N : D(N) C U — V u 06paTumMblii TaMHIBTOHOB OIIEPATOD
G, : D(G,) C V — V rakue, uro R(G,) 2 R(N) u 6ununeitnas ¢hopma

<(G;1N);g,h> HelpepbiBHA [0 % B ofHOCBsA3HON obmactu D(N). Torga

st npejcrasuMoctu ypaBaenuil (1) B Buiie ypasuenuii ['amusbrona (2)
HEOOXOAMMO U JOCTATOYHO, YTOOBI BBIOIHSIOCH YCJIOBAE

((GZ'N), g.h) = ((GZ'N), h,g) Vue D(N), ¥g,he D(N,).
IIpu 5TOM raMUIBTOHUAH HAXOIUTCA MO (hOpMyIIe

A=1

it = [ (e vao, 750

A=0
e ug — dbukcupoaHHbIii 37eMeHT U3 D(N).
Teopema 1 o3HaugaeT, 9TO ecjau CyIIECTBYeT yKa3aHHBINH ormepaTop G,
to G ! gBIFeTCs BAPUAIMOHHBIM MHTErPUPYIONIMM OflepaTopoM jijist N,
MIO3TOMY METO/bl HaXOKJICHUA BapUAIMOHHLIX MHTEIPUPYIOMIUX OIIepaTo-
POB MOT'YT OBITH IIPIMEHEHBI JJI OTBICKAHUS TAMIJILTOHOBBIX OIIEPATOPOB.

d\ + const,
a(X)=uo+A(u—uo)

3. O mpejcraBjeHUU ONEPATOPHOrO yPaBHEHUsI CO BTOPOIt
NPOU3BO/IHOI TI0 BpeMeHUu B (popme ypaBHeHUii 'amMmuabToHa

IIycTh ypaBHeHUS JIBUKEHUST MATEPUATHLHON CUCTEMBI TIPEJICTABJICHBI B
OIIEPATOPHOM BHJIE

N(u) = Poy yust + Prygue + Q(t, u) =0, (3)
ue€D(N)CUCV, teltyt1] CR,
d2
uy = Dyu = ﬁu, Upp = ﬁu
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3zecs Vt € [to, t1], Yu € Uy oneparopst Py, ; : Uy — Vi (i = 1,2) asnsior-
cst muHeHbIME; @ : [to, t1] X Uy — V4 - IpOU3BOJIBHBII onepaTop, BoobIie
roBopsi, HesuHedinbiit; D(N) - obsactsb oupesieenus omneparopa N,

D(N)={uecU: u(t) e WVt € [to, t1], ult=t, = ¥1, Ult=t, = P2,

Utle=t, = 3, Utlt=t, = 1, pi € U1 (i =1,4)}; (4)
U = C%[to,t1];U1), V = C([to, t1]; V1), U1, Vi - neficTBuTesibHbIe JTHHEI-
Hble HOPMUPOBaHHbBIEe TTpocTpaHcTBa, U1 C V1. Muoxkecrso W C U; ompe-
JIEJISIETCA BHEIIHUMU CBSI3SIMM, HAJIOKEHHBIMU Ha CHCTEMY.

Bynem mpesmonarars, 9ro mpu Kaxkabx t € [to,t1] u g(t),u(t) € Uy
dyuxuus Py, .g(t) co sHadenusvu B V7 HenpepoisHo auddepeHnupyema,
a Py, 1g(t) - mBaxapl HenpepsiBHO muddepennupyeMa Ha [to, t1].

ITox pemennem 3amaun (3) nmonnmaercs byuknus v € D(N), ynosie-
TBOpsirormast (3).

B pasnbreiiem s yuporienus obo3Hadenuii 6yjeM 3anuchBarh (3)

TaK>Ke B BUJIE
N(u) = Poyug + Pryus + Q(u) = 0,

cuurasg, 4ro oneparopsl Py, (i = 1,2) u () 3aBucar Takxke u or t.
OmnepaTopHoe ypaBHEHHNE JBUKEHUs (3) MOMXKET ObITh OOBIKHOBEHHBIM
muddepeHnaIbHbIM, TuddEePEeHnaIbHBIM yPABHEHHEM B YACTHBIX IPO-
U3BOJHBIX, UHTETPO - U dEPEeHIIAIbLHBIM YPABHEHUEM U JIP., a TaKKe
CUCTEMOH TaKUX ypaBHCHUIL.
Bynem npenmnonarars, aro bunmmneiinas dpopma

<I)(~,~)E/<-,'>dt:V><V%R (5)

ABJIACTCA CUMMETPUYECKON U HEBBIPOXK ICHHOMA.

Teopema 2. Ilycts D} = —D; na D(N],). Oneparop N suga (3) ss-
asiercs: moreHnuanbHbiM Ha D(N) (4) orHOCHTEIBHO GHIIMHEHHON (HOPMBI
(5) Torma u TOJILKO TOrIA, Koraa oneparopbl Py, (i = 1,2) u Q umeror Bu,

Pgu = P2 = —R; — RQ,

- OR;
Plu:Rlui /1u7287t27
- OR, . R,

rie

B(Ry (), ug) = ] /1 <—P1,;(A) (u — o), a%(j)> ddt,
to O
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t1 1 _
P(Roug, ur) = //<—P2(Ut — ug, ), 81;(t)\)> dAdt,
to O

Blu) = / Q@) 0= o)+ (P 0~ )= o) -
0

2
~A <aa£2 (u—ug),u — u0>} X,

ug - durcupoBaHublii s71emenT u3 D(N).

Teopema 3. Ilycrs oneparop N (3) sBisieTcsl HOTEHIMAJILHBIM HA
muO)kecTBe D(N) (4) orHOCuTebHO GuinHeRHON dopmbl (5), cyrmecTBy-
er (R + Rg)fl. Torna ypasrenue (3) npencrasumo B dhopMme ypaBHEHUH
T'amuibTOHA.

4. BroiBoabl

B pabore nosydenb HeoOXOIUMBIE U JIOCTATOYHBIE YCJIOBHUS ITOTEHITU-
aJbHOCTH 3a7aHHOro omeparopa N. JlokasaHo, 9YTO B 9TOM CiIydae pac-
CMaTpUBaeMoOe OIIepATOPHOE YPaBHEHHE CO BTOPOH IPOW3BOIHOI IIO Bpe-
MeHH TpejicTaBuMo B hopme ypasHeHuit [amuibrona.
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The given operator equation with the second time derivative, admitting a di-
rect variational formulation, is represented in the form of Hamiltonian equations.
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actions

V. M. Savchin, S. A. Budochkina

Department of Mathematical Analysis and Theory of Functions
Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, Moscow, 117198, Russia

Abstract. In the frame of the Euler’s functionals there may not exist solutions
of the inverse problems of the calculus of variations, but if we extend the class
of functionals then it could allow to get the variational formulations of given
problems. There naturally arises the problem of the constructive determination
of the corresponding functionals — nonclassical Hamilton’s actions - and their
application for the search of approximate solutions of the given boundary value
problems. The main goal of the paper is to demonstrate the opportunity of
effective use of such functionals for the construction of approximate solutions
with the high accuracy for the given dissipative problems.

Keywords: nonpotential operators, non-FEulerian functionals, approximate so-
lutions, dissipative problems, variational methods.

1. Introduction

An important problem in applications of variational methods is a rep-
resentation of the given equations in the form of the Euler-Lagrange equa-
tions. It means the construction of the functional Fp such that its ex-
tremals are solutions of the given equations. This is known as the classical
inverse problem of the calculus of variations.

In spite of the remarkable number of papers on the subject different
approaches for constructing of integral variational principles for equations
with nonpotential operators should be developed. They will allow to obtain
so-called indirect variational formulations of given problems.

First let us introduce the following concepts of bilinear forms, Gateaux
derivatives and B,-potential operators.

Let N be an operator such that its domain of definition D(N) C U
and the range of values R(N) C V, where U and V are real linear normed
spaces, i. e.

N(u) =, uel, veV.

If there exists a limit
1
ON (u, h) = lim g{N(u+eh) —N(u)}, wuweD(N), (u+eh)ec D(N),
€

then it is called the Gateaux variation of the operator N at the point u or
the first variation of the operator N at the point u.
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0N (u, h) is homogeneous relative to h : N (u, A\h) = AON (u, h), but
the operator N (u,-) : U — V is not always additive relative to h.

If 0N (u, h) is a linear operator relative to h, when w is a fixed element
of D(N), then we say that the operator N is Gateaux differentiable at the
point u. The expression JN(u,h) is called the Gateaux differential and
denoted by DN (u,h). In this case we shall also write DN (u,h) = N/h
and say that N| is the Gateaux derivative of operator N at the point u.

If N is a linear operator then N/ h = Nh, i. e. the Gateaux derivative
of the linear operator coincides with it.

Further assume that for any given operator N : D(N) C U — V there
exists its Gateaux derivative at any point v € D(N). The domain of
definition D(NJ)) consisits of elements h € U such that (v + ch) € D(N)
for all e sufficiently small. In this case h € D(NV),) is called an admissible
element. ~

Note that for any linear operator N, which may depend on u in a
nonlinear way, the Gateaux derivative is defined by

N Nu _Nu
N.(g;h) = lim —tehd — ud,

e—0 3

The second Gateaux derivative N,/ of the operator N is given by
0 1 2
N (hq,ho) = N e hi+e°h .
U( ! 2) OelOe? (u * o 2) el=g2=0

In the most general applications N, satisfies the symmetry condition
N/ (hi,h2) = N/!(ha, h1).
Definition 1. A mapping ® : V x U — R is said to be a bilinear

form if it is linear relative to every argument.
Definition 2. A bilinear form ® : V x V' — R is called symmetric if

(v, 9) = ®(g,v) VYg,veV.

Consider a bilinear form
ty
@(~,~)E/<','>dt:VXU—>R (1)

to

such that the bilinear mapping ®4(-,-) = (-, ) satisfies the following con-
ditions:

(Vi1(t),v2(t)) = (va(t),v1(t))  Voi(t),va(t) € V1,
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Dy (v(t),g(t)) = (Dev(t),g())+(v(t), Deg(t))  Vv,g € C'([to, t1]; Un).

If v =v(z,t),z € Q C Rt € (to,t1), U1 = Vi = C(Q)), then we can
take for example

(v,9) = /v(w,t)g(:mt) dx.
Q
Definition 3. The operator N : D(N) C U — V is said to be B,-
potential on the set D(N) relative to the bilinear form ® : V x U — R, if
there exist a functional Fy : D(Fn) = D(N) — R and a linear operator
B, : D(B,) CV — V such that

SFn|u, h] = ®(N(u), B,h) VYu € D(N), Vhe D(N,,B.,),

where D(N/,, B,) = D(N)) N D(B,).

If B, = I is the identical operator then the operator N is called po-
tential on D(N) relative to bilinear form &.

The following theorem is needed for the sequel.

Theorem 1 [1]. Consider the operator N : D(N) ¢ U — V and
the bilinear form ® : V x V — R such that for any fixed elements
u € D(N), g,h € D(N/, B,) the function 9 () = ®(N(u + eh), Buterng)
belongs to class C'1[0, 1]. For N to be B,-potential on the convex set D(N)
relative to ® it is necessary and sufficient to have

(N ,h, Bug) + ®(N(u), B, (g; h)) = ®(N, g, Buh) + ©(N (u), By, (h; 9))
Vu € D(N), Vg,h € D(N.,By).

Under this condition the functional Fly is given by

it = [ @ (N@O)Ban 2 ) r-+ Fifua
0

where @(\) = ug + A(u — ug), up is a fixed element of D(N).
In the paper we shall use notations and notions of [1-5].

2. An operator equation with the second time derivative and
variational principles

Consider the following operator equation
N(u) = Pay gty + Progus + Paygup + Q(t,u) =0, (2)

ue€ D(N)CUCYV, te€ltti] CR,
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d2

&U, Ut = ﬁu
Here Vt € [to,t1], Yu € Uy Pyt : Uy — Vi (i = 1,3) are linear operators;
Q : [to,t1] x Uy — Vi is an arbitrary operator; D(N) is the domain of
definition of the operator N,

uy = Dyu =

D(N)={ueU: u(t) € WVt € [to, t1], uli=t, = ¥1, Uli=t, = Pa,

ut|t:t0 = ¥3, Ut‘t:tl =4, @; €Up (Z = m)}, (3)

U = C%*[to,t1];U1), V = C([to,t1]; V1), U1, V1 are real linear normed
spaces, Uy C Vi. The set W C Uj is defined by the external constraints
imposed on the system.

Assume that for every t € [to,t1] and g(t),u(t) € Uy the functions
Pry19(t), Psyu9(t) are continuously differentiable and P, :g(t) is twice
continuously differentiable on (tg, 7).

Any function u € D(N) is called a solution of problem (2) if it satisfies
Eq. (2).

For notational simplicity, Eq. (2) hereafter written as

N(u) = Poyuy + Pryus + Pguuf + Q(u) =0,

assuming that the operators P, (i = 1,3) and Q additionally depend on
t.

Theorem 2. Let Df = —D; on D(N,,B,). Operator N (2) is By-
potential on the set D(N) (3) relative to bilinear form (1) <= Vu €
D(N), Vt € [to,t1], Yh € D(N], B,) the following conditions are fulfilled
on D(N/,B,):

B: Py, — P}, B, =0,

uePg, By — Py (Bu('); ur) — P5, By (5 ) + By Pau(ur(+)) = 0,

2 (B}, Bu) + P, But BiPiu =
O PEBR+ (B I Qu) — [BL(h: )] Qu) + o (P Bt

+B,Q,h — QyByh =0,

0
Py (Buli ue) + Bu P (ues h) = [Pry (uss )] Buh + 2ue 5 (P Bu) bt

0
P B (B we) = 25, Pri (Buhi ) + [By (5 h)]" Pruue—
o

25 (Pg, BU(hs ) — [BL(hs )] Pra =0,
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By Py, (uge; h) — Py (Buhi uee) — [Pay (wee; )" Buh + 24 P, By ht
+(B,, (5 W] Pawuee — Py, By, (hs uge) — [By,(hs )] Payuge = 0,
—P5(Buhsug;up) + By Py, (ufs h) — [Py, (ufs )] Buht
+2u, Py, (Buhs ue) + [By, (5 h)]* Payui — 2P30 (By, (hs ug); ug)—
—P3, By (h; ug; ue) + 2u, Py, By, (h ) — [By, (s )] Payui = 0.

The corresponding functional F is represented in the form

Fylu] = / {{Rau(urt), Buus) + (Rautiy, Buus) +

to

+ <R1 (u), Buut> — <§t(BZR2u)U, Ut> + B[u]} dt + ‘F]\{[UO]7

where

t1 1
ou(A
(I)(Rl( B wUt —//< Plu(/\ U7UO) () 8(t )> d)\df,
to 0

t1 1
ou (A
(Rguut,B ut //<—P2u()\ Ut _'U/Qt) Bﬂ(/\) ( )> d/\dt,
to O

ot

O (R3y(uru), Byuy) =

/1 — P30 (8118(:\) (u— uo)> Bu(,\)a;t)\)> dM\dt,
0

~

~

1

~

0

[<Q(ﬂ()\)), Bﬂ(x)(u — u0)> +

Ez
=
Il
o

0
+A <at(BZ(A)P1a(A))(u —ug), u — UO> _

82
)\<3t2 (B: A)P2u(>\))(u—uo),u—uoﬂ dX,

ug is a fixed element of D(N).
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3. On performance of a variational method for some
dissipative problems

Let us present the numerical performance of a variational method for
a simple linear ordinary differential equation with nonpotential operator.
Let us consider the following problem

N(u)=u" —5u +2* =0,

xz €10,1], u(0)=wu(l)=0. (4)

By D(N) = {u € C?[0,1] : u(0) = u(1) = 0} we denote the domain of
definition of the operator N.
The exact solution of problem (4) has the form

434 sy 12525 + 12524 4 1002 + 6022 + 24«
u(l‘) = (1 — € ) + .
3125 (€5 — 1) 3125

Operator N (4) is not potential relative to the classical bilinear form

1
(v.g) = / o(e)g(a)de. (5)
0

There exists the variational multiplyer M(x) = e~5% such that the
operator N(u) = M(x)N(u) is potential relative to bilinear form (5). It
means that operator N (4) is B-potential on its domain of definition D(N)
relative to bilinear form (5), where B = M (x)I, I is the identical operator.

The corresponding functional of N (u) has the form
1
Fylu] = /e*‘r”” (70.5 () + x4u) dr.
0

Applying the Ritz-process [6] we find out three approximate solutions
of problem (4).
The first one is
uo(z) = 7.491414512583465465 - 1072 - 2 - (1 — ),

the second one -

ui(z) ==z - (1 — ) - (5.5511435176018702506 - 102 - z—

—4.0678902532769005056 - 10_3) ,
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the third one -
ug(x) :=x- (1 —x) - (—4.336202537698754952 - 1072 - 2+

40.1610369015630196335 - 2 4 7.230056822340569444 - 10~2).

Let us choose the auxiliary operator B of the kind Bu(z) = u(l — z)
and consider the following convolution bilinear form

Bi(0,9) = [ o(1 - 2)g(a)de

Operator N (4) is potential relative to that bilinear form and the cor-
responding functional has the form

/ (0.5¢ (z)u/ (1 — z) — 2,50/ (z)u(l — z) + 2'u(l — z)) dz.
0

Applying the Ritz-process [6] we find out three approximate solutions
of problem (4).
The first approximate solution is

up(x) = 1—14-30-(1—33),

the second one -

20 13
ul(a:):zgc-(l—a:)-(119-95—238)7

and the third one -

(2) (1 ) 1495 , 835 i 130
ug(zx)=z-1l—2) | —  °— —— x+ — | .
2 4824 4824 4221

Let us evaluate the deviations between approximate and the exact so-
lutions in the norm of space L.

First let us consider the approximate solutions, found out with the use

of the classical bilinear form. Their deviations with the exact solution u(x)
are equal correspondingly to

Ry = 6.7713069428403088645 - 102,

Ry = 3.7315363415981250298 - 102,
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Ry = 1.138326186371896467 - 10~ 2.

The deviations of approximate solutions, found out with the use of the
convolution bilinear form, with the exact solution w(z) are equal corre-
spondingly to

ro =8.701- 1072,

r = 2.526 - 1073,
ro = 7.145- 1074

4. Conclusions

In the paper we obtained the necessary and sufficient conditions for the
given operator equation with the second time derivative to admit in gen-
eral an indirect variational formulation and constructed the corresponding
functional - variational principle. The results are applied for finding of
approximate solutions of some boundary value problems.
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YIK 517.9

MopaenupoBanue poOpMbl JIMHUM PAaCHPOCTPaAHEHUS
MOBEPXHOCTHOW 3JIEKTPOMArHUTHOW BOJIHBI B
MJIaHapHOM BOJIHOBO/IE

. . Bacuasea®, O. B. Inmagkux*

* Kagedpa mamemamuneckozo mMo0esuposarus,
U KOMNBLIOMEPHLLT METHON02UT,
Eaeyxuti 2ocydapcmseennviti ynusepcumem um. U.A. Bynuna,
ya. Kommynapos, 0. 28, Eaey, Poccus, 399770

Awnnoranusi. PaGora nocssineHa aHam3y 3aBUCUMOCTH JIMJIEKTPUYECKIX
CBOMCTB BBICOKOITPOBOJISIINX AHU30TPOIHBIX MaTEPUAJIOB OT BEJIUYUHBI U Ha-
IIPaBJIEHUs] MATHUTHOTO TI0JIsi. PaccMoTpeHa HeJTMHeHas MO/IEIb PACIIPOCTPaHe-
HUS IIOBEPXHOCTHOMN 3JIEKTPOMATrHUTHOM BOJIHBI B IJIAHAPHOM BOJIHOBOJIE U3 BUC-
MyTa, HaXO/IAMErocss B KBAHTYIOIEM MAarHUTHOM IIOJI€ IIPU TeMIIEPaType Ku/I-
KOTO resusi. BbIBeieHO mucnepcrnoHHOe ypaBHEHUE BOJIHBI M1 KayKI0TO HAIIPAB-
JieHnst (GMHAPHOrO, GMCCEKTOPHOrO U TpUroHasbHoro). Iomyuena dopmyita s
pacyeTa MPOXOXKICHUS CyOMUJLUITMMETPOBOIO M3JIYUEHUsI 9€Pe3 CUMMETPUIHYIO
MTOJIOCKOBYIO JIMHUIO B 3aBUCUMOCTH OT BEJIMIMHBI MArHUTHOTO noJisi. [Ipenioxken
AJTOPUTM YUCJIEHHOT'O DEIEHUs C IMOMOIIBIO ITaKeTa KOMIBIOTEPHO MaTeMaTh-
ku Maple u pa3zpaboTaHbI COIIyTCTBYIOINE IPUIOKEHUS JIJIs OIUMDPOBKU IKCITE-
PUMEHTAJIBHBIX JTAHHBIX B I'padudeckoM Buje. [losyyeHnHble pe3yabTaThl I03BO-
JISTIOT TIPUMEHSITh JaHHYIO0 METOJIMKY JIJIsl IIMPOKOr0 KJIaCCa MCCJIEI0BATETbCKUX
3389 U MOTYT OBITh UCIIOJIb30BAHBI JIJIsT CO3aHNS AaKTUBHBIX BOJTHOBOJIHBIX CPeJT,
Ha 6a3e CUMMETPUYHON MOJIOCKOBO JIMHUU, YIIPABISEMbIX MATHUTHBIM TIOJIEM.

KuroueBbie cjioBa: IIaHAPHBINA BOJTHOBOJI, 3JIEKTPOMATHUTHBIE BOJIHBI B KBaH-
TYIOIEM MACHUTHOM IIOJIE, aJTOPUTM YHCIEHHOTO PEIIeHMsI, MarHUTOOITHYIE-
ckuit 9 deKT, KOIDDUITNEHT MTPOIYCKAHWS.

1. Bsenenwne

MeTompl MATEMATHIECKOTO MOJEIMPOBAHUS TO3BOJISIIOT TPUOOPECTH
nHGOPMAIIIO, KOTOPYIO HEBO3MOXKHO IOJIYYUTh U3 SKCIIEPUMEHTAJIHHOIO
MaTepuaJia MPsiMbIM METOIOM. B 3a/1adax MaTeMaTHIECKOTO MOIEINPOBa-
HUsT (DUBUIECKUX MIPOIECCOB aKTyaJbHBIM SIBJISIETCS MCCJIEI0OBAHNE 30HHON
CTPYKTYpHI BuCMyTa [1-5]. VIHTEpec K BUCMyYTY U €ro ciiaBam 00yCJIOBIIeH
PSIOM 3JIEKTPOHHBIX CBOMCTB — MaJIBIMU 3HAYECHUSIMU SHEPTeTUIECKUX I1a-
paMeTpOB 30HHOI'O CIIEKTPA, MAJIBIMU KOHIIEHTPAIUSIMU HOCUTEJIEH TOKA,
MaJIBIMA 3P HEKTUBHBIMA MaccaMu. Pe30HaHCHBIE ONTUYIECKUE TePEXO/IbI
HocuTeJell 3apsaa Ha ypoBHsaX Jlanmay B KpucTauiax BUCMyTa JAIOT yHU-
KAJIbHYI0 HH(OPMAIIIIO O 3aKOHOMEDPHOCTSIX 3JIEKTPOHHOTO SHEPIEeTUIECKO-
IO CIIEKTPa B IMHPOKOM JHara3oHe TeMieparyp. BosbInoit narepec K 91o-
My MaTepuajiy 0OyCJIOBJIEH T€M, UYTO OH CJIyKaT 0a30i Ijis W3rOTOBJICHUS
dOTOIPUEMHUKOB U OBICTPOIEACTBYOIIUX MOJLYJISITOPOB.
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[Momymerasr BucMyT m3-3a MajocTu 3(PGHEKTUBHBIX TUKJIOTPOHHBIX
MaccC JaeT YHUKAJIbHYI BO3MOXKHOCTb IIPOBOJIUTH SKCIIEDUMEHT B MAarHHUT-
HBIX TOJISIX, JIOCTHXKUMBIX C TIPUMEHEHHEM OTHOCHTEJIHHO IIPOCTOrO 060-
pynoBanaus. OCODEHHOCTH HEPIETUIECKOTO CIHEKTPA BHCMYTA, JEJIAI0T €ro
MOJIeJIBHBIM MaTepHaJIOM IIPU UCCJIeIOBAHUY IAJIbBAHOMATIHUTHBIX CBONCTB
TBEPJIbIX TeJI. DJEKTPOHHBIE CBOWCTBA MOJYyMETAJIa BHCMYTa IIOIAPOOHO
nsyqasucs Joem [1].

BucwmyT siBjisiercst OJJHUM U3 [IEPBBIX MOJIYMETAJIJIOB, J1JjIs KOTOPOro Obl-
JIN TIPOBEJIEHBI TEOPETUIECKUE UCCJIEIOBAHUS SHEPreTUIECKUX 30H U I0-
BepxHocT PepMu B NpUOIMKEHUU CBOOOIHBIX 3JIEKTPOHOB. [IpobGiemy
OIIpejieJIeHNUsl JIOKAJIU3AIMKA HOCUTE el 3apsijia B BucMyTe pentu Peppeii-
pa ¢ IOMOIIBIO pacyeTa yPOBHEH SHEPIHU 30HbI BpMiumiodHa MO MeTOMy
[IPUCOEIMHEHHBIX TJIOCKUX BOJIH. BBLIO MOKA3aHO, 9TO MOBEPXHOCTH Pep-
MH BHCMYTa& COCTOUT U3 TPEX JIEKTPOHHBIX yIACTKOB M OJHOTO JIBIPOYHO-
ro. O6beM Tpex 3JIEKTPOHHBIX YYACTKOB PaBeH JAbIPOYHOMY. TOUHO Takoe
JKe PACIIOJIOYKEeHNEe YHEPreTHIeCKUX SKCTPEMYMOB ObLIO TIPEJJIOKEHO B 60-
nee panHeil padore A6pukocoBbiM 1 PaIbKOBCKUM [2]| Ha OCHOBe IIpeIo-
JKEeHHOU mMu 7eOpMAImOHHON MOjiesn. TeopeTndecKrne BBIBOIBI HAIILIN
[TOJITBEPXKIEHIE B IKCIEPUMEHTAJBHBIX PAbOTaX 10 UCCJIEIOBAHUIO TaJib-
BAHOMATHUTHBIX 9(DMEKTOB U KBAHTOBBIX OCIIAJIISIIIHIA.

OO6riee mpejicTaBieHnEe O 30HHONW CTPYKTYpPe BACMYTa OBLIO IIOJIYyYIEHO
TosnuabiM [3] ¢ OMOITIBIO pacyera B ICEBIONOTEHINAIBHOM IPUOINKEHNH.
B sToM pacuere ucrnoib30BasICs TICEBIOMIOTEHITUAI C IATHIO TAPAMETPAMH.

[TocsreroBaTEILHOE COMTOCTABIEHNE TEOPUHU C IKCIIEPUMEHTOM TTOTPEOO-
BaJIO MCIOJIH30BAHUS MAIMHHOIO pacyeTa. 1akoe cpaBHEHHE OBLIO ITPOBE-
JeHo B padore ®PasbkoBckoro n Pasunoit [4]. Onpezesneno, 4ro sKcnepu-
MEHTAJIbHBIE IAHHBIE COTIACYIOTCA ¢ TeOpeTnIecKuMHu B nipejenax 10-20%.
OpHako, yKasaHHasi MOJEIb YHEPreTHIeCKOro CIeKTPa HUMejia Psii HeIo-
CTaTKOB.

OcobeHHOCTHI0 M3YyYIAEMOTO B JAHHON paboTe (DU3MIECKOrO IKCIIEPH-
MEHTa, SIBJISIETCS TO, YTO MarHUTHOE I0Jie MOIU(DUIMPYET SJIEKTPOHHBIHA
SHEPIeTUIECKUI CIIEKTD B CUCTEMY SHepreTuvyecKkux yposueit Jlanmay. U3y-
YeHUe TePEXO0I0B MEXKJLY YPOBHSIMU MO3BOJISIET MOy INTh YHUKAIHHYIO UH-
dopmMmalmio o mapaMmerpax crekrpa. IIpuMenenne cucreMmbl, COCTOSINEN U3
JIBYX TPAHCJISAINOHHO-CUMMETPUYHBIX MOHOKPUCTAJIJIOB, ITO3BOJISET TOJTY-
9UTh MHTEHCUBHBIE MATHUTOOITHYECKHE CIEKTPHI, IIPUTOIHBIE JJIs UCCIIe-
JioBaHUsI (POPMBI 3aBUCUMOCTY WHTEHCUBHOCTH II0JIE3HOTO CUT'HAJIa OT Be-
JINYWHBI UHIyKIIUI MAarHUTHOTO 10Jid. Maremarudeckasi 00paboTKa dKCITe-
PUMEHTAIbHBIX JAHHBIX METOIOM MOJEIUPOBAaHUsT (DOPMBI JIMHUUA MATHU-
TOONITUYIECKUX CIIEKTPOB [TO3BOJINJIA, PEAJIM30BATH IIPENMYIIIECTBA OCITUJLIIsI-
[IHOHHOTO KCIIEPUMEHTA, B KOTOPOM IPOSIBJISIIOTCST 3aKOHOMEDHOCTH B3a-
UMOJIEHCTBUs JIEKTPOMATHUTHOIO U3JIyYeHNs C aHU30TPOIHON ILIa3MOM
HocuTesel 3apsiia, HAXOIAIIXCs B KBAHTYIONEM MATHUTHOM ITOJIE.

st onmcamusi  30HHOW — CTPYKTYPhI ~ BHCMyTa B paMKax
kp-ipubmkenust METOJIa, 3¢ dHeKTUBHOI MAaCChl HCIIOJIL3YIOT
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AJUIATICOMTATBHO-TIApaboImIecKyto Mogesab 1lenbepra, 3/IANICOMIATBHO-
HenapaboTMIeCcKy o MOJIEJTD JIskca [5], HE3JLTUTICOUIATBHO-
Henapabosmueckyio Mmojeas Kosna- AGpukocosa-Makkimopa u Hos [1,2,6].
Camas ofmmast MOJEb SHEPreTUIeCKOro CIeKTpa HOCUTEIeH TOKa OblLia
npeaoxkena Makkiopom n Hoem.

2. OcHoBHag 4acThb

MAarauTOONTUIECKHI IKCIEPUMEHT, [IPOBEIEHHbIN 10/ PYKOBOICTBOM
Konnmakosa [7], 3aK/Ir09aicst B M3MEPEHAN MPOIYCKAHUS 3JIEKTPOMATHUT-
HOTO U3JIy4eHHsi CUMMeTpuuHOl nosockosoit juauedi (CILT) co crenkamu
U3 BUCMYTa, oMerennoit mpu temneparype T = 4,2 K B MarauTHoe 1oJe,
CO3/1aBaeMOE CBEPXIIPOBOMANINM COJIEHOMIOM. B KadecTBE MCTOYHUKA W3-
JIy9eHUsl UCIOJIb30BAJICS JIa3ep ¢ IHHON BOJHBI A = 337 MKM. C TOMOIIBHIO
BBICOKOUYBCTBUTEILHOTO H0JIOMETPa U3MEPSLIaCh HHTEHCUBHOCTD M3JIyUe-
HUs, TPOIIEIIIEro Yepe3 3a30P MeK/1y JIBYMsI TPAHCISAIIMOHHO-CUMMETPU Y-
HBIMA MOHOKPHUCTAJIJIAMA BUCMYTa. DKCIEPUMEHTAIHLHO HAOJIIOIAINCH OC-
MUJLISIIAN TTPOITYCKAHMST CUMMETPUYIHON OJIOCKOBO# JinHuu. Cxema B3au-
MOJIEHICTBUS SJIEMEHTOB CJIOYKHOW CHUCTEMBI IIPeJICTaBJIeHa Ha puc. 1.

VHHUKAIbHOCTD TIOCTPOEHIS MOJIENIN 3aKJII09aIaCh B yCTPORCTBE CAMOTO
BOJIHOBO/IA, IIPY IIPOXOK/IEHUU Yepe3 KOTOPbI BOJIHA OTPaXKaETCs OT JIBYX
CHUMMETPHYHBIX KPUCTAJUIOB BUCMYTa. VIHTEHCHUBHOCTH IIOJIE3HOIO CHUIHA-
Jia TIPY UCIOJIb30BAHUU METO/Ia ITOJIOCKOBOI JIMHUM IIPEBOCXOIUT COOTBET-
CTBYIOIIYIO BEJINYMHY B CJIydae OJHOKPATHOT'O OTPayKeHUsI OT IIOBEPXHOCTH
HCCTIEyeMOT0o KpUcTajia bojiee 4eM B 2 pasa, ITo 00eCceunBaeT BO3MOXK-
HOCTB TOJIyYeHUs JIeTaJbHON nHMOpPMAIIE 0 (DOPME OTKJIMKA Ha IJIEKTPO-
MarHuTHOe BO3MyIleHue. [Ipy TakoM paccMOTpeHNHr UMeeTcs Psifi 0COOEH-
HOCTEl MOCTPOeHWs U IPUMEHeHnsT (hU3MIecKoil Momesn [§].

B z
Ksanryromee —
MarmmTHOE MOTE

S
(rasepros) D2
mymenme

(s

[ m—
s w3 EacayTa

Puc. 1. Cxema B3anMOIeACTBUS 9JIEMEHTOB CJIOXKHOW CHCTEMBI

MareMmarudyeckasi MOJEIbL MAIHATOOITHYIECKOTO 3(hdeKTa, HaADIIOIAI0-
LIErOCs B IJIAHAPHOM BOJIHOBOJIE, OCHOBBIBAETCS HA COUETAHUY CJIEILY FOIIIX
0CODEHHOCTEl TTOCTPOCHMSI.

1. DJEeKTPOMArHUTHBIN IIPOIECC PACCIUTHIBACTCA aHAJIUTUIECKUM pe-
[eHneM ypaBHeHuii MakcBesia B cpejle CTEHOK BOJIHOBOJA M B BaKyyMe.
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2. Vckomoe perrierue mpeicTaB/isieT coboi HeOTHOPOIHY O JIEKTPOMAT-
HUTHYIO BOJIHY (IIOBEPXHOCTHYIO BOJIHY) C KOMILIEKCHBIM BOJIHOBBIM BEK-
TOPOM, IMEIOIIUM KOMIIOHEHTHI BJOJIb IPOJOJIBHON OCH U 10 HAIIPABJIEHUIO
BriIyOb CTEHOK BOJIHOBOJIA.

3. 'panuvHbIe yCJIOBUsI, OLPEIEISONINe HEIIPEPBIBHOCTD PEIeHUuNl B
CpeJie U B BaKyyMe 00eCIIeunBaeTCs HEIPEPBIBHOCTHIO TAHT€HIINAJIBHBIX CO-
CTABJISIIONINX BEKTOPOB 3JIEKTPUYIECKOTO U MATHUTHOTO ITOJIS.

4. Pemmenusi KjraccuUIMPOBaHbI C UCIIOJb30BAHNEM CBOWCTB CHMMET-
pUU IJIAHAPHOIO BOJIHOBOA, HAXOSIIETOCs B MATHUTHOM IIOJIE.

5. AumsoTponust CBOWCTB BUCMYyTa YYUTHIBAJIACH B IPUOJIUKEHUU TEH-
30pa BTOPOro paHra 3(p@eKTUBHBIX MACC C YIeTOM BCeX 9 KOMIIOHEHT.

6. KBanToBanme 3,1eKTPOHHOTO SHEPTETUIECKOTO CIEKTPA JJIst YPOBHEN
Jlaggay ¢ 7 >1 mpoBeieHO B TIEPBOM TOPsIIKe, a Juid ypoBHel ¢ j=0 Bo
BTOPOM IIOpsIJKe KBAHTOBOMEXAHUYECKON TEOPUN BO3MYIIEHUI.

7. Tenzop AWIEKTPUYIECKOI TPOHUIIAEMOCTHA PACCUUTHIBAJICS KAK CyM-
Ma JIByX TEH30POB: TeH30pa (DOHOBOI YaCTH IUIJIEKTPUIECKON ITPOHUIIA~
€MOCTHU U TEH30Pa BBICOKOYACTOTHON JINIJIEKTPUIECKON ITPOHUIIAEMOCTH B
[IEPBOM TIOPSIIKE TEOPUH BO3MYIIEHUI B MPUO/IMKEHAN BPEMEHN PeJIaKca-
[UU.

8. KomnonenTs! TeH3opa (pOHOBOI YaCTU AMIJIEKTPUIECKOI IIPOHUTIAE-
MOCTHU MPUHAMAJIUCH KOMILUIEKCHBIMU C MHUMBIMU YACTSIMU, CPABHUMBIMA
C JeiCTBUTE/IbHBIMU.

9. Pacuer koacdurmenTa nporrycKaHus IIaHapHOTO BOJTHOBOIA IIPOBe-
JIeH B CAMBIX OOIUX IIPE/IIOJIOKEHUAX U CIPABEIJINB JJIs JIIOOBIX aHU30-
TPOITHBIX HEMATHUTHBIX MATEPHUAJIOB B JIMHEITHOM ITPUOJIMZKEHIH TI0 TIOJIIO.

10. Yucnennsit pacuer Ko3hduipmenTa IporyCcKaHus IIaHAPHOTO BOJI-
HOBO/1a BEJICS PA3/EJIBbHO JIJTsl 3JIEKTPOHOB COCPEIOTOYEHHBIX B PA3IMIHBIX
9KCTpEMyMax. B pesysibrare CyMMHUPOBAJIMNCh HHTEHCUBHOCTU OTKJIUKOB OT
9JIEKTPOHOB € PA3JINYHBIMU [UKJIOTPOHHBIMU MACCAMU.

B pacuerax yno6uo cpasauBarh suepruio W (B), nepeHocuMyro BOJIHOM
IpHU HEKOTOPOM 3HAYEHMU MArHUTHOro moJist B, ¢ sueprueii W (0), nepe-
vocumoit Bojiaoit pu B = 0. Koaddunmenr npormyckanust moI0CKOBOM
JINHUAU OIIpeJiesisieTcss hopMyJIoit:

T(B) = VVVV((IS)).

MogenupoBanue (GOpPMBI JUHUA MATHUTOOITHYIECKOTO IKCIIEPUMEHTA,
3aKJ/IFOYAETCS. B YHMCJIEHHOM pacdere Kodddunmenta npomnyckanust CILJT.
st periennst cucteMbl ypapaeruit Makcsesia

. 0B . 9D .=~ .
Vxi=-L Fxid=2417YB=0YD=,
ot | ot .
D =¢eegF, B = puoH,
rjae E, é, ﬁ, ﬁ — 3aBuUcdmue OT BpeMeHU BEKTOPbI HaHpH}KéHHOCTI/I " UH-
AYKIIUNA JIEKTPUYIECKOIO 1 MarHUTHOI'O HO.HefI, — oneparTop rpaJivueHra.
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Bormpocom npubsimykennoro pereHust ypaBaenuit MakcBesijia MOCBSIIEHBI
paborer [9-11].

3aBUCUMOCTD JIU3JIEKTPUYIECKON M MArHUTHOW ITPOHUIIAEMOCTH OT Ya-
CTOTHI 3JIEKTPOMArHUTHOI BOJIHBI IIO3BOJISIET CYJIUTh O KOHKPETHBIX MUK-
DPOCKOIIMYIECKUX CBOMCTBAX MaTepHaIbHBIX cpell. MccaenoBanne MEKPOCKO-
MMTYECKUX CBOWCTB TBEPBIX TEJI C IIOMOIIBIO 3JIEKTPOMATHUTHBIX BOJIH IIe-
J1eco00pPA3HO IIPOBOJUTH B TOM CHEKTPAJIHLHOM JHAIa30He, B KOTOPOM Ha-
GJII0/TaeTCS CYIECTBEeHHAS BPEMEHHAs MJIA ITPOCTPAHCTBEHHAS JUCIEPCHS.
BricTpoe nzmenenmne Au3IeKTPUIECKO TPOHUIIAEMOCTHA OOBIYTHO TTPOUCXO-
JUT HA 9aCTOTaX, COOTBETCTBYIOIINX DPE3OHAHCHOMY BO30YIKIEHUIO SJIEK-
TPOHHOM WJIM MOHHOM crcTeMbl KpucTasuia. OOBIYHO 9TH YaCTOTHI COOTBET-
CTBYIOT JJTMHAM BOJIH HAMHOTO MEHBIIIX Pa3MepOB 00pa3Ia.

U3 cekynsapHOro ypaBHEHHS, IOJIYYEHHOI'O B PE3YJIbTATE IMOJCTAHOBKI
[PEIIIOJIAraeMOro PelleHus B cucteMy ypasHenuii Makcsesna (2), naiiue-
HO HeJIMHEWHOe ajreOpandeckoe ypaBHEHHe 4deTBepToil cremnenu. JIpa u3
9eThIpEX KOPHEW 3TOr0 ypaBHEHH: COOTBETCTBYIOT (DU3NUECKH DPEAJIHHON
CHATYyaInd, KOTJa 3JIEKTPOMArHUTHAS BOJIHA 3aTyXaeT, IPOHUKAs B Bellle-
CTBO. DTH KOPHU U SIBJIAIOTCA UCKOMBIME permenusivu [10,11].

Yrobol paccunrarh Koadbdunuent nponyckanus T'(B), Heo6x0auMo
3HaTh 3aBUCUMOCTDb BOJTHOBOT'O BEKTOpPa OT BEJIMYNHbI WHAYKIUANU MarHUT-
HOTO T10JIsL. HEOOXONMO 3HATH 3aBUCUMOCTD BOJTHOBOT'O BEKTOPA OT BEJTUINU-
HBI UHIYKIMH MACHUTHOTO T0Jisi. | padudeckasi MHTEPIPETAIAS B UJI€AIE
JIOJIXKHA TPHUOJINKATHCA K 9KCIIEPUMEHTAIbHOI KPUBOIi, OHAKO, Ha PUC. 2
[IPOCJIE2KUBAIOTCST PACXOXKICHUS, CBA3AHHDBIE C OCODEHHOCTSAME INCICHHBIX
Meroz0oB. OTMeTHM, YTO BbIsIBJIEHHBIE TOI'DEITHOCTU SIBJISIFOTCST JOITYyCTHU-
MBIMU.

““““ IKCHECPAMCHT

pacaer

0,0 0.5 1.0 1.5 20
HHAYKOHAL MaraaTaoro nons B, Tn.

K03 GOUIMEHT TPOITy CKAHUSA
=]
N

Puc. 2. 3aBucumocts K03 durmenTa npomycKaHus MOJTOCKOBOM JIMHUT U3
BUCMYTa OT BEJIMYWHBI WHIYKIMA MATHATHOTO ITOJIsI

PacyeTs! npon3Bon/IiCh C UCIOJIB30BAHIEM TPOTPAMMHOTO MPOIYKTA
cuMBOsIbHOM Maremaruku — Maple [12]. AnropurMm Haxoxkmerust koaddu-
[IUEHTA IPOILYCKaHUA COCTOUT U3 CJIEAYIOMUX IIaroB:

1) ycraHOBUTH Cirydail, KOrJa BEKTOP HAIPSIXKEHHOCTH MATHUTHOTO 10~
JIsT HATTPABJIEH BIOJIbL OMHAPHOMN, OMCCEKTOPHOM MM TPUTOHAILHON OCH BHUC-
MyTa. B 3aBHCHMOCTH OT HAIPABJIEHUS PACCIUTHIBAIOTCS TPU AJTOPUTMA
JIJIST KayKJIOTO CJIydast, IIOBTOPsAS Marn 2-7;
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2) paccyuTarbh KOMIOHEHTHI TEH30Pa JIEKTPOIPOBOIHOCTH;
3) B COOTBETCTBHUU C HAIIPABJIEHHEM YCTAHOBUTH BUJ, T€H30Pa JIUJICK-
TPUYECKOH ITPOHUIAEMOCTH;

4) maiit K03hPUIUEHTDI TIOMJIONIEHNs U3 YPABHEHUS 4eTBEPTO cTe-
[I€HN;

5) paccumTaTh y-COCTABJILAIONLYIO BOJHOBOIO BEKTOPA U PA3JE/IUTh Ha
JIEiCTBUTE/IbHYIO U MHUMYIO 9aCTH;

6) mozcTaBUB 3HAYEHHE BOJHOBOIO BEKTODA B ypaBHeHue Makcseiuia,
HafiTH KO3(DDUIMEHT MPOIyCKaHUsl CHMMETPAYHO MOJIOCKOBOM JIMHI;

7) cpaBHUTH TpadUIECKYI0 MHTEPIPETAIUI0 PACIeTa ¢ SKCIEePUMeH-
TAJbHBIMA JIAHHBIMHU, KOTOPbIE OBLIN HOJIYI€HBI C IPUOOPOB U AIIPOKCHU-
MHUPOBaHBI C TIOMOIIBIO IUCJIEHHBIX METOJIOB.

WcciieoBanusi IPOXOXKIEHUsI CYOMUJIIMMETPOBOTO U3JIyYEHUST C JIJIH-
HOH BOJHBI 337 MKM UYepe3 CUMMETPUIHYIO HOJIOCKOBYIO JTUHUIO, M3TOTOB-
JIEHHYIO U3 BHCMYTa, [TOKA3aJIH, ITO MOIIHOCTH MPOIIEIINeil depe3 TaKyo
ITOJIOCKOBYIO JIMHHUIO BOJIHBI UM€EET CUJIbHYIO 3aBUCHMOCTD, KaK OT BEJIUIHU-
HBI BHEITHEI'O MATHUTHOIO II0JIs, TAK W OT €€ OPHEHTAIMU OTHOCUTEJIb-
HO KPHUCTAJIOrPpAUUIECKNX OCell MOHOKPUCTAJINIECKOro BucMyTa. [lo-
JI0OHBIE UCCIIEIOBAHUS B IIJIAHAPHBIX BOJIHOBOIAX IPOBOJMJINCEH JJIS Pa3-
ubix cpez, [13]. st onudpoBKU KPUBBIX, IIOJIYYCHHBIX 9KCIIEPUMEHTAIBHO,
ucrosib3oBajiack nporpamma Grafula. C momonieio nakera CurveFitting,
BcTpoennoro B Maple, mpoBeiena oreHka (pOpMbl MOJEIBLHON KPUBOi HAa
OCHOBE MeTOJIa HAMMEHBINNX KBaapaToB (puc. 3).

03-
o6
04

02

Puc. 3. O6paboTKa 3KCIIEPUMEHTAJIBHBIX JTaHHBIX CPEJICTBAMU
MaTeMaTu4IecKkoro mnakera Maple

st permtennst 3amacu annpokcumanuu B Maple cymectByer dyHKITHS
LeastSquares u3 makera CurveFitting, koropas mo3BosigeT moa00paTh ma-
paMeTpbl IPAKTHYECKH JiI00OM 3aBUCUMOCTH. B mapamerpsl 5Toil (yHK-
M7 BXOJUT MACCHUB WJIU CIIHCOK aOCIIMCC U OPJUHAT SKCIEPHUMEHTAIHHBIX
TOYEK, UMs IIEPEMEHHOIN Mon0npaeMoil KpUBOl, ypaBHEHNE MOI0UPAEMO
KPUBOI C COOTBETCTBYIONIUMHU ApAMETPAMU.
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3. 3akirouyenune

IIporpammuast peanmsarust pazoOpPaHHON MATEMATHIECKOW MOJIETN B
raKeTe KOMIIBIOTEpHOI MaTeMaTuku Maple nasia BOSMOXKHOCTD IOy IUTh
JaHHbIE JJIA BCEX OPUEHTAIINI BEKTOPa HAIIPAYKEHHOCTH BHEITHET'O MarHUT-
HOT'O TI0JIsl OTHOCUTEJIbHO KPHUCTA/LIOrpaduaeckux oceii Bucmyra. Ha ocHO-
B€ BBIIIOJIHEHHBIX TEOPETUYECKUX PACYeTOB, C y4eTOM UX COIVIaCOBAHHOCTHU
C 9KCIIEPUMEHTAJbHBIMU JJAHHBIMUA, MOXKHO CJIeJIaTh CJIEIYIOIEe BBIBOJIbI:

1) mig pa3spafoTKU TEOPETUIECKON MOJE/U BBIBEIEHO IUCIEPCUOHHOE
ypaBHeH#e BOJIHDI JIjId KaXKJI0I'0 HallpaBJIeHUsd aHU30TPOIIHOIO KPHUCTAJLIA
BUCMYTa U TOJIyueHa (GOPMYJIa JJIsd pacuera MPOXOXKICHUS CyOMUILINMET-
posoro msiyuenusi yepe3 CILJI B 3aBUCHMOCTH OT BEJUYUHBI MATHUTHOTO
110J141;

2) ucciieioBaHue JIU3JIEKTPUIECKUX CBOUCTB BBICOKOIPOBOIAIINX AHU-
30TPOIHBIX MATEPUAJIOB MOXKET OBIThH UCIIOJIH30BAHO JIJIsI CO3/IAHUS aKTUB-
HBIX BOJIHOBOJIHBIX CDEJl, yIIPaBJIdeMbIX MarHUTHBIM IIOJIEM.
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Modeling of distribution line form of surface
electromagnetic wave in planar waveguide

I.I. Vasilyeva*, O.B. Gladkikh*

* Department of Mathematical Modeling and Computer Technologies
Yelets State University named after Ivan Bunin
Communards str. 28, Yelets, 399770, Russia

The work is devoted to the analysis of the dependence of the dielectric prop-
erties of highly conducting anisotropic materials from the magnitude and the
direction of the magnetic field. The nonlinear model of distribution of surface
electromagnetic wave in planar waveguide out of bismuth located in the quantiz-
ing magnetic field at temperature of liquid helium is considered. The dispersing
equation of wave for each direction is removed (binary, bisector and trigonal).The
formula for calculation of passing of submillimeter radiation through the sym-
metrical strip line depending on value of magnetic field is obtained. The algo-
rithm of the numerical solution by means of packet of computer mathematics
Maple is offered and the accompanying applications for digitization of the ex-
perimental data in graphical form are developed. The received results allow to
apply this technique to wide class of research problems and can be used for cre-
ation of the active waveguide environments on the basis of the balanced strip
line, controlled by a magnetic field.

Keywords: planar waveguide, electromagnetic waves in quantizing mag-
netic field, the numerical solution algorithm, magneto-optical effect, transmis-
sion coefficient.
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Kantorovich and Galerkin-Type Methods for
Modelling Quantum Tunneling of Composite Systems
through Barriers

S. I. Vinitsky*’, A. A. Gusev*, O. Chuluunbaatar*,
A. Gé6zdzt, V. L. Derbov$

* Joint Institute for Nuclear Research, Dubna, Russia
t RUDN University, Moscow, Russia
¥ Institute of Physics, University of M. Curie-Sklodowska, Lublin, Poland
§ Saratov State University, Saratov, Russia

Abstract. The description of quantum tunnelling of composite systems through
repulsive barriers using the coupled-channel approximation of the adiabatic ap-
proach is presented. In this approach the multichannel scattering problem for the
Schrédinger equation is reduced to a set of coupled second-order ordinary differ-
ential equations with the boundary conditions of the third type and solved using
the R-matrix method. The efficiency of the proposed approach is demonstrated
by the example of analyzing metastable states that appear in composite quan-
tum systems tunnelling through repulsive barriers and give rise to the quantum
transparency effect.

Keywords: Kantorovich and Galerkin-type methods, system of second order
ordinary differential equations, quantum tunnelling.

1. Introduction

Quantum tunnelling of composite systems through barriers is one of the
problems most often occurring in nuclear physics, physics of solid state and
semiconductor nanostructures. Usually the theory is based on consider-
ing the penetration of a structureless particle through barriers within the
effective mass approximation. However, the majority of important appli-
cations deal with tunnelling of structured objects (clusters), e.g., atomic
nuclei through Coulomb barrier, where the effects of structure (multiple
particles) manifest themselves in anomalous behaviour of nuclear reac-
tion cross-sections below the Coulomb barrier. Indeed, when the cluster
size is comparable with the spatial width of the barrier, the mechanisms
arise that enhance the barrier transparency. The effect of quantum barrier
transparency depending on the internal structure of the incident particles
was revealed for a pair of coupled particles tunnelling through a repulsive
barrier. The effect was shown to be due to the barrier resonance forma-
tion under the condition that the potential energy of the compound system
(cluster + barriers) possesses local minima, thus providing the appearance
of metastable states of the moving cluster [1]. A method and program
for solving the tunnelling of a system of n identical particles coupled by
oscillator-type potentials through repulsive barriers has been presented
in [2,3].



Vinitsky S.I. et al. 281

*t

a

Figure 1. Double-well interaction potential (a), the first even (solid lines) and
odd (dashed lines) eigenfunctions (b), and the corresponding 2D potential

Vias) + Vi(asias) (0.

Here we consider the cluster tunnelling problem basing on the close-
coupling adiabatic and Kantorovich methods that imply the approximate
consideration of fast and slow variables. By the examples of particles with
different coupling potentials, tunnelling through Gaussian barriers, the
transmission coeflicients, and the metastable states are analyzned. The
energy dependences of these coefficients demonstrate the phenomena of
quantum transparency and total reflection.

2. Problem statement
2.1. Close-coupling adiabatic and Kantorovich methods

Consider a boundary-value problem (BVP) for the equation
(HrGepias) + Huw) + Vislxpia) = &) Wilxpia) =0 (1)

with fast x; and slow z, variables. The operators flf (xf;x5) and H, (x5)
describe the fast and slow subsystem

N 1 0 .
Hi(xpyas) = ———————go5(x5) =— + Vi(xy;25),
sGesims) 917 (x¢) 3Xf92f( f)axf soeris)
. 1 0 0 -
Hs(xs) = 77925(‘%5)7 + ‘/;(1'3),

Org

Vi(xp;2s) and Vi(z,) are the potentials of the fast and slow subsystem,
and Vys(xs, xs) is the interaction potential. The solution ¥,(xy, ) of the
problem (1) with the appropriate boundary conditions is sought for in the

_gls(xs) 6373
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form of Kantorovich expansion

Jmax

Uy (xyp,25) = Z Bj(xﬁl's)th(IS)- (2)

j=1

The trial functions B;(xy; x5) are chosen to be eigenfunctions of the Hamil-

tonian H #(xf;25) with the eigenvalues Ej(xs), parametrically depending
on xs € Qxs):

Hy(xpiw0)B;(xg525) = Ej(2) By (x5 25). (3)

These functions satisfy the orthonormality conditions with the weighting
function gy¢(xy) in the same interval x; € Qy, (2s):

X5 (z)

/ ) Bi(Xf;:L'S)Bj(Xf;Is)glf(Xf)de :51]
sepin ()

Substitution of (2) into (1) yields a BVP for a set of ordinary differ-

ential equations (ODEs) with respect to the unknown vector functions

X (Ts) = (X1:6(%5)s s Xjmar ()T f the slow subsystem, corresponding

to the unknown eigenvalues 2E; = &,

(D +E(zs) + W(z,) — If,’t) X (7s) =0,

1 d d .
—————1——gos(s) 57— + IVy(xs),
91 (5) dxsgz ( )dxs (zs)
ng(xs) 1 des(xs)Q(xs) 925(15) d
Wi(z,) = V(xs)+ H(x,)+ + T
( ) ( ) gls(ws) ( ) gls(xs) dz, gls(l‘s) Q( )dl‘s
with the effective potentials H;;(z,) and @Q;;(xs) defined as
X () )
Vij(zs) = Vii(zs) :/ e Bi(xf;25)Vis(xp,26)Bj(Xf;25) 917 (x5)dx,
xrf“"‘ Ts
xP@) OBy (x sy s) OB (x 43 x
(o) = Hy(eg) = [ PSR DBES) o oy, (4
x;{”"(ms) Ls Ts
l]v"lax(

X (@) OB, (x¢;xs
Qo) = Qe == [ Bl I g i,

rfnin (I’;)
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Figure 2. Even effective potentials for Galerkin-type (a,d) and Kantorovich
(b,c,e,f) expansions.

If the potential of the fast subsystem Vf(x #;xs) is independent of the slow
variable, then the expansion is referred to as Galerkin-type expansion.
Its advantage is that the eigenvalue problem (3) should be solved only
once. However, if the position of the potential well and, therefore, the
localization of eigenfunctions changes, the convergence of Galerkin-type
expansions becomes very slow [4]. The example of the effective potentials
for double well potential (from fig. 1) are shown in Fig. 2

2.2. Scattering problem

Consider the scattering problem with the homogeneous boundary condi-
tions of the third kind at z; = 2" <« 0 and z, = 7" > 0:

d®(z . i
diSS) — R<x‘rsn1n)¢’(m;n1n)7 dmg Igzrtnaxz 72,(:1;15118.)()@(:I:‘Isl’la.)()7
where R(z) is an unknown N x N matrix function, ®(z,) = {x/) (xg)}jvz"l
is the desired N x N, matrix solution and N, is the number of open
channels, N, = maxap>,; j < N.
The matrix solution ®,(z,) = ®(x,), describing the incidence of the
particle and its scattering, with the asymptotic form “incident wave +

d®(xs)

—pmin
Ts=Tg
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(a)

(b)

Figure 3. Schematic diagrams of the wave functions ®,(z) at z = =, having the
asymptotic form: (a) “incident wave + outgoing waves”, (b) “incident waves +
ingoing wave”.

outgoing waves” (see Figure 3a) is written as

(H(xS)T ( xs >0, v =3,

®,(zs — Fo0) = X( (2) +X(+)( za)Ry, 70 <0,
X )(25) + X (2)Ry, x5 >0, v =,

(xS)Tm zs <0,

(5)
where R, and T, are the reflection and transmission N, x N, matrices,
v =— and v =+ denote the initial direction of the particle motion along
the x, axis. The leading term of the asymptotic rectangular matrix func-

tions X(*)(x,) has the form
@) ) ) 3

No,

_ Z
Xl-(;t)(xs) - p; 1/2 exp (:I:z <pjxs —ZIn
Dj

pj:\/m iil,...,N, J=1...

where Z; = Zj+ at x5 > 0 and Z; = Z; at s < 0. The matrix solution
®,(zs, E) is normalized by the condition

o0
/.

where I, is the unit N, x N, matrix.
Let us rewrite Eq. (5) in the matrix form at z} — 400 and z; — —o0

@', (., B )®, (2, B)da, = 200(E' — E)byy 10,

as

X ()
z7) O

X (a7)

0
>+ (x“(m 0 )S’
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Figure 4. The total probability of penetration through repulsive Gaussian
potential barriers |T|3; versus the energy E with the ground and excited initial
states.

where the unitary and symmetric scattering matrix S

s=( B> Te )  gig_ggi—1
T, R

is composed of the reflection and transmission matrices. Detailed calcula-
tion of the matrix solution ®,(x;) is presented in Ref. [5].

3. Tunnelling of clusters comprised of two and three identical
particles

Consider a cluster of two or three identical particles with the masses m
coupled with the potential UP*" (x4 ), x4y = x; — xp penetrating through
the repulsive barriers V(z;). The wave function of this system satisfies the
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Schrodinger equation

n

,Z@+ T+ Z Up‘“"'(fﬂtt/)ﬁLZV(fEt)*E \I}(X) =0.

t=1 ~t py=1l<t’ tt=1;t<t’ t=1
(6)

Here E is a total energy of n particles, VP (z4)= p““"( ' Zosc)/ Fosc
Vho%c(xtt’) :Véosc(xtt’xosc)/Eosc:%(xtt’)2 and V(xt) (Itxosc)/Eosu
Upml’“(xtt/):Vp“"(mtt/) _Vhosc(xtt/)’ i.e. for Vp“”(xtt/) Vhosc(xtt/)’
UP¥" (44)=0. In symmetric coordinates [2]:

I ¢ 1 -

bo=—75> x, &o=— a1+ aowe+vnap |, t'=1,..,n—1,
mE e E\nT L

where ag = 1/(1 — y/n) <0, a1 = ag + v/n, Eq. (6) takes the form

\Ij<§07 "'agnfl) =0

2+;( 6£2+ )>+U(§07...,§n1)_

U(fO?' agn 1 Z Upazr :Ez (flw 7'£n 1 +ZV T 507 7571 1))

1,j=1;1<j i=1

Here z, = & in center-of-mass variable and x; = {&1, .y En1} is set of
relative variables, such that at n = 2 they correspond to Jacobi coordi-
nates.

Double well interaction potential. Now consider a pair of parti-
cles, coupled by the double well interaction potential V(zs) = x;% /4 — 4:5?

(see Fig. 1la) tunnelling through repulsive Gaussian barriers V;(z;) =
aexp(—x?/20) with o = 16,32,48,64, 0 = 1/20. So, eq. (6) takes the

form

( 9?2 o ,
—53 53 T V() + Vi(epas) - 2E | V(g xs) = 0,
dx2 Oz}

VO(xpias) = Viz) + Va(za).

The first even and odd eigenfunctions are presented in Fig. 1b. The typ-
ical behaviour of symmetric double-well potential eigenfunctions is seen,
namely, for £ < 0 there are pairs of even and odd eigenfunctions local-
ized in the potential wells, with closely spaced energy levels. For £ > 0
the energy levels of even and odd states alternate. The corresponding 2D
potential is demonstrated in Fig. 1c

In this case we have two possibilities to construct the fast, slow, and
interaction potential, corresponding either to the Galerkin-type expansion
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Figure 5. The total transmission probability |T'|3; versus the energy E (in
oscillator units). The two (a) and three (b) identical particles, coupled by the
oscillator potential, penetrates through the repulsive Gaussian barrier with
o = 0.1 and a = 20. The system is initially in the ground state.

Vi(zpias)=V (), Vs(zs)=0, Vis(xs,25)=V’(2s; 25), or the Kantorovich
expansion Vi(xy;x5)=V (xs) +VP(xs;25), Vs(2s)=0, Vis(zs,25)=0. The
effective potentials (4) are presented in Fig. 2. It is seen that the non-
diagonal matrix elements in the case of Kantorovich expansion are small
as compared to the case of Galerkin-type expansion, except some areas,
corresponding to quasi-crossing of the energy levels in the problem (3) (see
Fig. 2b).

Figure 4 shows the energy dependence of the total transmission proba-
bility |T|?, = Z;\;Dl |T;i(E)|?. This is the probability of a transition from a
chosen state i into any of N, states, found by solving the boundary-value
problem in the Galerkin form. The behaviour of the probability versus the
energy is non-monotonic, and the observed resonances are manifestations
of the quantum transparency effect. This effect is caused by the existence
of barrier metastable states, embedded in the continuum.

Parabolic interaction potential. Two and three identical particles
(n=2,3) are coupled by the harmonic oscillator potential V(x; — zp) =
(v — x¢)%, t/,t = 1,...,n and the repulsive barrier is Gaussian V(z;) =
a/(V2ro) exp(—a?/a?).

Figure 5 shows the energy dependence of the total transmission prob-
ability |T'|% = E;V:OI |T;;(E)[>. This is the probability of a transition from
the ground state i to any of N, eigenstates of the BVP in the Galerkin form
solved using the program KANTBP [3]. The dependence of the probability
upon the energy is non-monotonic, and the observed resonance peaks are
manifestations of the quantum transparency effect. The multiplet struc-
ture of the peaks for symmetric and antisymmetric states is similar. Due
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Figure 6. Profiles of probability densities |¥(&o,&1)|? for symmetric (top panel)
and antisymmetric (bottom panel) states of two particles, revealing resonance
transmission and total reflection at resonance energies, shown in Fig. 5 .

Figure 7. The first three metastable states corresponding to
EP =5.76, 9.12, 9.53.

to the symmetry of the potential in the case of two identical particles, the
position of the maxima for symmetric and antisymmetric states coincide.
In the case of three particles peak positions for symmetric and antisym-
metric states are different, but due to the symmetry with respect to the
plane & = 0, explain the presence of doublets.
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Fig. 6 shows the profiles of |¥|? = |\Il§5_n)1_>|2 with @ =20, 0 = 1/10 at
the resonance energies of the first three maxima and the second maximum
and the first minimum of the transmission coefficient, illustrating the res-
onance transmission. It is seen that in the case of resonance transmission
the energy is transferred from the centre-of-mass degree of freedom, de-
scribed by the coordinate &y, to the internal (transverse) one, described
by &7 i.e., the transverse oscillator undergoes a transition from the ground
state to the excited state. On the contrary, in the case of total reflection
the energy transfer is extremely small, and the transverse oscillator returns
to infinity in the initial state. In Fig. 7 the first three metastable states
are presented. The wave function amplitudes for these states are seen to
differ from the amplitudes of the states, corresponding to the first three
maxima in the vicinity of wells.

4. Conclusion

We present the application of the adiabatic and Kantorovich meth-
ods to the problem of quantum tunnelling of a cluster of coupled parti-
cles through repulsive potential barriers. The initial boundary problem
is reduced to that for a set of ordinary differential equations. By a few
examples we demonstrate the efficiency of the proposed approach for the
cluster tunnelling problem and the capability of the method to provide
correct description of the cluster tunnelling specific features, including the
quantum transparency and total reflection phenomena induced by barrier
metastable states. An important advantage of the approach is the possibil-
ity of efficient use of symbolic-numeric software packages that considerably
simplify the calculations as compared to direct numerical approaches.

The work was supported by the Russian Foundation for Basic Research
(grant 14-01-00420) and the Bogoliubov-Infeld JINR program.
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Abstract. There were researched, modified and developed new algorithms for
compressing hyperspectral aerospace images based crossband correlation with
and without losses. The comparative characteristic shows superiority over the
universal and specialized compression algorithms.

Keywords: hyperspectral aerospace images; algorithms of compression; wavelet
transform.

1. Task description of compression aerospace hyperspectral
images

Modern satellite centers of space monitoring and remote sensing of the
Earth centers (CRP) allow rapidly receive, register, process, archive and
distribute large volumes of data that make up the sometimes hundreds of
gigabytes. The transmitted data are accumulated on terrestrial stations,
taking up a huge disk space, which requires, in turn, the cost of storing
them. It is known that the aerospace images (AI) are characterized by
the following features - spectral, radiometric, spatial resolution, the geo-
metrical dimensions of the stage, characterized by a different number of
channels and bands. The hyperspectral Al for each pixel in the image,
hyperspectral camera receives the light intensity for a large number (typi-
cally several tens to several hundreds) of the adjacent spectral bands. Each
pixel in the image, thus comprises a continuous spectrum and can be used
for the characterization of objects in a scene with high accuracy and de-
tail [1-3].

Therefore, hyperspectral Al lead to a significantly improved ability to clas-
sify objects in the scene based on their spectral properties. Due to the
rich content of the information in hyperspectral Al, they are uniquely well
suited for automated processing of remote sensing images. In recent years,
the majority of researchers in solving the problems of remote sensing hy-
perspectral pay special attention to the Al.

Hyperspectral Al characterized by a different number of channels, the spec-
tral range and radiometric resolution, passed with the spacecraft (SC) to
ground stations that require archiving to storage subsystems ERS limited
capacity for data communication channels limited capacity [4]. In this re-
gard, one of the important tasks is archiving hyperspectral Al. The basis
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of such filing systems are different kinds of formats, techniques and com-
pression algorithms. Problems associated with the development of modern
compression systems for archiving hyperspectral Al can be divided into two
main areas: 1) the development of high-performance methods and com-
pression algorithms hyperspectral Al on board the spacecraft to reduce
the computational resources for archiving; 2) the development of effec-
tive methods and algorithms for compressing hyperspectral Al centers of
aerospace monitoring and processing of images with high archiving.

The first direction is the creation of the backup systems on board the
spacecraft, the development of which is quite time consuming and chal-
lenging. Level is defined in such a problem that the backup computer
processes lead to an increase in temporal resolution.

The second area involves the development and use of the most effective
approaches to methods and algorithms for compression of hyperspectral
Al In this case there is a situation where it is necessary to explore the
problems of compression tasks hyperspectral Al, for known solutions to
address it. Specialized software systems to handle the Al study the above
issues represent the most well-known compression systems hyperspectral
AL Currently, there is a software designed for compressing hyperspectral
Al These include ERDAS Imagine, ERDASER Mapper, ArcView GIS,
GeoExpress, which confer increasingly specialized modules to compress
Al Thus, the package ERDAS Imagine, ArcView GIS and image com-
pression tools are in MrSID format (IMAGINE MrSID Desktop Encoder
and IMAGINE MrSID Workstation Encoder). Their essence is that when
you create a MrSID image uses a discrete wavelet transform is with and
without losses. ERDASER Mapper system has a compression module
with data loss based on JPEG2000 standard and Enhanced Compression
Wavelet (ECW) [5-8]. The software uses GeoExpress JPEG2000, MrSID
format. The above software systems increasingly include algorithms and
methods for compressing hyperspectral Al based on known standards and
formats. According to the analysis of existing specialized systems for com-
pressing hyperspectral Al indicated that many systems use a small range
of compression formats with and without losses JPEG 2000, the MrSID
and ECV. In addition to the specialized systems to compress investigated
private implementations that are maintained by the AI processing hyper-
spectral data are reflected in the work [9-14].

These works were carried out studies of the problems and prospects of
hyperspectral data compression with and without losses. Most approaches
based on wavelet with and without losses. Among the developments of
lossless involved fewer researchers.

The proposed solution compression tasks hyperspectral Al on the basis
of the above approaches to the algorithms and methods for compressing
hyperspectral Al, we can conclude that the most widely used methods of
solving the problem of compression can be: - consideration of the spectral
correlation, which gives certain advantages on the basis of the calculated
correlation matrix; - adaptive wavelet transformation; - metrics to assess
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the quality criteria of the reconstructed image PSNR, MSE, PMSE and
others.

2. Results of the research

Experimental studies preparatory processing for compressing hyper-
spectral Al based on the characteristics of the developed algorithms
degree of lossless and losses.

I. The preparatory process for compressing hyperspectral Al lossless.
Consider the preparatory process of the adapted data compression
algorithm to hyperspectral Al lossless considering crossband correlation.
An algorithm is proposed to implement in three stages:

1. Convert the data structure based on the original hyperspectral Al
storing the values of the wavelet coefficients, by the example of the
one-dimensional Haar wavelet and accounting crossband correlation
between image channels by its count (the formation of arrays of deviations
(differences) from the original data values found functional dependence).

2. Adapted processing the converted data sets based on the formation of
block-based hyperspectral Al

3. Compressing one of entropy algorithms.

II. The preparatory process for compressing hyperspectral Al losses.
Consider the preparatory processing based on wavelet transformation
based on the correlation crossband before compressing hyperspectral Al
lossless. Possible next steps preparatory treatments hyperspectral Al
based on the suggested steps:

1. Accounting crossband correlations between the Al channels.

2. Convert the data structure based on the original hyperspectral Al
storing the values of the wavelet coefficients, by the example of one-
dimensional and two-dimensional Haar wavelet [15].

3. Convert the basis of the data structure on the original hyperspectral
AT storing the values of the wavelet coefficients, by the example of the
one-dimensional wavelet Dobeshi [16].

4. Conversion based on stages 1-3 by a predetermined quantization step
wavelet coefficients.

5. The use of standard metrics for evaluating the quality criteria of the
reconstructed image PSNR, MSE, PMSE and others.

6. Compress one of standard entropy algorithms. Consider proposed
hyperspectral Al algorithms compression without loss.

Haar wavelet

1. Haar wavelet (one-dimensional), the algorithm runs in lines Convert
data structure based on the original hyperspectral Al storing the values
of the wavelet coefficients, by the example of the one-dimensional Haar
wavelet. The fundamental in the wavelet - analysis of the idea is to
allocate information data at different levels of detail. Parts, in turn, can
be regarded as information about the scale or resolution. The method
consists in converting that transformed row images, thereby carried
dimensional wavelet transformation. Being half-sums and half using
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Haar wavelets as the use of low-frequency and high-frequency filters.
After conversion, the Haar wavelet we obtain wavelet coefficients of two
components - the low-frequency (LF) and high frequency (HF). After the
cut-off procedures HF ratio of the image is reduced by half, which gives
an advantage in compression.

2. The two-dimensional Haar wavelet transform hyperspectral AI. One
way to obtain a two-dimensional wavelet transformation the image is to
first apply a one-dimensional wavelet transformation to the each of the
rows of channels hyperspectral AI, and then apply a one-dimensional
wavelet transformation to each of the columns. The method is to first
convert an image line, and then convert the image to convert the string
columns. The result is a new matrix, the first two columns that contain
the values of the approximation coefficients of each line, and the next two
columns - the values of the differences of the coefficients. Similar to the
previous one-dimensional Haar wavelet may cut off the high frequency
coefficients thereby reduce the image four times.

3. Three-dimensional Haar wavelet transform hyperspectral Al. This
method consists in the fact that the first step is to apply a one-dimensional
Haar on the second two-dimensional Haar received data to the previous
stage, the third stage of the two-dimensional Haar apply to the received
data of the second stage. As a result, we obtain the values of the bass
and treble of the wavelet coefficients, cut off high-frequency coefficients,
which will give a significant compression ratio, and the image is reduced
by eight times.

Dobeshi Wawvelet

1. One-dimensional Dobeshi transform applied to aerospace hyperspectral
images. Methods Dobeshi wavelet encoding images combine the use
of Haar wavelets, and concepts such as weighted average and weighted
difference. Its difference from the Haar wavelet is that the values of high
and low wavelet coeflicients are calculated on the basis of each subsequent
four brightness values of the original image, while each four values include
the values of the previous two. This method is inferior in comparison
with the Haar wavelet, as Haar wavelet coeflicients calculates on the basis
of the two values.

2. Two-dimensional transformation of Dobeshi is applied to the values
obtained after a one-dimensional transformation. This method gives the
advantage of compression than the one-dimensional transformation of
Dobeshi.

The compression algorithm based on different transformations
Consider the preparatory process of difference transformation hyper-
spectral Al lossless considering crossband correlation. We calculate the
correlation value (crossband dependence) between the channels hyper-
spectral Al, which will reduce the range of the data changes, then require
fewer bits to store them. We perform accounting crossband correlation
between channels aerospace hyperspectral image by calculating the
correlation and forming arrays deviations (differences) from the original
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data values found functional dependence.

Experimental research

In order to access the effectiveness of the proposed algorithm in what
concerns both the point compression ratio as the limits of its application, a
number of experiments was perfomed using hyperspectral Al of the system
RS AVIRIS (see Table 1) in the format of data of raster geoinformation
system Idrisi Selva. The system AVIRIS (Airborne Visible/Infrared Imag-
ing Spectrometer) provides 224 spectral images with the wavelength of
the band from 400 nanometers to 2500 nanometers. Also, the comparison
of the proposed algorithms with the results of experiments received for
universal archivers compression algorithms WinRar, WinZip and Lossles
JPEG which applies the resolution of compression standard JPEG widely
used in commercial compression systems were made.

The experiments are made on a computer with the processor Intel Core i5
2,5 GigaHerz and RAM 4 Gigabit under operating system Windows 7
(updating package 3), 8.1.

To determine the effectiveness of the proposed algorithm in terms of
the degree of compression, as well as the limits of its applicability, a num-
ber of experiments on hyperspectral AI. The comparison of the proposed
algorithm with the experimental results obtained for the purpose of com-
pression algorithms Lossless JPEG 2000 archiver and compressor, widely
used in commercial applications of remote sensing data. Experiments com-
pression ratio in comparison with the known JPEG 2000 and archiver are
presented in the graph of lossless compression, (see Fig.1).

As can be seen from Fig.1, the exponents of the compression algorithm
I excel in compression ratio archiver WinRar, WinZip and Lossless JPEG
more than 80%. The exponents of compression of two-dimensional and
one-dimensional wavelet transform Haar, Dobeshi and Lossy JPEG 2000
(see Fig.2), exponents compression transform one-dimensional and two-
dimensional Haar wavelet lossy compression superior to wavelet Dobeshi
and compressor Lossless JPEG 2000.

Table 1

Examples of characteristics of test data (of the systems RS AVIRIS)
Name of hyperspectral Al | K | M x N, pixel | File size, byte
f970619t01p02 _r07 scOl | 224 100 x 100 6140096
f970619t01p02 r07 sc02 | 224 200 x 200 36199296
f970619t01p02 107 sc03 | 224 300 x 300 81178496
f970619t01p02 107 sc04 | 224 400 x 400 144077196
f970619t01p02 107 sc05 | 224 500 x 500 210746396
£970619t01p02 r07 sc06 | 224 600 x 600 281673728
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Figure 1. Comparison of compression algorithms for compression with and
without losses
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Figure 2. The exponents compression algorithms conclusion with losses

Conducted a large number of studies in different dimensions and the num-
ber of bands, the compression ratios results of which are presented (see
Fig.3): a)10 bands; b)50 bands; ¢)200 bands.

3. Conclusion

Based on these studies should make the following conclusions:

— the preparatory process without taking into account losses from cross-
band correlation and proposed algorithm improves the compression
ratio to a (R = 9) than in the proposed algorithm;

— the proposed approach with losses determined adaptive transform
based on wavelet transforms Haar and Daubechies by applying a pre-
determined quantization step and the subsequent arithmetic coding;

— comparison results obtained transformed hyperspectral AT with Loss-
less JPEG 2000 using the obtained wavelet coeflicients suggest the
effectiveness of the preparatory stages.

Prospects for further research can be transformed hyperspectral Al coding
adaptive algorithm SPIHT, SPECK and adaptive arithmetic coding.
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