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In development of the old conjecture of Stuckelberg, Wheeler and Feynman on the socalled “one electron Universe”, we elaborate a purely algebraic construction of an ensemble
of identical pointlike particles occupying the same worldline and moving in concord with each
other. In the proposed construction one does not make use of any differential equations of
motion, Lagrangians, etc. Instead, we define a “unique” worldline implicitly, by a system of
nonlinear polynomial equations containing a time-like parameter. Then at each instant there
is a whole set of solutions setting the coordinates of particles-copies localized on the unique
worldline and moving along it. There naturally arise two different kinds of such particles
which correspond to real or complex conjugate roots of the initial system of polynomial
equations, respectively. At some particular time instants, one encounters the transitions
between these two kinds of particles-roots that model the processes of annihilation or creation
of a pair “particle-antiparticle”. We restrict by consideration of nonrelativistic collective
dynamics of the ensemble of such particles on a plane. Making use of the techniques of
resultants of polynomials, the generating system reduces to a pair of polynomial equations
for one unknown, with coefficients depending on time. Then the well-known Vieta formulas
predetermine the existence of time-independent constraints on the positions of particlesroots and their time derivatives. We demonstrate that for a very wide class of the initial
polynomials (with polynomial dependence of the coefficients on time) these constraints always
take place and can be naturally interpreted as the conservation laws for total momentum,
angular momentum and (the analogue of) total mechanical energy of the “closed” system of
particles.
Key words and phrases: “one-electron Universe” of Wheeler-Feynman, collective dynamics, polynomial systems of equations, resultant of polynomials, Vieta formulas, conservation laws.

1.

Introduction

In the presented paper we elaborate an algebraic realization of the ideas of Stueckelberg, Wheeler and Feynman on the possibility of unified dynamics of an ensemble of
identical point-like particles located at different places of a unique worldline. E.C.G.
Stueckelberg [1, 2] was, perhaps, the first who considered a worldline containing segments with superliminar velocities and forbidden, therefore, in the canonical theory of
relativity; this assumption explicitly results in the notion of a “multi-particle” wordline. Later on J.A. Wheeler (in his famous telephone call to R. Feynman, see [3])
suggested his concept of the “one-electron Universe” that allows for the above mentioned construction of an ensemble of numerous copies of a single particle located on
the same worldline. One of the consequences of these ideas, namely, the consideration
of a positron as a “moving backwards in time” electron, had been later exploited by
R. Feynman in his construction of quantum electrodynamics [4]. However, the very
conjecture of the “one electron Universe”, for many reasons, had been adandoned for
a long time.
In the recent paper [5], in the framework of a purely non-relativistic, Newtonianlike scheme, we have made an attempt to deduce the correlations in positions and
movements of different copies-particles from algebraic properties of their (common)
worldline, without any resort to equations of motion (Newton’s laws, Hamiltonians,
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Lagrangians, etc.) themselves. Specifically, we considered the (unique) “worldline”
which, instead of the generally accepted parametric form 𝑥𝑎 = 𝑓𝑎 (𝑡), 𝑎 = 1, 2, 3, is
defined implicitly, by a system of algebraic equations
𝐹𝑎 (𝑥1 , 𝑥2 , 𝑥3 , 𝑡) = 0.

(1)

Then, for any value of the time-like parameter 𝑡, one generally has a whole set (𝑁 )
(𝑘)
of solutions to this system, which define a correlated kinematics 𝑥𝑎 = 𝑓𝑎 (𝑡), 𝑘 =
1, 2, . . . 𝑁 of an ensemble of identical point-like singularities on a unique worldline (see
fig. 1).

Figure 1. Generic worldline, numerous pointlike “particles” (at 𝑡 = 𝑡2 ) and
creation (at 𝑡 = 𝑡1 ) or annihilation (at 𝑡 = 𝑡3 ) events

If, in the course of time, the parameter 𝑡 is assumed to increase monotonically,
then a pair of particles can appear at a particular instant 𝑡 = 𝑡1 (or disappear at
𝑡 = 𝑡3 ). These “events” model the processes of creation (annihilation) of a pair
“particle-antiparticle”.
In the paper [5], we restricted by consideration of the plane (2D) motion and
polynomial form of generating functions {𝐹𝑎 } in (1). The latter restriction allows for
a complete determination of the full set of roots-particles of the system and explicitly
reveals the correlations in their positions and dynamics represented by the well-known
Vieta formulas. Moreover, in a special “inertial-like” reference frame, the first (linear
in roots) Vieta formula guarantees the satisfaction of the conservation law for total
momentum of the set of point-like particles identified with the roots of (1). In this way
one reproduces the general structure of Newtonian mechanics which, thus, turns out
to be encoded in the algebraic properties of an arbitrary (implicitly defined) worldline!
The most important results and ideas of the paper [5] are presented in section 2.
Apart of the obvious program of relativistic invariant formulation of the scheme
(for this, see discussion in [5], section 5), there are a number of problems which can be
successfully considered in the framework of purely Galilean-Newtonian picture. One
of these is the determination of the full set of conservation laws which follow from the
structure of the nonlinear (i.e., of higher degree in roots) Vieta formulas. These issues
are examined in section 3. The problem of conservation of total angular momentum is
separately treated in the next section 4 and turns out to relate to the Vieta constraints
too. In this section we also present a typical example of the polynomial system that
defines a self-consistent dynamics of a number of roots-particles subject to all three
canonical-like conservation laws. Section 5 contains some concluding remarks and
discussion.

2.

Collective Algebraic Dynamics on an Implicitly Defined
Worldline

Consider, for example [5], a simple algebraic system of polynomial equations selected quite randomly (yet of rather low degrees in the unknowns 𝑥, 𝑦 and the time-like
parameter 𝑡):
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{︃

𝐹1 (𝑥, 𝑦, 𝑡) = −2𝑥3 + 𝑦 3 + 𝑡𝑥 + 𝑡𝑦 + 𝑦 + 2 = 0,
𝐹2 (𝑥, 𝑦, 𝑠) = −𝑥3 − 2𝑥2 𝑦 + 𝑡 + 3 = 0.
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(2)

Eliminating 𝑡, one obtains the trajectory
𝑥4 + 3𝑥3 𝑦 + 2𝑥2 𝑦 2 − 2𝑥3 + 𝑦 3 + 3𝑥 + 2𝑦 − 2 = 0

(3)

y

which consists of three disconnected components (fig. 2).

x

Figure 2. Three branches of the trajectory of R-particles and the typical
succession of events (annihilation – propagation of a C-particle — creation)

One can also reduce the system (2) to a single polynomial equation. Indeed,
resolving the second equation with respect to 𝑦 and substituting the result in the first
one, we obtain:
𝑃 (𝑥, 𝑡) = −17𝑥9 + (−4 + 4𝑡)𝑥7 + (3𝑡 + 25)𝑥6 + (4𝑡2 + 12 + 16𝑡)𝑥4 +
+ (−3𝑡2 − 18𝑡 − 27)𝑥3 + 27𝑡 + (𝑡3 + 9𝑡2 + 27) = 0. (4)
It can then be proved that there is an analogous condition for the unknown 𝑦, namely,
𝑄(𝑦, 𝑡) = 17𝑦 9 + (35 + 33𝑡)𝑦 7 + (−6𝑡 + 52)𝑦 6 + (15𝑡2 + 34𝑡 + 19)𝑦 5 +
+ (40 + 8𝑡 − 16𝑡2 )𝑦 4 + (49𝑡 + 11𝑡2 − 𝑡3 + 113)𝑦 3 +
+ (−50𝑡 − 12 − 18𝑡3 − 72𝑡2 )𝑦 2 + (148𝑡2 + 28𝑡3 + 208𝑡 + 48)𝑦+
+ (𝑡4 − 48𝑡2 − 5𝑡3 − 96𝑡 − 64) = 0. (5)
For any value of the time-like parameter 𝑡 equation (4) has nine solutions 𝑥𝑘 , 𝑘 =
1, . . . , 9, each one of which is in correspondence with a solution 𝑦𝑘 of (5) so that the
pairs compose exactly nine solutions of the system (2). Some of these are real-valued,
correspond to the so-called R-particles and belong to one of the three branches of the
trajectory (3) while others arise as complex conjugate pairs and should be treated as
another kind of composite particle-like formations, the so-called C-particles [5]. The
latter can be visualized via equal real parts of complex conjugate roots and are located
in the space off the trajectory (3), see fig.2.
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At particular values of the time-like parameter 𝑡 defined by the condition (we
designate here 𝑥1 = 𝑥, 𝑥2 = 𝑦)
⃦
⃦
⃦ 𝜕𝐹𝐴 ⃦
⃦ = 0, 𝐴, 𝐵, . . . = 1, 2,
⃦
(6)
det ⃦
𝜕𝑥𝐵 ⃦
some two real roots of the system (2) merge together and transform then into a
complex conjugate pair or vice versa. These events can be evidently interpreted as the
processes of annihilation of a pair particle-antiparticle accompanied by the formation
of a “C-quantum”, or creation of a pair, respectively. A typical succession of processes
is represented at fig. 2. Note that, in contrast to the picture earlier suggested by
Stueckelberg, all these processes necessarily satisfy a number of conservation laws, see
below.
Consider now the set of Vieta formulas specific, say, for the polynomial equations
(4,5) and explicitly representing the correlations in positions and dynamics of different
particles-roots defined by the generating system (2). The first two of them (of lowest
degrees in roots) have the following form:
𝑥1 + 𝑥2 + . . . + 𝑥9 = 0,

𝑦1 + 𝑦2 + . . . + 𝑦9 = 0;

(7)

and, respectively,
𝑥1 𝑥2 + 𝑥1 𝑥3 + . . . + 𝑥8 𝑥9 =

1
1
(4𝑡 − 4), 𝑦1 𝑦2 + 𝑦1 𝑦3 + . . . + 𝑦8 𝑦9 = − (33𝑡 + 35), (8)
17
17

where all the roots depend on 𝑡 and the zeros on the right-hand side of equations (7)
are direct consequences of the absence of the 8-th degree terms in 𝑃 (𝑥, 𝑡) and 𝑄(𝑥, 𝑡),
see (4,5). On the other hand, for a mechanical system of nine particles with masses
𝑚𝑘 the coordinates of its center of mass are
𝑋(𝑡) =

1
(𝑚1 𝑥1 + . . . + 𝑚9 𝑥9 ),
9

𝑌 (𝑡) =

1
(𝑚1 𝑦1 + . . . + 𝑚9 𝑦9 ).
9

(9)

From the linear Vieta formulas (7) we conclude, therefore, that for the polynomial
system (2) that defines the ensemble of nine particles of equal masses 1 , the center of
mass is at rest. Repeatedly differentiating then equations (7) with respect to the timelike parameter 𝑡, one obtains for instantaneous velocities {⃗𝑣𝑘 (𝑡)} and accelerations
{⃗𝑎𝑘 (𝑡)} of the roots-particles:
⃗𝑣1 + ⃗𝑣2 + . . . + ⃗𝑣9 = 0,

(10)

⃗𝑎1 + ⃗𝑎2 + . . . + ⃗𝑎9 = 0.

(11)

and
Equation (10) demonstrates that the total momentum of nine particles of the ensemble
is conserved and, precisely, equal to zero. As for the equation (11), one can identify
the acceleration ⃗𝑎𝑘 with the resulting force 𝐹⃗𝑘 acting on the particle (of unit mass,
𝑚𝑘 = 𝑚 = 1) from all other particles of the ensemble 2 . Now one can say that
equation (11) represents in fact the “weakened” form of the Newton’s third law: the
sum of all resulting forces acting on all the nine particles in the ensemble is identically
zero. Note that the velocities (momenta), accelerations and other physical quantities
of C-particles can be always considered real-valued since they correspond to complex
1 Note, however, that the masses of composite C-particles should be, of course, considered twice
greater than of real R-particles
2 The problem of decomposition of “resulting forces” into partial forces of mutual interaction is
rather difficult and will be discussed elsewhere
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conjugate pairs of roots, so that their imaginary parts cancel and do not enter the
constraints (10,11).
Let us examine now the next, quadratic in roots, Vieta formulas (8). It is easy
to see that, making use of the linear formulas (7), the former can be equivalently
rewritten for the squares of roots as follows:
𝑥21 + 𝑥22 + . . . + 𝑥29 = −

2
(4𝑡 − 4),
17

𝑦12 + 𝑦22 + . . . + 𝑦92 =

2
(33𝑡 + 35).
17

(12)

Composing now a 𝑆𝑂(2)-invariant combination of the two equations (12) (which only
is coordinate-independent and thus physically meaningful), one obtains:
𝑟12 + 𝑟22 + . . . + 𝑟92 = (58/17)𝑡,

(13)

where 𝑟𝑘2 := 𝑥2𝑘 + 𝑦𝑘2 . Thus, in the 18-dimensional configuration space of roots (we
ignore here the fact that some of them could be complex-valued!) the imaging point
is permanently located at a uniformly expanding sphere. The obtained result, though
interesting, is in fact accidental: we shall see below (section 3) that, generally, the
dependence on the time-like parameter 𝑡 in the right-hand side of equation (13) is
rather quadratic than linear. That is why, to obtain a physically valuable conservation
law, one has to differentiate it twice. It follows then:
(𝑣12 + 𝑣22 + . . . + 𝑣92 ) + (⃗𝑎1⃗𝑟1 + ⃗𝑎2⃗𝑟2 + . . . + ⃗𝑎9⃗𝑟9 ) = const = 0.

(14)

The first group of terms reproduces the (doubled) total kinetic energy whereas
the second group stands for the analogue of potential energy (or, more closely, total amount of work of all the resulting forces). Thus, we obtain a coordinate-free
constraint which strongly resembles the law of mechanical energy conservation but
obviously has a different form! Nonetheless, the correlated dynamics of particles in
the system (2) is governed not only by the law of conservation of total momentum but
by the energy-like conservation law (14) as well!
It is also noteworthy that the equality
(︂
)︂
d 1 2
𝑣
≡ ⃗𝑎𝑘⃗𝑣𝑘 ≡ 𝐹⃗𝑘⃗𝑣𝑘
(15)
d𝑡 2 𝑘
is in fact a well-known balance equation for kinetic energy which does not depend on
the particular form of interaction and is valid identically under the identification of
acceleration ⃗𝑎𝑘 with the resulting force 𝐹⃗𝑘 .
Let us examine next the situation with angular momentum vector
∑︁
⃗ =
⃗ 𝑘 , 𝑀𝑘 := ⃗𝑟 × ⃗𝑣 ,
𝑀
𝑀
(16)
which for the considered case of a plane motion has only one nontrivial component.
The procedure of analytic determination of the latter will be described in section 4
while at the moment we only announce that for a very wide class of generating polynomial systems like (2) the total angular momentum is also conserved. In particular,
for the considered system of equations (2) it is precisely zero! Of course, this result
can be confirmed by direct numerical calculations.
We can now conclude that the (randomly chosen!) system (2), without any appeal
to the Newton’s laws or some other differential equations of motion, completely defines
a self-consistent (algebraic in nature) dynamics of the ensemble of (two kinds of)
particles. This dynamics is subject to a number of conservation laws (reproducing,
in most part, the canonical set of these), includes mutual transmutations of particles,
etc. The detailed analysis and full animation of such, unexpectedly rich dynamics
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(which, however, had not take into account the angular momentum and the energylike conservation laws) was presented in the previous paper [5].
Quite naturally, a number of remarkable problems arise at the moment: to what
extent is the situation represented by the particular system (2) typical? How wide is
the class of polynomial (or even general algebraic) systems of equations which ensure
the validity of conservation laws? Does there exist an exceptional algebraic system (or
a class of these) that completely reproduces the Newtonian dynamics, and to what kind
of particle interaction it corresponds then? What changes will occur during the 3D
generalization of the presented scheme? In which way one can adapt the construction
to the requirements of Special Relativity? At least first two of these problems will be
examined and partially solved below.

3.

Vieta Formulas Generate Conservation Laws

Consider the general 2D situation when a system of two polynomial equations
⎧
𝐹1 (𝑥, 𝑦, 𝑡) = [𝑎𝑛,0 (𝑡)𝑥𝑛 + 𝑎𝑛−1,1 (𝑡)𝑥𝑛−1 𝑦 + . . . + 𝑎0,𝑛 (𝑡)𝑦 𝑛 ] + . . .
⎪
⎪
⎪
⎨
+ 𝑎0,0 (𝑡) = 0,
(17)
𝑚
𝑚−1
𝑚
⎪
𝐹
(𝑥,
𝑦,
𝑡)
=
[𝑏
(𝑡)𝑥
+
𝑏
(𝑡)𝑥
𝑦
+
.
.
.
+
𝑏
(𝑡)𝑦
]
+
.
.
.
⎪
2
𝑚,0
𝑚−1,1
0,𝑚
⎪
⎩
+ 𝑏0,0 (𝑡) = 0.
is under investigation. Note that only forms of the highest (𝑛 and 𝑚, respectively)
and the least orders are written out in (17). The coefficients {𝑎𝑖,𝑗 (𝑡), 𝑏𝑖,𝑗 (𝑡)} depend
on the evolution time-like parameter 𝑡 and take values in the field of real numbers R.
All the roots {𝑥0 (𝑡), 𝑦0 (𝑡)} of such a system are either real or entering both in
complex conjugate pairs. In order to find all the roots of the system (17), one must
somehow eliminate one of the unknowns, say 𝑥, reduce the system to a 1D polynomial
equation in 𝑦, with coefficients depending on 𝑡, and make then use of the fundamental
theorem of algebra. This can be done using the so-called method of resultants (see,
e.g., [6,7] and our paper [5]). As a rule 1 , the resulting polynomial will be of the degree
𝑁 = 𝑛𝑚, and the sought for equation has the form
𝑅𝑥 (𝑦) = 𝑔𝑁 (𝑡)𝑦 𝑁 + 𝑔𝑁 −1 (𝑡)𝑦 𝑁 −1 + . . . + 𝑔0 (𝑡) = 0

(18)

The structure of the resultant (which in this case is often called eliminant) is represented by the determinant of the Sylvester matrix (see, e.g., [7, 8]). Coefficients
{𝑔𝐼 (𝑡)} depend on {𝑎𝑖,𝑗 (𝑡), 𝑏𝑖,𝑗 (𝑡)}. One can exchange the coordinates, and after the
elimination of 𝑦 arrive at the dual condition
𝑅𝑦 (𝑥) = 𝑓𝑁 (𝑡)𝑥𝑁 + 𝑓𝑁 −1 (𝑡)𝑥𝑁 −1 + . . . + 𝑓0 (𝑡) = 0.

(19)

Note that, generally, the degrees of 𝑅𝑥 (𝑦) and 𝑅𝑦 (𝑥) eliminants are the same and
equal to 𝑁 = 𝑚𝑛 (see, for details, [5], section 3). Of course, in the case of a rather
great 𝑁 , computer systems of analytical calculations should be used to find the explicit
form of eliminants. Then, for any value of 𝑡, all the 𝑁 solutions of (18) and (19) over
C can be (numerically) evaluated and put in correspondence to each other to obtain
𝑁 solutions {𝑥𝑘 (𝑡), 𝑦𝑘 (𝑡)}, 𝑘 = 1, 2, ..𝑁 of the initial system (17).
Since any system of two polynomial equations can be reduced to a pair of dual equations (18) and (19) for eliminants, polynomials in one variable each, the well-known
Vieta formulas are in fact applicable in the 2D case under consideration. Specifically,
one has the following system connecting all the roots of (19) or (18):
1 In

more detail the situation is described in [5]
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∑︁

∑︁

𝑥𝑘 = −𝑓𝑁 −1 (𝑡)/𝑓𝑁 (𝑡),

∑︁

𝑥𝑖 𝑥𝑗 = 𝑓𝑁 −2 /𝑓𝑁 (𝑡),
.............................................
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𝑦𝑘 = −𝑔𝑁 −1 (𝑡)/𝑔𝑁 (𝑡),

∑︁

𝑦𝑖 𝑦𝑗 = 𝑔𝑁 −2 /𝑔𝑁 (𝑡),
................................................

(20)

𝑥1 𝑥2 . . . 𝑥𝑁 = (−1)𝑁 𝑓0 (𝑡)/𝑓𝑁 (𝑡), 𝑦1 𝑦2 . . . 𝑦𝑁 = (−1)𝑁 𝑔0 (𝑡)/𝑔𝑁 (𝑡)
(summation over all the roots with 𝑘 = 1, 2, ..𝑁 , 𝑖, 𝑗 = 1, 2, ..𝑁, 𝑖 < 𝑗, ..., is implied
throughout the paper).
Let us suppose now that the coefficients of the general polynomial system (17) are
also polynomials with respect to the time-like parameter 𝑡. If the latter is considered
on the same foot as the coordinates 𝑥, 𝑦, one can easily see that the coefficients in the
higher degree monomials 𝑎𝑛,0 , 𝑎𝑛−1,1 , . . . 𝑎0,𝑛 and 𝑏𝑛,0 , 𝑏𝑛−1,1 , . . . 𝑏0,𝑛 do not depend on
time at all, the coefficients in the next, lower order monomials depend on 𝑡 linearly,
and so on.
Further, during the procedure of elimination, say of 𝑥, the property of homogeneity
of each monomial in the eliminant 𝑅𝑥 (𝑦, 𝑡) with respect to 𝑦 and 𝑡 will be evidently
preserved. This is equivalent to the statement that the coefficients 𝑔𝑁 , 𝑔𝑁 −1 , 𝑔𝑁 −2 ,
. . . will be of order 0, 1, 2, . . . in 𝑡, respectively. The same can be certainly said about
the coefficients 𝑓𝑁 ∼ 𝑡0 , 𝑓𝑁 −1 ∼ 𝑡1 , 𝑓𝑁 −2 ∼ 𝑡2 , . . . in 𝑅𝑦 (𝑥).
In particular, the coefficients 𝑔𝑁 , 𝑓𝑁 in the leading terms of the eliminants depend only on the corresponding coefficients in the leading monomials [9, 10] and are,
therefore, constants in the case under consideration. The exact connection of these
coefficients had been computed in [9, 10] and, generally, is of the following form:
(𝑛)

(𝑚)

𝑔𝑁 ≡ 𝑓𝑁 = Res[𝐹1 (𝜉, 1)], 𝐹2
(𝑛)

(𝑛)

(𝑚)

(𝜉, 1), 𝜉] ≡ Res[𝐹1 (1, 𝜉), 𝐹2

(1, 𝜉), 𝜉],

(𝑚)

(21)

where 𝐹1 (𝑥, 𝑦), 𝐹2 (𝑥, 𝑦) are the leading monomials, of degrees 𝑛 and 𝑚 respectively, of the generating polynomials in (17), and Res[..] designates corresponding
resultant of these two over 𝜉, under the substitution 𝑥 = 𝜉, 𝑦 = 1 or, equivalently,
𝑥 = 1, 𝑦 = 𝜉. The illustration of the above described construction will be presented
in section 4.
Let us now look once more at the Vieta formulas (20). The right-hand sides of
formulas of 𝐼-th order in roots are proved to be polynomials of the 𝐼-th degree in 𝑡.
Therefore, after 𝐼 differentiations by 𝑡 of corresponding formula, one necessarily arrives
at a constant in the right-hand side of the final equation. This means that there exists a
whole set of time-independent relations (correlations) between the positions, velocities,
accelerations, etc. of the particles-roots!
On the other hand, the canonical representation of conservation laws has the form
of a sum of various characteristics of individual particles. In order to obtain such a
form from the above established relations, let us make use of the so-called Newton’s
identities [11] which easily allow to express the left-hand sides of (20) as symmetric
polynomials of corresponding degrees in 𝑥 or 𝑦, respectively. As a result, one obtains
the following formulas establishing dynamical correlations between the roots-particles
of the generating system (17):
∑︁
∑︁
𝑥𝑘 = 𝐴1 (𝑡),
𝑦𝑘 = 𝐵1 (𝑡),
∑︁
∑︁
𝑥2𝑘 = 𝐴2 (𝑡),
𝑦𝑘2 = 𝐵2 (𝑡),
(22)
...................
......................
∑︁
∑︁
𝑥𝑁
𝑦𝑘𝑁 = 𝐵𝑁 (𝑡),
𝑘 = 𝐴𝑁 (𝑡),
where 𝐴𝑘 (𝑡), 𝐵𝑘 (𝑡) are some polynomials in 𝑡 of degree 𝑘, respectively.
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Now again one can differentiate by 𝑡 any of the modified Vieta formulas (22) appropriate number of times to obtain a constant in its right-hand side. In this way one
evidently comes to a chain of conservation relations which contain the sums of combinations of the roots {𝑥𝑘 , 𝑦𝑘 } and their higher order time derivatives and are valid
for any generating system of equations (17), under the above described, quite general polynomial dependence of the coefficients on time 𝑡. Thus, any system of two
polynomial equations in 𝑥, 𝑦, 𝑡 defines, generally, a collective dynamics of 𝑁 = 𝑛𝑚
particles-roots for which a set of 3(𝑁 − 1) conservation laws does exist!
Consider now in more detail the first two modified Vieta formulas which in fact
we have already dealt with in the previous section. Simplest, linear in roots, Vieta
formulas in (22) represent the dynamics of the center of mass of a system of 𝑁 identical
particles-roots, with coordinates
𝑋(𝑡) =

1 ∑︁
𝑥𝑘 ,
𝑁

𝑌 (𝑡) =

1 ∑︁
𝑦𝑘 ,
𝑁

(23)

and asserts (due to linear dependence of 𝐴1 , 𝐵1 on time 𝑡) that the center of mass
always moves uniformly and rectilinearly, in the full correspondence with the usual
Newtonian mechanics. After first and second differentiation by 𝑡, one obtains then
the law of conservation of total momentum and the “weakened” form of the Newton’s
third law; compare this with the example in the previous section 2.
As for the next, quadratic in roots, formulas in (22), their right-hand sides also
depend on 𝑡 quadratically. That’s why, to obtain a corresponding conservation law, one
has to differentiate them twice and to compose then a 𝑆𝑂(2)-invariant combination
of the resulting equations for 𝑥 and 𝑦 parts. Then, as it was already demonstrated at
the example in section 2, one comes to the conservation law for the analogue of total
mechanical energy:
∑︁
∑︁
𝑣𝑘2 +
⃗𝑎𝑘 ⃗𝑟𝑘 = const.
(24)
Both terms in (24) are real-valued, despite the contribution of complex conjugate pairs
of roots. However, imaginary parts of the latter contribute to the sums; in particular,
the first term is not positively definite, since 𝑅𝑒(𝑣𝑘2 ) = 𝑅𝑒(𝑣𝑘 )2 − 𝐼𝑚(𝑣𝑘 )2 . Thus, the
first term resembles total kinetic energy when only contributions from the 𝐶-particles
related to complex conjugate pairs of roots can be neglected. Generally, one should
take into account another sort of “kinetic” energy which is negative; its physical meaning, as well as of the second term standing in place of the potential energy, at present
is vague. As for the Vieta formulas (22) of higher orders, corresponding conservation
relations for 𝑥3𝑘 , 𝑦𝑘3 , . . . and their time derivatives of related orders do not allow for
𝑆𝑂(2)-invariant (generally, 𝑆𝑂(3)-invariant) combinations and are, therefore, coordinate dependent and not physically valuable. However, this problem needs further
investigation.

4.

The Law of Angular Momentum Conservation

We are now ready to consider the problem of conservation of the total angular
momentum, the last of the set of rotation-invariant canonical conservation laws. In
the 2D case there exists only one component of the angular momentum vector
∑︁
𝑀𝑧 =
𝑀𝑘 , 𝑀𝑘 := 𝑥𝑘 (𝑣𝑦 )𝑘 − 𝑦(𝑣𝑥 )𝑘 .
(25)
Instantaneous velocities 𝑣𝑥 , 𝑣𝑦 can be expressed through the coordinates 𝑥, 𝑦 and 𝑡.
Specifically, differentiating by 𝑡 the equations (18, 19) for eliminants 𝑅𝑦 (𝑥, 𝑡) and
𝑅𝑥 (𝑦, 𝑡), one easily finds:
𝑣𝑥 (𝑡) = −

𝜕𝑡 𝑅𝑦 (𝑥, 𝑡)
,
𝜕𝑥 𝑅𝑦 (𝑥, 𝑡)

𝑣𝑦 (𝑡) = −

𝜕𝑡 𝑅𝑥 (𝑦, 𝑡)
,
𝜕𝑦 𝑅𝑥 (𝑦, 𝑡)

(26)
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so that one obtains the desired expression for angular momentum. Composing now
the auxiliary function
𝐻(𝑀, 𝑥, 𝑦, 𝑡) := 𝑀 − (𝑥𝑣𝑦 − 𝑦𝑣𝑥 ),

(27)

reducing it to common denominator and equating then the numerator to zero, one
arrives at the additional polynomial equation of the form
𝑀 𝜕𝑦 𝑅𝑥 (𝑦)𝜕𝑥 𝑅𝑦 (𝑥) + 𝑥𝜕𝑡 𝑅𝑥 (𝑦)𝜕𝑥 𝑅𝑦 (𝑥) − 𝑦𝜕𝑡 𝑅𝑦 (𝑥)𝜕𝑦 𝑅𝑥 (𝑦) = 0.

(28)

Together with the generating equations (17) themselves, equation (28) constitute
a complete system of three polynomial equations for determination of the values of
angular momenta and their temporal dependence of all the particles-roots. For this,
we must successfully eliminate both 𝑥 and 𝑦, again making use of the resultants’
techniques, and arrive at a polynomial equation of the form 𝐹 (𝑀, 𝑡) = 0. As a rule,
it consists of two multipliers from which only one corresponds to the true solutions
of the system under consideration whereas the second factor leads to the redundant
solutions 1 . Separating the proper factor (which should be exactly of the degree
𝑁 = 𝑛𝑚) and making then use of the linear Vieta formula, one obtains the value of
total angular momentum 𝑀𝑧 and makes oneself sure that it is always time independent!
Let us now illustrate the above-presented procedure at a typical example of a
system of two polynomial (with respect to both 𝑥, 𝑦 and 𝑡) equations of the degrees
𝑛 = 3 and 𝑚 = 2, respectively, with arbitrary chosen (integer) real-valued coefficients.
Specifically, let us take
𝐹1 = (3𝑥3 − 2𝑥2 𝑦 + 5𝑥𝑦 2 + 7𝑦 3 ) + (6𝑡 − 1)𝑥2 − (9𝑡 + 1)𝑥𝑦−
− (5𝑡 + 3)𝑦 2 + (7𝑡2 − 10𝑡 + 3)𝑥 − (4𝑡2 + 11𝑡 − 2)𝑦+
+ (6𝑡3 − 9𝑡2 − 13𝑡 − 8) = 0, (29)
𝐹2 = (7𝑥2 + 17𝑥𝑦 − 12𝑦 2 ) + (5𝑡 + 19)𝑥 − (11𝑡 − 21)𝑦 − (4𝑡2 − 3𝑡 − 1) = 0.
We can assert, from the beginning, that this particular system uniquely defines the
correlated dynamics of 𝑁 = 3 × 2 = 6 particles of equal masses (some of which being
merged into complex conjugate pairs and possessing, therefore, a twice greater mass)
for which the laws of conservation of total momentum, total angular momentum and
the analogue of total mechanical energy are valid all three together!
Indeed, taking the resultant of 𝐹1 and 𝐹2 over 𝑦 and under fixed 𝑥, one obtains
the eliminant equation of the form
𝑅𝑦 (𝑥, 𝑡) = −358343𝑥6 + (−374447𝑡 − 1176858)𝑥5 +
(︀
)︀
+ 103876𝑡2 − 864563𝑡 − 1155352 𝑥4 + . . . +
+ (−111802𝑡6 − 112903𝑡5 + . . . + 370780) = 0, (30)
and, acting in full analogy, the dual equation
𝑅𝑥 (𝑦, 𝑡) = −358343𝑦 6 + (145966𝑡 − 95313)𝑦 5 +
(︀
)︀
+ 2828𝑡2 + 968047𝑡 − 354945 𝑦 4 + . . . +
+ (4148𝑡6 − 40308𝑡5 + . . . + 222804) = 0. (31)
At any 𝑡, equations (30) and (31) both have 6 solutions some of them being real
and some entering in complex conjugate pairs. Putting these in correspondence to
1 Appearance of the redundant factor is, probably, the consequence of discarding the denominator
during the transformation of the function (27)
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each other, one obtains all 6 solutions of the generating system (29). Further, the
discriminants of the eliminants (30) and (31) contain a common factor 𝐷(𝑡) which is
a polynomial in 𝑡 of the order 18 and turns to zero at 18 values of 𝑡; however, only
2 of them are real. Thus, there are precisely 2 instants of time at which some two
of the roots of (29) become multiple; physically, these correspond to the moments
of annihilation of a pair of 𝑅-particles or, conversely, creation of a pair from two
𝐶-particles.
Making use of the linear Vieta formulas for (30) and (31), one immediately finds
that the center of mass of the “closed mechanical system” of 6 particles moves uni⃗ = {𝑉𝑥 , 𝑉𝑦 }, 𝑉𝑥 = −374447/358343, 𝑉𝑦 =
formly with the (dimensionless) velocity 𝑉
145966/358343.
From the second order (modified) Vieta formulas for 𝑥 and 𝑦 parts one finds after
two differentiations by 𝑡 and summation of both:
(𝑣12 + . . . + 𝑣62 ) + (⃗𝑎1⃗𝑟1 + . . . + ⃗𝑎6⃗𝑟6 ) = const =

475979783818
≈ 3.706.
3583432

(32)

Calculating now the expression for numerator of the defining function of angular momentum (27), one obtains the (rather complicated) polynomial equation of the form
(28),
Φ(𝑀, 𝑥, 𝑦, 𝑡) = 0.
(33)
Eliminating successively 𝑥 and 𝑦 from the joint system of equations (29) and (33),
via calculating corresponding resultants 1 , one arrives at the polynomial equation for
angular momenta of the particles that turns out to be of the form 𝐹 (𝑀, 𝑡)𝐺(𝑀, 𝑡) =
0, with 𝐹 and 𝐺 being polynomials in 𝑡 of degrees 90 (!) and 6, respectively. So
it is evident (and can be verified through numerical calculations of the roots and
related angular momenta) that the first factor leads to redundant solutions whereas
the equation
𝐺(𝑀, 𝑡) = 𝛼𝑀 6 + 𝛽𝑀 5 + 𝛾(𝑡)𝑀 4 + . . . + 𝜀(𝑡) = 0
(34)
in which the coefficients 𝛼 = 358343, 𝛽 = 827188 do not depend on t, properly defines
the values of angular momenta of all 6 particles at any instant of time! Then, using
the linear Vieta formula for the equation (34), one immediately obtains the value of
total angular momentum of 6 particles:
𝑀𝑧 =

∑︁

𝑀𝑘 = −

827188
𝛽
= const = −
≈ −2.308.
𝛼
358343

(35)

Of course, this result also had been reproduced via direct numerical calculations under
numerous values of the time parameter 𝑡. Considerable number of other examples
of the algebraic systems of equations with polynomials in 𝑥, 𝑦𝑎𝑛𝑑𝑡 of different and
rather high degrees (say, 𝑛 = 7, 𝑚 = 5) had been studied; for all the examples three
canonical-like conservation laws are undoubtedly satisfied, and corresponding physical
characteristics can be exactly computed.

5.

Conclusion

In the paper we have demonstrated that for a very wide class of systems of polynomial equations, with polynomial dependence of the (real-valued) coefficients on the
time parameter, there exists a whole set of time-independent constraints on the roots
of the system and their time derivatives. Real roots can be identified with one sort
(R-) of identical particlelike formations while complex conjugate with the other one,
1 At the last step one is forced to implement the procedure under some fixed, though numerous,
values of the time parameter, due to the restricted speed of the computer calculations
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C-particles, possessing a twice greater mass and participating in the processes of annihilation or creation of a pair of R-particles.
Thus, one gets a nontrivial correlated (at present, 2D nonrelativistic) dynamics
of the ensemble of R- and C-particles. This can model real physical dynamics in a
system of interacting particles and even replace its canonical description on the base
of Newton’s differential equations of motion.
Time-independent constraints arising in our scheme are generated by the set of
the Vieta formulas that impose rigid restrictions on the instantaneous positions of
particles-roots, their velocities, accelerations, etc. We have shown that, generally,
these constraints can be transformed into the form of conservation laws. Moreover, all
canonical rotation-invariant conservation laws are represented herein. In particular,
for any polynomial (with respect both to 𝑥, 𝑦 and 𝑡) system of equations of general form
the laws of conservation of total momentum, angular momentum and (the analogue
of) total mechanical energy are satisfied!
In the framework of the concept of the “unique worldline”, there are a lot of both
mathematical and physical problems to be solved. As for mathematics, one has every
reason to think that a sort of generalized Vieta-like formulas relating different roots of
any system of two or more polynomial equations do exist and could be discovered; this
is an interesting challenge for “pure” mathematicians. In particular, such formulas, in
contrast with usual 1D case, could explicitly mix different coordinates 𝑥, 𝑦, . . . of the
solutions and, under the presence of the time-like parameter, their time derivatives.
These conjectural relations would help to explain, say, the effect of angular momentum
conservation which at present is confirmed only on an essential number of examples
but not in a general analytical form 1 .
As for physics (which is also induced herein by the purely mathematical properties
of polynomials), one should generalize the scheme to the physical 3D case and find
the road to the relativistic reformulation of the theory. Apart of these obvious goals,
the problem of determination of an effective pairwise particle interaction’ force is on
the agenda. And, of course, one should analyze the meaning of the term which stands
for the ordinary potential energy in the corresponding conservation law (24). The
principal question is, however, the following: is it possible to form composite and
stable multi-particle clusters modelling the real elementary particles, nuclei, etc. from
the initial R- and C- pre-elements of matter naturally arising in our scheme? And
how could be then interpreted the latter from the physical viewpoint?
In general, there are a lot of remarkable relations in mathematics, and in the nonlinear algebra in particular [12], which are not yet discovered but could be responsible
for the structure of fundamental physical laws. Here we have undertaken one more attempt 2 to shed some light upon the deep connections existing between fundamental
physics and mathematics.
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Алгебраическая динамика на единой мировой линии:
формулы Виета и законы сохранения
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В развитие давних идей Штукельберга, Уилера и Фейнмана о так называемой «одноэлектронной Вселенной» мы предлагаем чисто алгебраическую конструкцию ансамбля тождественных точечных частиц, принадлежащих одной и той же мировой линии
и согласованно движущихся вдоль неё. В такой конструкции никак не используются
какие-либо уравнения движения, лагранжианы и проч. Вместо этого мы определяем
«единую» мировую линию неявным образом с помощью системы нелинейных полиномиальных уравнений с параметром типа времени. При этом в каждый момент имеется
целый набор решений, задающих координаты частиц-копий, локализованных на той же
мировой линии и движущихся вдоль неё. В теории естественно возникают два различных типа таких частиц, отвечающих вещественным и комплексно сопряжённым корням
исходной полиномиальной системы уравнений. В определённые моменты времени имеют
место переходы между парами таких частиц-корней, моделирующие процессы аннигиляции или рождения пары «частица–античастица». Мы ограничиваемся рассмотрением
нерелятивистской коллективной динамики ансамбля таких частиц на плоскости. С использованием техники результантов полиномов система генерирующих уравнений сводится к двум полиномиальным уравнениям от одной переменной, после чего известные
формулы Виета предопределяют существование не зависящих от времени связей между
положениями частиц-корней и их производными по времени. Показано, что для очень
широкого класса исходных полиномов (с полиномиальной зависимостью коэффициентов от времени) такие связи всегда имеют место и могут естественным образом интерпретироваться в качестве законов сохранения полного импульса, момента импульса и
(аналога) полной механической энергии «замкнутой» системы частиц.
Ключевые слова: «одноэлектронная Вселенная» Уилера–Фейнмана, коллективная динамика, полиномиальные системы уравнений, результант многочленов, формулы
Виета, законы сохранения.

