
UDC 531.01:51-72: 624.074.5.06
Expansion Method for Continuating at Extended Solution at

Singular Points

V. V. Galishnikova

Department of Structural Engineering
People’s Friendship University of Russia

6 Mikluho-Maklaya str., Moscow 117198, Russian Federation

Stability of structures depends on the variation of the load factor on the continuation of
their load path beyond a critical point. The computation of the continuation is known to
be difficult due to special properties of the stiffness matrices of structures in the vicinity of
singular points. A new expansion method is presented that leads to a robust and accurate
continuation algorithm. The method is applied to the stability analysis of a spherical dome
for symmetric and asymmetric snow loads.
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1. Singular Points

Consider a structural model consisting of nodes, elastic finite elements, loads ap-
plied at the nodes and displacements prescribed at the nodes. The free displacements
of the nodes in the direction of the applied loads and the reactions at the supports in
the direction of the prescribed displacements are to be determined. The behaviour of
the structure is described with a node displacement vector d and a node force vector
f. The elements of d and f are ordered so that the free displacements precede the pre-
scribed displacements. Vectors d and f are related by the total stiffness matrix K of
the structure, which is decomposed into submatrices𝐾𝑖𝑚that are compatible with the
subdivision of d and f :

Kd = f or

(︂
K11 K12

K21 K22

)︂ (︂
d1

d2

)︂
=

(︂
f1
f2

)︂
(1)

d1 — free displacements, f1 — applied loads, d2 — prescribed displacements, f2 —
support reactions.

Behavior of the structure under load cannot be presented comprehensively with
diagrams showing displacement coordinates as functions of load coordinates. The load
path which shows the variation of the displacement norm with the force norm is more
suited for this purpose. Each point on the load path in figure 1 corresponds to an
equilibrium configration of the structure.
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Figure 1. Load path of a structure
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Consider a structure that is subjected to a load pattern and a displacement pattern
so that the loading can be varied with a single parameter, which is called the load
factor 𝜆:

f1 = 𝜆f1𝑝, (2)

d2 = 𝜆d2𝑝, (3)

f1𝑝 — pattern load, d2𝑝 — prescribed displacement pattern.

The load path consists of a sequence of equilibrium configurations of the structure.
As the load factor is increased from zero at the origin of the load path, the primary
branch A in figure 1 is traversed. The displacement increment M 𝑑 is related to the
force increment M 𝑓 by the tangent stiffness matrix 𝑇𝐾 :

T𝐾 M d =M f or

(︂
T11 T12

T21 T22

)︂ (︂
M d1

M d2

)︂
=

(︂
Δf1
Δf2

)︂
(4)

Depending on the properties of the structure and its deformation under load, a
critical load factor 𝜆𝑐 with associated displacement 𝑑𝑐 and force 𝑓𝑐 may be reached.
For this loading, an infinitesimal displacement increment 𝛿𝑑1 is associated with a load
factor increment M 𝜆 = 0 so that 𝛿𝑓1 = 𝛿𝑑2 = 0.Denote the tangent stiffness matrix
for displacement state 𝑑𝑐 by 𝑇𝑐. The following equation shows that determinant of
submatrix 𝑇11𝑐 must be null for 𝛿𝑑1 ̸= 0 :

T𝐾𝑐𝛿d = 𝛿f or

(︂
T11𝑐 T12𝑐

T21𝑐 T22𝑐

)︂ (︂
𝛿d1

0

)︂
=

(︂
0

𝛿f2

)︂
(5)

The point on the load path corresponding to the critical load factor is called a
singular point. The reliable detection and computation of singular points for complex
structures is treated in paper [1].

2. Bifurcation Theory

The properties of load paths at singular points are studied by means of bifurcation
theory [2]. Let the free node displacements be a function u(𝑧) of a path parameter 𝑧,
and the load factor a function 𝜆(𝑧). Denote submatrix 𝑇11 by 𝑇 and pattern load 𝑓1𝑝
by p. Equation (4) yields:

𝑇
d𝑢

d𝑧
+ 𝑝

d𝜆

d𝑧
= 0. (6)

Matrix 𝑇 is denoted by 𝑇𝑐 at the singular point. It has at least one eigenvector x
associated with eigenvalue null. If it has exactly one such eigenvector, the singular
point is called simple.

𝑇𝑐𝑥 = 0. (7)

Governing equation (6) is valid also at the singular point:

𝑇𝑐
d𝑢𝑐

d𝑧
+ 𝑝

d𝜆𝑐

d𝑧
= 0. (8)

If it is assumed that 𝑇𝑐 is symmetric, multiplication of (8) from the left with 𝑥𝑇 and
substitution of (7) leads to the condition for singularity of the stiffness matrix:

𝑥𝑇 𝑝
d𝜆𝑐

d𝑧
= 0. (9)
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Equation (9) shows that there are two types of simple singular points which are
illustrated in figure (1):

turning point 𝑆1 : 𝑥𝑇 𝑝 ̸= 0 ⇒ d𝜆𝑐

d𝑧
= 0, (10)

bifurcation point 𝑆2 : 𝑥𝑇 𝑝 = 0. (11)

In order to determine a displacement increment on a load path beyond a turning
point, the derivative of u is chosen proportional to the eigenvector x using a parameter
𝜃1. Equation (12) satisfies the governing equation (8) due to result (10):

d𝑢𝑐

d𝑧
= 𝜃1𝑥. (12)

In order to determine a displacement increment on a load path beyond a bifurcation
point, the pattern load p is decomposed into components parallel and normal to the
eigenvector x:

𝑝 = 𝑐𝑥+ 𝑞 with 𝑥𝑇 𝑞 = 0 and 𝑥𝑇𝑥 = 1, (13)

𝑞 = (𝐼 − 𝑥𝑥𝑇 )𝑝. (14)

The governing equation for the displacements due to q is obtained from (8) by
multiplying from the left with 𝐼 − 𝑥𝑥𝑇 and using expressions (7) and (14):

(𝐼 − 𝑥𝑥𝑇 )𝑇𝑐
d𝑢𝑐

d𝑧
= −(𝐼 − 𝑥𝑥𝑇 )𝑝

d𝜆𝑐

d𝑧
,

𝑇𝑐
d𝑢𝑐

d𝑧
= −𝑞d𝜆𝑐

d𝑧
. (15)

The derivative of u is chosen as a linear combination of the eigenvector x and an
unknown vector w:

d𝑢𝑐

d𝑧
= 𝜃1𝑥+ 𝜃2𝑤, (16)

𝜃2𝑇𝑐𝑤 = −𝑞d𝜆𝑐

d𝑧
. (17)

Since parameter 𝜃2 can be chosen freely, it is set equal to the derivative of 𝜆.
The resulting equation cannot be solved for w because the tangent stiffness matrix is
singular.

𝑇𝑐𝑤 = −𝑞. (18)

A classification of singular points by means of the bifurcation equation is given by
Galishnikova [2, p. 227], Wagner [3, p. 110] and Crisfield [4, p. 346]. The classification
is helpful in understanding structural behavior in the vicinity of singular points. In nu-
merical analysis the classification is difficult to apply because higher order derivatives
of the displacements are required and many cases must be distinguished.

The continuation method which is presented in this paper is applied without prior
classification of the singular points. The classification topic is therefore not pursued
further.

3. Continuation of the Load Path

A segment of the load path that is reached after a singular point has been passed
is called a continuation of the load path. Equation (12) shows that there is a single
continuation branch at a turning point such as point 𝑆1 in figure 1. At a bifurcation
point such as 𝑆2 in figure 1, there are three continuation branches: primary branch
B as well as secondary branches C and D. If more than one eigenstate at a singular
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point has eigenvalue null, linear combinations of the eigenvectors lead to an infinite
set of continuations.

A structure does not necessarily become unstable when a singular point is reached
on its load path. Stability depends on the variation of the load factor on the branch
that is chosen for continuation. If the load factor increases on the branch, the structure
is called stable for displacement states on this branch. If the load factor decreases on
at least one branch the structure is called unstable at the singular point. In order to
be able to decide whether or not a singular point is a point of instability of a structure
it is necessary to continue the load path beyond the singular point.

The bifurcation theory in section 2 considers infinitesimal displacement and force
increments. Numerical computations of the load path deal with finite displacement
and force increments that take the structure from the equilibrium configuration at the
singular point S to a neighboring equilibrium configuration C. The step from S to C
will in general be associated with a load factor increment because the force increment is
not null. This load factor increment is used to determine whether or not the structure
is unstable on the branch.

Continuation is treated in monographs by Crisfield [4], Felippa [5], Galishnikova [2],
Wagner [3] and Wriggers [6]. All methods of solution consist of branch switching
followed by traversal of the selected branch. Branch switching leads from the primary
branch on which the singular point was reached to another branch on which the
analysis is continued. The traversal then follows this path. Wagner [3] in chapter 10
presents an engineering approach to branch switching. The analysis is continued on the
branch which, at the simple singular point, is tangent to the eigenvector. If multiple
eigenstates with eigenvalue null exist, the branch is tangent to a linear combination
of the eigenvectors. In remark 10.1, Wagner observes (translation):

“. . . . Since the load factor of the first equilibrium configuration on the secondary
path can be less than at the bifurcation point, . . . . a curve following process must be
used to permit load reduction. Too small a step size can lead to return to the primary
path. Too large a step size can lead to divergence. Numerical experience shows that
in the general case the transition to the secondary branch succeeds after 1 to 3 trials
. . . .”

Crisfield [4] in chapter 21 differentiates between simple branch switching (section
21.2), branch switching with higher order derivatives (section 21.3) and direct com-
putation of the singular points (section 21.6) which is also presented by Wriggers [6]
in section 7.2.1. In simple branch switching, a predictor stepM 𝑑 is taken in the di-
rection described above for Wagner’s method and the load factor increment is set
to null. The trial displacement is corrected with a sequence of displacement incre-
ments orthogonal to M 𝑑. A Taylor series expansion of the equilibrium equations and
the Newton-Raphson method are used for branch switching with higher order deriva-
tives. On page 354 in [4] Crisfield emphasizes “that these techniques are not used
in most current nonlinear finite element programs and, indeed, that it has yet to be
demonstrated that they are economically viable.”

The well-known difficulties encountered in branch switching are related by Gal-
ishnikova et. al [2] to the stiffness properties of structures in the vicinity of singular
points. It is shown in chapter 7 of [2] with exact solutions for the load path of 2-bar
trusses that the load path on the vicinity of the singular point is determined by the
third order derivatives in the Taylor series expansion.

The traversal of the selected branch with an arc length method also proves difficult.
Crisfield warns on page 355 in [4]: “We describe some arc length methods . . . . moti-
vated by the problems with conven-tional arc length methods that have been reported
by a number of workers”. For tangent stiffness methods with negative eigenvalues, as
encountered on branches where the structure is unstable, Crisfield concludes in sec-
tion 21.7.3: “This is clearly an area where future work is required.” This opinion has
recently been confirmed by Galishnikova [7] who has determined the exact tangent
stiffness matrix for the secondary branch of the load path of a steep regular tripod
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under vertical load:

𝑇𝐾 =

⎛⎜⎝ 2𝑤2
1 2𝑤1𝑤2 2𝑤1(1 + 𝑤3)

2𝑤1𝑤2 2𝑤2
2 2𝑤2(1 + 𝑤3)

2𝑤1(1 + 𝑤3) 2𝑤2(1 + 𝑤3) 2(1 + 𝑤3)
2 −𝑚2

⎞⎟⎠ ; det𝑇𝐾 ≡ 0, (19)

𝑤1, 𝑤2 — normalized horizontal displacement coordinates of the apex, 𝑤3 — normal-
ized vertical displacement coordinate of the apex, 𝑚 — geometric ratio: base radius
/ height of tripod.

This tangent matrix is singular at all points of all continuations of the load path, so
that arc length methods based on tangent stiffness matrices cannot be used to traverse
these branches.

4. Expansion Method

The author has applied the following research strategy to overcome some of the
difficulties that are encountered in the continuation of load paths as described in
section 3:

– The singular point is computed with high accuracy using only properties of the
primary branch.

– The continuation on the secondary branch is independent of the classification of
the singular point.

– The change in load factor in the first step following the singular point is taken
into account.

The strategy has lead to a new method of analysis which is based on an expansion
of the governing equations with additional equations. The expansion differs from
that presented by Crisfield [4], Wagner [3] and Wriggers [6] by including the finite
increment of the load factor in the equations, as shown below. The method is based
on the following hypotheses:

(a) The direction of the free displacement increment in the first load step beyond a
singular point is approximately parallel to the eigenvector in the eigenstate with
eigenvalue null, or to a freely chosen linear combination of multiple eigenvectors
with eigenvalue null.

(b) The direction the free displacement increment in a load step s succeeding the first
step of the continuation is approximately equal to the displacement increment in
the preceding step 𝑠− 1.

The branch is traversed stepwise. The displacement vector at the beginning of the
first step in the continuation equals that of the singular point. The following sequence
of operations is required in each cycle of iteration of each load step of the continuation.

First trial state: In the first step 𝑠 = 0 of the continuation the trial displacement
is determined with hypothesis (a) using a specified displacement scale factor 𝜂 :

𝑑 = 𝑑𝑐 + 𝜂𝑥 or

(︃
𝑑1

𝑑2

)︃
=

(︂
𝑑1𝑐 + 𝜂𝑥1
𝑑2𝑐

)︂
(20)

𝑑 — trial displacement at the end of the first cycle of iteration.
In the general step 𝑠 > 0 of the continuation the trial solution is determined with

hypothesis (b):

𝑑 = 𝑑(𝑠) + (𝑑(𝑠) − 𝑑(𝑠−1)) (21)

𝑑(𝑠) — displacement state at the start of load step 𝑠.
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Force vector: The structure would be in equilibrium in the trial state if it were
subjected to the force vector determined with equation (1):

𝐾̄𝑑 = 𝑓 or

(︃
K̄11 K̄12

K̄21 K̄22

)︃ (︃
d̄1

d̄2

)︃
=

(︃
f̄1

f̄2

)︃
(22)

𝐾̄ — total stiffness matrix for the trial displacement state 𝑑.

The stiffness matrix is not assembled explicitly. Instead, the stiffness matrices for
the elements are computed for the trial state, multiplied with the element displacement
vectors and summed to obtain the trial force vector. The trial load is not proportional
to the pattern load. It is decomposed into a component parallel to the pattern load
and a component normal to the pattern load:

𝑓1 = 𝑟𝑓1𝑝 + 𝑒1 with 𝑓𝑇1𝑝𝑒1 = 0 and 𝑟 =
𝑓𝑇
1𝑝𝑓1

𝑓𝑇
1𝑝𝑓1𝑝

. (23)

Termination in load step s: The trial state is assumed to be sufficiently accurate
to terminate the iterative correction in load step s of the continuation if the norm of
the normal component of the trial load is less than a specified fraction of the norm of
the parallel component of the trial load:√︁

𝑒𝑇1 𝑒1 6 𝜈𝑠𝑟
√︁
𝑓𝑇1𝑝𝑓1𝑝. (24)

Termination of the expansion method: The computation of the continuation
with the expansion method is continued until the tangent stiffness matrix is sufficiently
well-conditioned to permit analysis with the constant arc length method used on the
initial primary path of the load path. This condition is tested with the decomposition
𝐷𝐿𝐷𝑇 of the tangent stiffness matrix of the trial state, where D is a diagonal matrix
and L is a left triangular matrix with diagonal coefficients 1. The expansion method
is terminated if the smallest absolute value |𝑑𝑚𝑖𝑛|of the coefficients 𝑑𝑖𝑖 in D exceeds a
specified fraction 𝜈𝑚 of the smallest value 𝑑𝑒of the diagonal coefficients of 𝐷𝑒 in the
decomposition 𝐿𝑒𝐷𝑒𝐿

𝑇
𝑒 of the linear elastic stiffness matrix of the structure:

|𝑑𝑚𝑖𝑛| > 𝜈𝑚𝑑𝑒 ⇒ terminate the expansion method. (25)

Enforcement of the pattern load: The undesired normal load component could
be removed by subtracting the displacements and reactions corresponding to this load
component from the trial state. It is a special feature of the new expansion method
presented in this paper that, instead, the displace-ments and reactions due to load
𝑒1+𝜃𝑓1𝑝and prescribed displacement 𝜃𝑑2𝑝 are subtracted from the trial state. The free
parameter 𝜃is determined so that the displacement increment M 𝑑due to loading𝑒1 +
𝜃𝑓1𝑝 and 𝜃𝑑2𝑝 is normal to the displacement increment 𝑑− 𝑑(𝑠).

𝑇 M 𝑑 = 𝑒+ 𝜃𝑓𝑝+ M 𝑟, (26)(︁
𝑑− 𝑑(𝑠)

)︁𝑇
M 𝑑 = 0, (27)⎛⎜⎝ 𝑇11 𝑇12 −𝑓1𝑝

𝑇21 𝑇22 0

(𝑑1 − 𝑑
(𝑠)
1 )𝑇 (𝑑2 − 𝑑

(𝑠)
2 )𝑇 0

⎞⎟⎠
⎛⎝ M 𝑑1M 𝑑2

𝜃

⎞⎠ =

⎛⎝ 𝑒1
M 𝑟2
0

⎞⎠ . (28)
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The unknowns M 𝑑1, M 𝑟2𝑎𝑛𝑑𝜃 in equations (26) and (27) are determined as
follows. Matrix 𝑇11 is decomposed and substituted into the first row of (28):

𝐿𝐷𝐿𝑇 M 𝑑1 + 𝜃𝑇12𝑑2𝑝 = 𝑒1 + 𝜃𝑓1𝑝. (29)

Equation (29) is multiplied from the left with D−1L−1. The result is expressed
with auxiliary variables:

𝑧 = 𝐿𝑇 M 𝑑1 = 𝑎+ 𝜃𝑏, (30)

𝑎 = 𝐷−1𝐿−1 𝑒1, (31)

𝑏 = 𝐷−1𝐿−1 (𝑓1𝑝 − 𝑇12𝑑2𝑝). (32)

Condition (27) is satisfied by substituting the displacement increment from (30)
into (27):

(𝑑1 − 𝑑
(𝑠)
1 )𝑇𝐿−𝑇 𝑧 + 𝜃(𝑑2 − 𝑑

(𝑠)
2 )𝑇𝑑2𝑝 = 0. (33)

Expression (33) is rewritten with auxiliary variables g and c as follows:

𝑔𝑇 𝑧 + 𝜃𝑐 = 0, (34)

𝑔 = 𝐿−1(𝑑1 − 𝑑
(𝑠)
1 )𝑐 = (𝑑2 − 𝑑

(𝑠)
2 )𝑇 𝑑2𝑝.

Substitution of z from (30) into (34) yields the value of parameter 𝜃 :

𝜃 = − 𝑔𝑇𝑎

𝑔𝑇 𝑏+ 𝑐
. (35)

Improved trial state: The displacement increment is computed with expression
(30). The reaction increment follows from the second row of equation (27):

M 𝑑1 = 𝐿−1( 𝑎+ 𝜃𝑏), (36)

M 𝑟2 = 𝑇21 M 𝑑1 + 𝜃𝑇22𝑑2𝑝. (37)

The improved trial displacement state is obtained by subtracting the incremental
solution (36) from the trial displacement state as follows:

𝑑1 = 𝑑1− M 𝑑1, (38)

𝑑2 = 𝑑2 − 𝜃𝑑2𝑝. (39)

The iteration in the load step is repeated starting with the computation of the
force vector with expression (20). From the second cycle of iteration in the first load
step onwards, the load factor increment should be computed so that it equals the value
in the first cycle in the first load step.

5. Example of a Continuation

The expansion method described in section 4 has been implemented on the Java
platform. The stability of a variety of space trusses such as shallow and steep tripods,
columns, cantilevers, masts with rectangular and triangular sections, arches and sev-
eral domes, some of these with arches at their edges, have been analyzed for a wide
variety of load patterns. In each study, the existence of a singular point on the load
path was investigated. If it existed, the critical load factor, the load paths including
the continuation on a secondary path (if it existed) and the diagrams of the variation
of the displacement of selected nodes with the load factor were studied. All analyses
proved to be stable.
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As an example, the stability analysis of the single layer spherical dome in figure 2
with spherical radius 29.0 m, base radius 19.5 m and height 7.531 m is presented in this
section. All bars of the truss have an area of 0.002398 𝑚2 and a modulus of elasticity
of 0.7 × 105MPa. The dome has rigid supports and is subjected to the self weight of
the bars and a sheet cover as well snow loads according to the Russian building code.
The intensity of the symmetric snow load at the apex in load combination C1 is 1.57.
The reference intensity of the eccentric snow load in combination C2 is 1.80.

Figure 2. Spherical lattice dome: (a) Plan, (b) Elevation

The critical load factor for buckling under load combination C1 is 2.194. The
buckling zone is centered at the apex and the buckled shape is symmetric. The load
path consisting of a primary branch and its continuation on a secondary branch is
shown in figure 3(a). The singular point is a bifurcation point. The load path almost
reverses on itself at the singular point.
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Figure 3. Load paths of the dome in figure 2: (a) Load combination C1; (b) Load
combination C2

The critical load factor for buckling under load combination C2 is 1.694. Buckling
is local on the fourth ring from the apex, in the direction of the load eccentricity. The
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load path is shown in figure 3 (b). The singular point is a bifurcation point. The dis-
placement versus load factor diagrams for the two nodes with the largest displacements
are shown in figures 4 and 5.
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Figure 4. Variation of load factor with displacement at node 42 in the buckling
zone for C2 (a) vertical displacement component (b) (c) horizontal
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Figure 5. Variation of load factor with displacement at node 74 in the buckling
zone for C2 (a) vertical displacement component (b) (c) horizontal

displacement components

6. Conclusions

A new expansion method for the continuation of load paths beyond singular points
has been developed and tested with stability analyses for space trusses. The example
presented in this paper, and a set of examples which cannot be presented in the
available space, show that the method is robust and highly accurate. The method can
be applied to detect local buckling and to compute load paths which nearly double
back on themselves near a singular point. Additional research is required to prove the
suitabilty of the method for space frames, plates, folded plates and shells as well as
structures with nonelastic material properties.
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Метод расширения для вычисления продолжения решения

в сингулярных точках
В. В. Галишникова

Кафедра строительных конструкций и сооружений
Российский университет дружбы народов

ул. Миклухо-Маклая, д.6, Москва, 117198, Россия

В работе излагается новый метод вычисления продолжения решения в сингулярных
точках, основанный на расширении системы разрешающих уранений и обладающий
хорошей сходимостью и точностью. Приводится пример расчёта сетчатого купола на
устойчивость равновесия по разработанной автором программе, реализующей предло-
женный метод.

Ключевые слова: геометрическая нелинейность, устойчивость, сингулярные точ-
ки, продолжение решения.




