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The queueing system with two independent flows of requests with different types of pri-
orities is considered. The incoming flows are Poisson flows with different (non equal) rates.
The service times of each type requests are independent and exponentially distributed. The
priority requests at the end of its service can drop non-priority ones with probability ¢ (reno-
vation probability) or just leaves the system with probability p = 1 — gq. For general case the
two-dimensional Markov process is introduced and the system of equilibrium equations for
steady-state probability distribution is presented. For special case, when drop probability ¢
is equal to one, some probabilistic characteristics as the steady-state probability distribution
of priority requests, the probability of idle period are obtained. Also the analytical expres-
sions for some characteristics of non-priority requests, such as probability of being dropped
(or serviced), waiting time distribution for non-priority requests (in terms of Laplace-Stieltjes
transformation and generating function) and mean waiting time, are obtained.
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1. Introduction

At the present time the questions how to ensure the specified quality of service
(QoS) in data networks are very important. One of the key performance indicators
are the service traffic losses and the average transmission delay due to the unavoidable
occurrence of bursts. Problems associated with data loss may also occur due to servers
failure, receipt of a special type of data that have a negative impact on the efficiency
of the service and operation of the network element (device) [1-5].

In order to regulate the intensity of the incoming data flow and to reduce the
negative effects various control mechanisms to prevent network overload are introduced
and under study. Thus, for example, RED-like algorithms (Random Early Detection)
[6,7] under overload situation or close thereto can control the degree of loading queue
using some stochastic drop mechanism for incoming packets.

In the article the authors consider some modification of active queue management
mechanism [8] as queueing system with two independent flows of requests with different
priorities. The incoming flows are Poisson flows with different (non equal) rates Ay
and Ay. The service times of each type requests are independent and exponentially
distributed, u1 is a service rate of priority request and s — of non-priority request.The
priority requests at the end of its service can drop non-priority ones with probability
q (renovation probability) or just leaves the system with probability p = 1 — ¢. In the
first part of the article the general case is considered and the two-dimensional Markov
process is introduced, the system of equilibrium equations for steady-state probability
distribution is presented. The second part deals with the special case, when drop
probability ¢ is equal to one. For special case some probabilistic characteristics as the
steady-state probability distribution of priority requests, the probability of idle period
are obtained. Also the analytical expressions for some characteristics of non-priority
requests, such as probability of being dropped (or serviced), waiting time distribution
for non-priority requests (in terms of Laplace-Stieltjes transformation and generating
function) and mean waiting time, are presented.
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2. General Queueing System Description

At first the general case of queueing system is introduced, but the main results will
be for the special case. The random values v;(t),i = 1,2, describe the number of i-th
type requests in the system at time moment ¢. The describing our queueing system
stochastic process {X(t),t > 0}, where X(¢) = (v1(t),2(t)), is a continuous-time
two-dimensional Markov process with discreet state set X = {(¢,7),7 > 0,7 > 0}.

The state (4, j) means that there are i requests of the first type (priority requests)
and j requests of the second type (non-priority requests).

By pij, i =2 0,7 > 0 we will denote the steady-state probability that there are
1 priority requests and j non-priority requests in considered queueing system. The
introduced probabilities satisfy the following system of equations:

(A1 + A2)po,o = ppapio + p2poa + qpa Zpl,j, (1)
=0

o0
(A1 + A2 + p1)pio = AMipi—1,0 + PH1Pi+1,0 + 14 Zpi+1,j + popin, =1, (2)
=0

(A1 + X2+ p2)po,; = A2po,j—1 + H2Po,j+1 + prap1,j,  J =1, (3)
(A1 X2+ 1+ p2)pi; = MPio1,j+AoPij—1 +DPpiPis1,j + pobij+1, =1,7>1. (4)

Also the normalisation condition is introduced:

> pii=1 (5)

i=0 j=0

3. Special Case. System Description

Let’s discuss the special case of earlier introduced queueing system with drop
probability ¢ = 1 and p = 0. The system of equations (1)-(4) is as follows:

(A1 + A2)po.o = papot + 41 Y P (6)
=0
(A1 + A2+ p1)pio = Mpi—1,0 + sz‘ﬂ,j + popiy, =1, (7)
=0
(A1 + X2+ p2)po,j = A2po,j—1 + H2poj+1, J =1, (8)

(M + Ao+ p1 + p2)pij = Mpizi1,; + Aepij—1 + popijt1, 1=1,j>1 (9)

with normalisation condition (5).
Let’s define the generating function:

By(z) = Zpo,jzj, 0<z2<1. (10)
=0

Multiplying the equations (6) and (8) by 2/ and summing over j, we will receive:

M2(1 - Z)po 0— M1p1,-%
By(z) = ’ S 11
0(2) =1,z (A1 + A2 + p2)2 + o (11)
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oo
Here and elsewhere the probability p; . = > p;; is a steady-state probability that there
j=0
are exactly 4, ¢ > 0, priority requests in our system (marginal steady-state probability
distribution).

The denominator of the right hand side of the equation (11) is a quadratic equation
in z:

Aoz® — (A1 4+ Ao+ p2)z + iz =0

with the solutions

A A2+ p2 £ /(A + Ao+ po)2 — 4hops

h (12)

21,2 =

and z1 > 1,0 < 29 < 1.

The generating function By(z) is a continuous function over the interval 0 < z < 1,
so when z = 29 not only the denominator of (11) is equal to zero, but the numerator
should be equal to zero:

p2(1 — 22)po,o — pap1,.z2 = 0,

SO

1—2
Z2 1

The probabilities pg j, 7 = 0 may be expressed in terms of generating function:

P,

By (2)

. (14)
-7‘ z=0

Po,; =

Y

where B(()] ) the value of j-th degree derivative with respect to z while z =0, § > 0.

By summing the equilibrium equation (8) over j = 1,00, with the help of (6),
and then by summing the equation (9) over j = 1,00, with the help of (7), the next
steady-state system of equations is obtained:

A1po,. = pipa,., (M + Ml)pi,~ = \Pi—1,. + fiPit1,., = 1.
The solution of the system:
VRN . A1
Di,. = | — | Po,- ? 2 17 pPo, =1 ——. (15)
H1

By using the equations (15) and (13), it’s easy to obtain the probability of system
idle period:

pi—Ar oz A

. 16
2 1—20 (16)

Po,0o =

4. Special Case. Time and Probability Characteristics

As defined in the first part of the article non-priority requests are dropped by
priority requests with probability ¢ = 1, so it’s important to evaluate non-priority
request service probability — perv) - The non-priority request may be served only
when there are no priority requests in queueing system:

serv - Al
p( ) = Zpoj :p0,~ =1-—. (17)
=0 H1
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A
The loss probability plloss) jg plloss) — 1 _ yy(serv) — o
K1
Waiting time distribution for non-priority requests (in terms of Laplase-Stieltjes

transformation) with the help of (14) and Maclaurin expansion of By(z):

0 J
(serv) _ 1 ) H2 _ M1 . B M2 18
- (S) pter) JZOPOJ (M2+8> 1 — A ’ <M2+3)' (18)

Mean waiting time for non-priority requests:

erv 1 papoo — (2 — A2)Po,-
wo = (—1) - (wése )(S));‘:O = plserv) ) sy ) (19)

where poo are po,. defined by relations (16) and (15).

5. Conclusion

The one-server queuing system with two independent input flows, infinite buffer,
exponential service times, renovation was considered in this work. Some steady-state
probabilistic and time characteristics were derived.

References

1. A. Kreinin, Queueing Systems with Renovation, Journal of Applied Math. Stochast.
Analysis 10 (4) (1997) 431-443.

2. P. P. Bocharov, 1. S. Zaryadov, Probability Distribution in Queueing Systems with
Renovation, Bulletin of Peoples’ Friendship University of Russia. Series “Mathe-
matics. Information Sciences. Physics” (1-2) (2007) 15-25, in Russian.

3. 1. S. Zaryadov, A. V. Pechinkin, Stationary Time Characteristics of the GI/M /n /oo
System with Some Variants of the Generalized Renovation Discipline, Automation
and Remote Control (12) (2009) 2085-2097.

4. 1. S. Zaryadov, The GI/M/n/oo Queuing System with Generalized Renovation,
Automation and Remote Control (4) (2010) 663-671.

5. A. Adamu, Y. Gaidamaka, A. Samuylov, Discrete Markov Chain Model for An-
alyzing Probability Measures of P2P Streaming Network, in: Lecture Notes in
Computer Science, Smart Spaces and Next Generation Wired/Wireless Network-
ing 11th Internetional Conference, NEW2AN 2011, and 4th Conference on Smart
Spaces, ruSMART 2011, Germany, Heidelberg, Springer-Verlag, St. Petersburg,
Russia, August 22-25, 2011, pp. 428-439.

6. A. V. Korolkova, 1. S. Zaryadov, The Mathematical Model of the Traffic Trans-
fer Process with a Rate Adjustable by RED, in: ICUMT 2010 — International
Conference on Ultra Modern Telecommunications, Moscow, 2010, pp. 1046-1050.

7. 1. S. Zaryadov, A. V. Korolkova, The Application of Model with General Renovation
to the Analysis of Characterictics of Active Queue Management with Random Early
Detection (RED), T-Comm: Telecommunications and Transport (7) (2011) 84-88,
in Russian.

8. 1. S. Zaryadov, A. V. Korolkova, R. V. Razumchik, Mathematical Models of Active
Queue Management Systems Analysis Based on Queueing System with Two Types
of Traffic and Different Priorities, T-Comm: Telecommunications and Transport (7)
(2012) 107-111, in Russian.



Zaryadov 1.S.,; Gorbunova A.V. The Analysis of Queueing System with Two . .. 37

VK 519.21
AHaﬂI/IB cCnucremMbl MaCCOBOI'oO 06CJ'Iy}KI/IBaHI/Iﬂ C ABYMAA
BXOOAIIIMMHA ITIOTOKAMHM U BEPOATHOCTHBIM C6pOCOM

. C. 3apanos, A. B. T'opbyHoBa

Kagedpa npurradnoti ungpopmamuru u meopuu sepoamuocmer
Poccutickuti ynusepcumem dpyotcovl Hapodos
ya. Murayxo-Maxaas, 0. 6, Mockea, Poccus, 117198

PaccmarpuBaercsa onHonuHeiinas cucTeMa MacCOBOTO OOC/IyKUBAHUS C HAKOIIUTEIEM HEOT-
PaHUYIEHHOH €MKOCTH, B KOTOPYIO IOCTYHAIOT /IBa HE3ABUCHUMBIX IIyaCCOHOBCKHUX IIOTOKA 3a-
SIBOK C Pa3JINYHBIMUA WHTEHCUBHOCTSIMM U IPUOPUTETAMHU. 3asiBKa MEPBOro THUIMA (IIPUOpHU-
TeTHAsI ), HAXO/SIAsICs HA IPUOOPE, MOKET B MOMEHT OKOHYAHUs OOCIIy>KUBAHUST IGO0 TOKH-
HYTb CHCTEMY C HEKOTOPOI HEHYJIEBON BEPOSITHOCTHIO, JINOO C TOTIOJTHUTEIBHON BEPOSITHOCTHIO
cOpOCUTD BCe 3aSBKM BTOPOrO THUIA (HENPUOPHUTETHBIE 3asIBKY) U3 HAKOIMTENS U TOKHHYTH
cucreMy. JlyinresibHOCTH OOCTYKUBAHUS 3aIBOK OOOUX THIIOB UMEIOT KCIIOHEHINAJIbHBIE PAC-
TpefieJIeHnsT ¢ PA3JINIHBIMYU 3HAYEHUSIMU MHTEHCUBHOCTEH obcykuBanus. s obiero ciy-
4Jasd MNOCTPOEH JBYMEPHBIIT MapKOBCKUN IIpOIleCcC, MOJIydeHa CUCTeMa ypaBHEHMII paBHOBECUHA
JIJIsl CTAIMOHAPHOTO PACIPEJIEJIEHUs] YUCJIa 3asBOK OOOMX THUIIOB B cucTeMme. [l gacTHOTO
CIIydasi pACCMATPUBAEMON CUCTEMBI (IPUOPUTETHBIE 3asiBKU COPACHIBAIOT HEIIPUOPUTETHBIE C
BEPOSITHOCTBIO, DABHON €JIMHMUIE) B IBHOM BHUJIE NPEJICTABJIEHO CTAIMOHAPHOE PACIDEIe/IeHne
YncCJia IPUOPUTETHBIX 3asIBOK B CHCTEME, BEPOATHOCTH IIPOCTOSI CUCTEMBI. TakKiKe ITOJIYydeHO
BBbIpaXkeHue JJIsi BEPOATHOCTH IIPOCTOsI CUCTEeMBI. J1JIsT HEIPHOPUTETHBIX 3asiBOK Hall/IEHBI Be-
POSAITHOCTB ee cOPOca M3 CUCTEMBI IPUOPUTETHOMN 3asIBKO#, CTAIIMOHAPHOE PACIIPE/IEIEHIE BPe-
MEHHU OXKWJIaHUsS Havasa oOcryKuBaHus (B TepmMuHax npeobpasosanuit Jlamnaca-Cruarbeca
U POU3BOAANIX (DYHKIHI), & TAK¥KE CPeJIHee BpeMsl OXKUJIAHUsT HAJaJIa 00CIY KUBAHUSI.

Kuro4deBsbie cjioBa: 0OOHOBJIEHUE, CUCTEMA MaCcCOBOTO OOC/IYKUBAHUS, JBA BXOIAIIMX I10-
TOKa, COPOC 3asIBOK, BEPOSITHOCTHO-BPEMEHHbBIE XapaKTEPUCTUKH.
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