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B pafore mcciemyercss HENOTEHIMATBHOE TEUYEHNE HECKIMAEMOH YKUJIKOCTH B IIOPUCTOM
cpejie ¢ y4ETOM HeJIMHEHOro 3aKkoHa /lapcu n mepeMeHHOro KoahUIneHTa mornepevaHoit aud-
dysun. TeueHne npeanonaraeTcst aKCHAJIbHO CUMMETPUYHBIM U CTAIMOHAPHBIM, IPH 3TOM
CKOPOCTh MMEET JIBé KOMIIOHEeHThI: U = (vr,0,v,). PaccmarpuBaercs Tedenue, npu KOTOPOM
KOMIIOHEHTBI CKOPOCTH JIOIYCKAIOT MIPEJICTABIeHNE B BUIE: U, = Vg + £(1, 2), |&] < vo, v, K
vo, Vo = const. KomOunarus ypaBHeHuil Difjiepa MPUBOIAT K YPABHEHHUIO BTOPOTO IOPSI/I-
Ka, & ypaBHEHHME HENPEPBIBHOCTH K YPABHEHUIO MEpBOro nopsiaka ais £(r, z) n v.(r, z). Io-
JIy9eHHbIE YPABHEHUsI SIBJISIIOTCS JUHEHHBIMU b dEePEHINATBHBIMU YPABHEHUSIMH, DEIIIe-
HIE KOTOPBIX MOYKHO HCKATb B Da3/eJEHHBIX ME€PEMEHHBIX, mosarasd v(r,z) = P(r)Q(z),
& = M(r)N(z). Ona M(r) nomydeno ypaBHeHume Beccesst HysIeBOrO NOpsifika, HMEIOLIEe
pemrenne Buma M(r) = —Jo(v/Ar), X = const. U3 cessu M(r) u P(r) nomyueno P(r):
P(r) = %M/ = ng(\F)\r), o = const. Cucrema ypasuenuii s Q(z) u N(z) cBoaur-
csl K OJJHOMY yPaBHEHHIO TpeThero mopsijaka ajsi N(z). IlogydeHbl TOYHBIE DEIEHUs 3TOTO
ypaBHEHUsI IIPU TOCTOSTHHOM Koaddunmente nuddysuun D(z) = Dy = const u npu D(z) =

Doe™*chy/ %z—i—@l, rie ®o, 1, v, B, A = const. [logpobro paccMoTpeH ocobblii cirydail, Ko-

IIa OCTOSTHHbIE, BXOJANINE B yPABHEHHE, CBA3AHHBI COOTHONIHHIEM: (g = 280v0pg/ (1+£0v3).
B stom cayuae must dyskimu N(z) nosaydaercss ypaBHEHHE BTOPOTO HOpPsizika. 1losrydeHsbr
TOYHBIE PEIIEHNsI STOTO yPABHEHUs IPU TPEX BUjax koaddurmentos muddysum: D(z) = 0,
D(z) = Do, D(z) = Doe™ "%, Dy = const, v = const.

VCTaHOBJIEHO, YTO BO BCEX PEIEHUSTX KOMIIOHEHTa CKOPOCTH v (T, 2) S9KCIIOHEHIINAIBHO yObI-
BaE€T C BO3PACTAHUEM Z.

KiroueBrbie cjioBa: HEMOTEHIINAIBHOE TEUCHUE, CTAIMOHAPHOE TEYEHNE, TOPUCTAsT CPe-
na, muddysust, 3akon lapcu.

CucreMa ypaBHEHUI T'MJIPOJMHAMUKU JIJI CTAIMOHAPHOIO TEYEHUS YKUIKOCTU B
I0JIe TAYKECTU UMeeT BU

p(iV)v = =V P+ pj — fp, 1)

(
divj =0, (2)
g

riae v — CKOPOCTBb Te€deHUd 2KUJIKOCTH, p — IIJIOTHOCTDH 2KNJIKOCTH, P — JaBJieHue,

YCKOPEHHUE CUJIbI TSXKECTH, & f}; — cuna Japeu, umerormast su [1]:
fp = —|ao — e0(TVP)]. (3)

B (3) a u g9 — nocrosiaabie KOI(DMUIMEHTBI, BXOJISIINE B BbIPAYKEHUE JIJIsl CUITBI
Iapcn. Tedenue *KUJIKOCTH PacCMaTpUBAETCA B TpyOe paamyca g, HPeoJaracres,
9TO IJIOTHOCTH YKUJKOCTH MOCTOSTHHA, p = const, P U ¥ 3aBUCAT OT paJuajbHON T 1
POIOJIBHOM 2 IMJIMHAPUYIECKIX KOOPJAUMHAT U HE 3aBUCAT OT YIVIOBOI KOOPIHMHATHI (.

B ypaBuennu (2) BEKTOP IUIOTHOCTU NOTOKA YKUJKOCTH j UMEET KOMIIOHEHTHI B
[UIMHAPUIECKUX KOOpANHATAX [2]:

Jr = P(Ur - D(Z)arvz)a Jz = pUz. (4)

Crarbst mocTynmia B pegaknuio 19 uronst 2014 r.



172 Becruuk PY/IH. Cepust Mamemamura. Ungopmamura. Pusuxa. Ne3,2014. C.171-181

IIpu sTOM cuuTaeM, 9TO B CHJIy aKCHAJLHON CHMMETPHH TEYEHHs CYIIECTBYIOT IBE
KOMITOHEHTBI cKopocTu: ¥ = (vy., 0,v,).

3amnuieM B SIBHOM BHUJE ypaBHEHHE Jilyiepa:
p(0VP) = =V P + pj — [ag — £0(TV P)7]. (5)

Hcnonb3ysa ToxKIeCTBO
v? -
V; = [0, rotv] + (VV)7, (6)
nepenumnieM (5) B BHe:

U2

p(TV)5 = pV - = plt, roti] = ~V P+ pg — [ag — 0@V P)I2. (7)

YMHOKHUM PaBeHCTBO (7) CKAJISAPHO HA U U TIOJIYIUM yPaBHEHHE
2
- U - s -
p(W)? = —(OVP) + p(Gv) — agv? + v (GVP). (8)

U3 (8) mosryuaem ciiepyroniee ypaBHEHME:

—

(5VP) (1 — egv?) = p(§t) — agv® — p(V) -, 9)

| S,

(59P) = [lg) — ao? = o0 | /1 - c00?),

Honcraasiem (GVP) u3 (9) B (5) u notydaeM ypasHenie

d 2

v [—ao + 0p(GV) — €0p(VV) %

p(TV)TG = -V P + pj + (10)

1-— 80’[)2

Banumem ypasuenne (10) B HUIMHIPUYECKHX KOOPIMHATAX JJIsI KOMIIOHEHT Uy
u v, (3]

’U2

OP -
! [—ao + eopgv. — €op (Vr0p + v.0;) 2} , (11)

plordr 4000 = =50 T e

,O(Urar + 'Uz(?z)vz =

oP v, V2
=—— —_— |- € —£ 0 0,)—1|. (12
az + pg + (1 _ 801}2) |: aO + Opgvz OP (UT‘ T + UZ Z) 2 :| ( )
Ipomuddepernupyem ypapuerne (11) o z, a ypasaenue (12) 1o r u 3anumieM ux
) 0P 0°P
A3HOCTB C YIETOM TOTO, UTO = :
P Y ’ 0z0r — Ordz

00 [(0:0r + v,0,)v.| — POy [(V,-0r + v,0,)v,] =
2
=0, {vr [—ao + eopgu. — op (0,0, + v,0,) 1)2] / (1 - 50U2)} _
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2
-0, {vz {—ao + eopgu. — eop (0,0 + v,0,) 02] / (1 — 501)2)} . (13)

Bynem paccMarpuBaTh Te€UeHUE KUITKOCTH, ITPU KOTOPOM KOMIIOHEHTHI CKOPOCTH
Uy U UV, MOXKHO TIPEJICTABUTH B BUJIE:

vV, = Vo + 6(7’, Z)) |€| <o, v LWy, Yo = const, (14)

v? = (vg + €)? = v2 + 2ue€.

C yuérom (14) dynxuuio (1 — g9v?) ™! MoxnO UpecTaBUTL B BUJe:

9 —1
(1 —e0v?) ™! = (1 — ggvf — 260v0€) ™ = (1 —govg) ! {1 - Eovofg] ~
_ 2e000§

~ (11— Hll1+ —/—>=). (15

I (e L

IMoxncrasisiem v, u v, u3 (14) B (13) 1 moyIaeM ypaBHeHue:

o 2 0~ Eopgr O
0922 " 1—govd 0z "
pvg 02 [ao(1 + e0vh) — 2c0pgvo] O 2
- Te - 0. (16
1— v 8287"6 * (1 —egud)? aﬁ f0v 7 (16)

Bamnmiiem B sIBHOM BUJie ypaBHEHHe HerpepbiBHOCTH (2) ¢ yuérom (4):

190 0 0
o [7’ (vr - D(z)arvzﬂ + Y= 0. (17)

B (17) D(z) — koapdurment nonepeunoit muddyszuu. Ioacrasiasiem B (17) v, u v,
u3 (14) u nmonyvyaem ypasHeHUe:

%% [r <vr _ D(z)aarg)] + %& — 0. (18)

Ypasuenusi (16) u (18) siasrorcst uneiiHbIMU T dEPEHITUATBHBIMA Y PABHEHU-
SIMH, JIONYCKAIOIIUME PEIIeHNe B PAa3/Ie/IEHHBIX [IePEMEHHbBIX. By1eM ncKaTh perieHne
ypasrenuii (16) u (18) B Bue:

vr = P(r)Q(z), &= M(r)N(z). (19)

C yuérom (19) ypasuenus (16) n (18) sanmmryrcs Tak:

Qg — € (¥
proP(r)Q"(2) + SR PQ (=) =
0
PYo AN (oo (1 + £0v5) — 220pgv0]
- P )N
1 —eovd (N'(z) + (1 —eovd)?

M'(r)N(z). (20)

L rPIQ() — DR S M NG+ MEIN' () =0, (21)
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Ypasuenusi (20)—(21) npexcraBiasgioT coboil cucreMy JBYX ypaBHEHUIT Ha deThbIpe
dbyuxmun P(r), Q(z), M(r), N(z). CregoBarensbHo, CymecTByeT HEKOTOpasi cBOGOIA
X BBIOODPA.

IIpeamomoxkum, 4TO
M'(r) = oP(r), o = const. (22)

C yuérom (22) ypasaenue (21) MOXKHO IIPEJICTABUTH B BUJIE:

oM (r)]

o

[Q(z) — D(2)oN(2)]+ M(r)N'(z) = 0. (23)

VYpasuenue (23) npeacraBuM B BUJIE:

1.0 rM'(r oN'(z
e gD T e >y
Vs (24) nostyuacn apa ypasiems:
r?*M"(r) +rM'(r) + Ar*M(r) =0, (25)
AQ(2) — AD(2)aN(2) — oN'(2) = 0. (26)

Ypasuenue (25) sBjsiercs: ypapHeHneM Beccesisi HyJIeBOroO MOPsJIKa U UMeeT yObl-
Balolliee pellleHne BUA

M(r) = —Jo(VAr). (27)
U3 (22) maxomum P(r):
Plr) = %M’(T) _ \fjl(ﬁr). (28)

['panuuHble yCIOBUS HA MOBEPXHOCTH TPYOBI 7' = 7y:

vp(ro) =0, P(rg)=0. (29)

Oyukius Ji(x) umeer nepsbiii Hysib npu = (0, BTopoii Hyib npu z ~ 3,83.
Otcioza moyuaeM KOHKpeTHoe 3uadenue: vV \a ~ 3,83, VA = 3,83 /a.

C yuérom (22) ypasuenue (20) 3anmimercs: Tak:

AQ"(2) + BQ'(z) = 6CN'(z) + oI'N(z), (30)
rie
—_ 1 2 _2
A = puy, B:w, C:ﬂw I — ao (1 + €ovp) i 25000,09
— €0l 1 —€ovg (1 —eovg)

Hnst onpenenernst Q(z) u N(z) nmeem jBa ypasuenus (26) u (30). Ilpencrasum
X TaKUM 00pa3oM:

Q(z) = oD(2)N(2) + %N’(z), (31)

oC ol

Q)+ Q) = TN + TENG), (3)
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B obmem ciayuae cucrema ypasaenuii (31), (32) cBogurcss K OMHOMY ypaBHEHHIO
Tperbero nopsaka s N(z) :

B / AB AC AT
" 1" / _ "o —
N"+N ()\D + ) + N (2)\D +—D T ) +N ()\D T ) 0. (33)

ITpu D(z) = Dy = const nojrygaeM ypaBHEHHE ¢ MOCTOSHHBIMEU KO purmenramu:

B AB AC Al
mn " 2 [ M2 A A
N7+ N ()\D0+A>—I—N(ADO A>+NA 0. (34)
Pemenne ypasuenus (34) umem B Buje
N = Noe**, Ny = const, « = const. (35)

Ioncrasasiem (35) B (34) u noxydyaeM ypaBHeHUe JIJIsl OUPEJIEJICHUST (v

a® +ra + Sa+t=0, (36)
B AB AC Al
FAeT_ADO—’_Z’S_IDO_T’t__I'

r
ITpm mepexojie K HOBOII ITEpeMEHHON v = 1) — 3 IoJIy4daeM ypaBHEHUE JJIS 7):

n’+pn+q=0, (37)

35 —r? 2r3  rS
3 171 3
IIpocreiiee perenne ypapuerust (37) nosxydaem npu p = g = 0. IIpu srom n = 0

rae p =

nu
1 1 B
= r=—-( Do+ 2). 38
a=-gr=—3 (A00+ %) (39)
[losrygennOE perieHne UMeeT BU/I:
N = Nye~3(ADo+3)z, (39)

[Tostyaunau 6bICTPO yOBIBAIOIIYIO C POCTOM 2 (DYHKITHIO.
B ob6mem cayuae B ypasHenun (33) koaddunuent quddysun BoibupaeM B Bu/Ie:

1 By ¥ 4*B ~4C T
D = - @ vz —_ - — 4
(2) o )( oe?*chy | AZ+)\ A 1 +A , (40)

Jie 7y — IPOU3BOJIbHASI TOCTOSIHHAS, YIOBJIETBOPSAIOINIast ycaosuio: v > B/A. Ilpu stom

1 v ~4*B ~yC T
D)= ——— B+ L -T2 32 1 2 ) >y
() 7(y_§)<°+x - ata)z?

BSey

B srom ciryuae pemenue ypasaenus (33) umeer Bug: N = Noe™ 7%, Ny = const.

Pacemorpum crienmasibHbIi caydaii, korga B (32) I' = 0 u cucrema ypasHeHnii
(31)—(32) cBomurcst K ypasHeHuio Broporo mnopsaka miast N(z). IIpu I' = 0 u3 (32)
FIMEEM: o

o

Q) +50) = TEN(). (a1)
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13 (31) umeem:
Q'(2) = oD'(2)N(2) + oD(2)N'(2) + %N (42)
Ipu noxcranoske Q (z) u3 (42) B (41) noxyuaem ypasuenue st N(z):

N" 4+ N (D(z))\ 4 i) VN <D’(z))\ 4 gD(z)/\ - CX) 0. (43)

s ycaoBud I'=0 CJIEJIYET CBA3b ME2KAY IMOCTOAHHBIMU, BXOJANIMMU B YPpaBHEHUE:

_ 2equopg
= ZE0v0PI

= . 44
0 1 +80U(2] ( )

Ha gerbipe pon3BOJIbHBIX IIApAMETPa (, €0, Ug, P OJHA CBSA3b, IPU 9TOM TPH I1apa-
MeTpa cBoboauble. [Ipu Beimommenun (44) nmeem:

E0V0PY B €09 AC A B
— 72’ _— = 72 = a’ _— = 72 — b (45)
1+eovg A 14 €0 A 1 —eopvg

Banumem ypasuenue (43) ¢ yaérom (45):
N"+ (AD(2) + a)N' + (AD'(2) + aAD(z) — b)N = 0. (46)

Paccmorpum dacTHbIe ciiydan BbiOopa Koddbdunuenta muddysun D(z).
1. D(z) = 0.
U3 (43) nomydaem ypasHeHue:

N" 4+ aN' — bN = 0. (47)
Pemenue ypasuenus (47) uiem B Buje
N(z) = Noe’?, ~ =const, Ny = const. (48)
s v u3 (47) nosydaem ypasnenue 2 + ay — b = 0 u ero pemnrenue:

Y i S Y L
2 L7 2Ty L

Y=
Ecmu ggvg > 1 1 b < 0, permenne ypapaenus (47) 3amummeTcst Tax:
N(z) = Cr1e"* + Cye™??, (C1,Cy = const.
Ecmm ggvg <1u b > 1, To

N(z) = Ce"*, (C = const.

Pemrenne — yOpiBatormast pyHKIHST C POCTOM Z.
2. D(z) = Dy = const.
U3 (43) mosiyuaem ypaBHEHUE:

N" 4+ (ADg + a)N' + (aDoA — b)N = 0. (49)
Pemenue ypasuenus (49) umem B Buje (48). st v u3 (49) mosydaem ypaBHeHUe

2+ Riy+Ry=0, Ry=~Dyg+a, Rs=aDy\—Db,
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HUMEIOIee PeIeHune:

R [R R R
m=-5+ T_RQ’ =g I—Rz.

ITpu Ry > 0 N(z) = Che"#+Cqe"??, C1,Cy = const. Ilpu Ry < 0 N(z) = Ce™2?, C' =
const.

Ilosyuennoe pemrenne — yobiBaoas QyHKINAA 2.

3.
D(z) = Dge™ 7%, ~ =const, Dy = const. (50)

ITpu noxcranoske (50) B (46) mosrydaem cieayiorniee ypapaenue st N(z):
N" + (ADoe™"* + a)N' + [(aADo — AyDo)e™"* — b]N = 0. (51)
B ypasaenun (51) nepeiiém K HOBOI (DyHKIMH OT HOBOI'O apryMeHTa:
N(z) =¥(E), &=e % (52)

st ¥ uz (51) nmostyvaem ypaBHeHHe:

pogl(r=a ADo) 1 ADo<av>b):
\1:+\1/§<7 7£)+§2\I’< ok 57 O (53)

Beném obo3HAUECHUS:

- D
rma_g Mo, b,y (54)
5 5 5 5

B o6osnauenusix (54) ypasrenue (53) 3ammiercs Tax:

(S—he) yr_ (hSE+1)

\I}” + é. £2

=0. (55)

Ypasuenue (55) sABIsAETCA ypaBHEHUEM BBIPOXKACHHOTO THIIEPreOMETPHYECKOrO TH-
ma u ¢ nomomnisio noactanoBku ¥ (§) = ¢(€)y(§) cBoauTcs K KAHOHIYECKOI hopme Jj1st

ymxumn y(§) [4]:
&y (&) +7(O)y'(§) — ay(§) =0, (56)

rie 7(§) — nosmHOM 1IepBOii crenenu, o = const. CymecrByer 4 Tuna ypasuenwuii (56),

COOTBETCTBYIOIIE Pa3IuIHbIM BUgaM (), 7(§), a, KOTOpbIe ONPEIE/ISOT PeaJbHbIe
PEXKUMBI TeUEHUS *KUJIKOCTH.

Paccmorpum BosamozkHBIE BEIOOPHI (&) 1 coorBeTcTByomue hopmMbl ypasrenust (56).

1. IIpu BBIGOPE (&) B BUIE

p(€) = 23T, (57)
rae a oupegensercs us (45), h — uz (54),
a? 4\ a? 4\ 5
= S — N 1
w \/72 72(80’()8 o 1)7 72 ’)/2(80’1]3 _ 1) > O, EOUO > 9 (58)

oIy IaeM yOBbIBAOINLY0 (DYHKIIMIO IIPU BO3PACTAIOIIEM Z.
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st y(n), n = h€, noaydaem ypaBHeHHe:

ny" () + (1 +w+n)y'(n) + (3 - ;’3 + ;w> y(n) = 0. (59)

Ypasuenue (59) siBisieTcsi KAHOHUIECKOIT (DOPMOIl ypaBHEHUs] BBIPOXKIEHHOI'O T'U-
IePreoMeTPUIECKOTO THUIIA U UMEET pPeIlleHre B BUJE CYMMBI JIBYX JIMHEITHO HE3ABUCH-
MBIX BBIPOKJICHHBIX TUIIEPreoMeTpudeckux GyHkuii [4]:

y(n) = le(Oé,’_}/, _77) + CQe_nf(’? - 057’_}/7 7})7 Cl; 02 = COHSt, (60)
_ 3a 1
rae ¥ =1+ ws, —a:3—%+§w.

Kpowme permernst (60) ypasaenue (59) umeer 4acTHOE PeIIeHUE B BHUJIE MOJTHHOMOB
Jlarrepa:

_ e —pd”
yn(n) = Ly (n) = Buy™e g 5 (™), - B = const (61)
C COOTBETCTBYIOIITNMI COOCTBEHHBLIMU 3HAYEHUSIMHI
3a 1
—an:—n:?)—%—i-iw. (62)

Pemenue (61) cymecTyer TOIbKO B TOM Ciy€ae, Korma mpu VA = 3,83/rg (rg —
paJyc Tpy6Obl) ¥ (PUKCHPOBAHHOM 3HAYEHUU Y CYIIECTBYIOT TakKHe £y U Vg, 9TO BbI-
nosiHsieTcst paBeHcTso (62). 113 (62) coremyer:

1 / 4N
3=—|(3a— 2 —. 63
n+ 27<a a 501)8—1) (63)

B npocreiimem cirydae:
9 4\

= —. 64
“ E(ﬂ/g —1 ( )
C ydérom (64) u3 (63) mosyzaem:
2
a= gv(n +3). (65)
U3 (64) cinemxyer:
ZD) 4\
sov§:7+1:ﬁ+1. (66)
a [27(n+3)]

YuaursiBast, 9T0 a = €0g/ (1 + 501)3) , JUIsl £0g /7 TNOJIyYaeM BbIDAYKEHUe:

€09 a 2 6)\ 4
f09 _ % =22 L Z(n+3). 67
S 7( + eovy) 72(n+3>+3(n+ ) (67)

Boipaxaem €9g/y u egvi 4epes o,y u n. Kaxiaomy €9g/y COOTBETCTBYIOT CBOU

EoUE W M.
2. IIpu BeIGODPE (&) B BUIE

p(¢) = ¢3(5) (68)

oIy IaeM yObIBaOINLy0 (DYyHKIINIO ITPU BO3PACTAHUN Z.
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st y(n) nonydaem ypasHeHue

ny" () + (1 —w—n)y'(n) + (1 - ;’3 + ;w> y(n) = 0. (69)

Ypasuenue (69) siByisiercsi ypaBHEHHEM BBIPOKJIEHHOIO THIIEPIe€OMETPUIECKOTO TH-
a U UMeeT PeIlleHrue B BUJIE CYMMBbI JABYyX JIMHEHO HE3aBUCHUMbBIX BBIPOXKJIEHHBIX I'U-
[IepreoMeTpUIecKuX OyHKITAN:

9(77) = le<Oé, ’7777) + CQG?Uf(V -G, :)/7 777)7 (70)
rmey=1-w, —azl—g—a—i—lw.
0% 2

VYpasuenue (69) nMOJMHOMHAIBHBIX DEIIEHUIl HEe UMeeT.
3. IIpu BBIGODPE (&) B BUIE

pl6) = £3(5w)ehe, (71)

noJstydaeM yObIBaIONLY10 (DYHKIIUIO IPH BO3PACTAHUU 2.
Hnst y(§) nosyuaem ypaBHeHue

1

ny"(n) + (1 —w+n)y'(n) + (3 - gz - 2w> y(n) = 0. (72)

Ypasuenue (72) siByisieTcsi ypaBHEHUEM BBIPOKJIEHHOIO THIIEPIeOMETPUIECKOTO TH-
ma U MMeeT peITeHne B BUJE CYMMBI ABYX JITHEITHO HE3aBUCUMBIX BBIPOXKIEHHBIX T'H-
IepreoMeTpuIecKnx (OyHKITUH:

y(n) = le(a7 Vs 77) + Cgean -7, _77)7 Cla 02 = const, (73)
3 1
e y=1—w, —azS—%—i—iw.
Kpowme Toro, ypasuenue (73) umeer 9acTHbIE PEIICHNs] B BHJIE TOJUHOMOB Jlsarrepa
w w =N d" Npy—wW+n
yn () = L () = Bun®e ™" g5 ("7 (74)

C COOCTBEHHBIMH 3HAYECHUSIMU

3a 1
—an——n—?)—%—?.u. (75)

Pemenme (74) cymecTByeT TOIBKO B TOM ciiydae, ecir mpu v A = 3,83 /7o u dbuxcn-
POBAHHOM 3HAUEHUU Y CYNIECTBYIOT TaKUe g U Vg, YTO BBINOJIHsIETCs paBeHcTBO (75).
U3 (75) cremyer:

3a 1 4N

n+3=—+-— /a2 — ——. 76
+ 2y + 2y &rov% -1 (76)
ZD
B gacTHOM cirydae a? = C oz bripaxenus E0UE 1 £0g /7 COBIAIAIOT CO CIydaeM

4. TIpu BeIGOpPE (&) B BUE

() = £3(5+) (77)
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oJTy4aeM yObIBAIONLYI0 (DYyHKIIMIO ITPU BO3PACTAHUH Z.
Hotst y(€) momyaaem ypaBHeHme

3a 1

w )+ (1t =y ) + (1= 32 = 5 ) vl = (78)

Kak u B peipymux ciayvasx ypapHenue (78) siBJisieTcsi ypaBHEHUEM BBIPOXK JIEH-
HOI'O THIIEPIe€OMETPUYECKOr0 TUIIA U UMeeT PelleHHe:

y(n) = Cif(a,3,m) + Con' "V fla =7+ 1,2 —,n), (79)
3¢ 1
rie vy =1+4+w, —azl—%—iw.

Ypasrenue (78) NOJIMHOMUAIBHBIX DENIEHUT He MMeeT.

VY BCcex pacCMOTPEHHBIX PelleHuil v, (7, z) yObIBAET C POCTOM Z 110 IKCIIOHEHIHAJb-
HOMY 3aKOHY.
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UDC 532.5
Investigation of Nonpotential Flow of Fluid in Porous Medium

Taking into Account of Nonlinear Darcy Law and Variable
Diffusion Coefficient

Yu. P. Rybakov, O.D. Sviridova, G. N. Shikin

Department of Theoretical Physics and Mechanics
Peoples’ Friendship University of Russia
6, Miklukho-Maklaya str., Moscow, Russian Federation, 117198

We have considered the non-potential flow of the incompressible fluid in the porous medium
taking into account nonlinear Darcy law and different types of the diffusion coefficient. The
flow is supposed to be cylindrically-symmetric and stationary. The velocity has two compo-
nents: ¥ = (vr,0,v,). We have considered the flow when v, = vo + &(7, 2), |£] < vo,vr K
vo, Vo = const. The combination of the Euler equations reduces to the equation of second or-
der, and continuity equation reduces to an equation of first order for £(r, z) and v, (r, z). These
equations are linear differential equations with solutions of the form v.(r,z) = P(r)Q(z),
& = M(r)N(z). For M(r) we have obtained the Bessel equation of zero order with solution

in the form M(r) = —Jo(v/Ar), A = const. From the relation between M(r) and P(r) we
have obtained P(r): P(r) = tM' = ng(ﬁr), o = const. The system of equations for
Q(z) and N(z) is reduced to one equation of the third order for N(z). We have obtained the
exact solution of this equation with fixed diffusion coefficient D(2) = ®oe**chy/ 22z + @1

where ®¢, @1, v, B, A = const. A special case when constants in the equation are connected
in the relation ag = 2e0vopg(1 + sovg) is fully considered. In this case for function N(z) we
have obtained the equation of second order. Exact solutions of this equation are obtained
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with three types of diffusion: D(z) =0, D(z) = Do, D(2) = Doe™"*, Do = const, 7 = const.
We have established that for all solutions the component of the velocity v.(r,z) decreases
exponentially with increasing of z.

Key words and phrases: nonpotential flow, porous medium, Darcy law, diffusion co-
efficient.

References

1. A. E. Sheydegger, Physics of Fluid Flow in Porous Medium, Institute for Computer
Research. NIC “Regular and Chaotic Dynamics”, Moscow, 2008, in Russian.

2. Y. P. Rybakov, D. N. Maslov, G. N. Shikin, V. A. Yanushkevich, Fluid Flow in
Porous Medium and Optimization of Parameters of Filters with Granular Filling,
in: Proceedings “Engineering Systems”, 2008, pp. 351-354, in Russian.

3. L. D. Landau, E. M. Liphshyz, Hydrodynamics, Nauka, Moscow, 1988, in Russian.

4. A. F. Nikiforov, V. Uvarov, Special Functions of Mathematical Physics, Nauka,
Moscow, 1978, in Russian.



