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We construct explicit examples of globally regular static, spherically symmetric solutions in
general relativity with scalar and electromagnetic fields which describe traversable wormholes
(with flat and AdS asymptotics) and regular black holes, in particular, black universes. A
black universe is a nonsingular black hole where, beyond the horizon, there is an expanding,
asymptotically isotropic universe. The scalar field in our solutions is minimally coupled
to gravity, has a nonzero self-interaction potential, while its kinetic energy is negative in a
restricted strong-field region of space—time and positive outside it. Thus in such configurations
a “ghost” (as are called fields with negative kinetic energy) is trapped in a small part of space,
and this may in principle explain why no ghosts are observed under usual conditions. The
configurations obtained contain different numbers of Killing horizons, from zero to four.
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1. Introduction

Modern cosmological observations (see, e.g., [1,2]) favor, to a certain extent, the
existence of phantom matter which violates all standard energy conditions (w = p/p,
the pressure to energy density ratio, for phantom matter is smaller than —1). Various
kinds of phantom matter are discussed in cosmology as possible dark energy candi-
dates. Meanwhile, macroscopic phantom matter has not yet been observed. There
exist theoretical arguments both pro et contra phantom fields, and the latter seem
somewhat stronger, see, e.g., a discussion in [3].

An opportunity of interest has been suggested in [4]: there can be a kind of matter
which possesses phantom properties only in a restricted region of space, a strong-field
region, whereas far away from it all standard energy conditions are observed. As an
example of such matter, it was suggested [4] to use a minimally coupled scalar field
with the Lagrangian'

1
L, = 5’%(90)9“”5#908& —V(p), (1)

where h(p) and V() are arbitrary functions. If h(p) has a variable sign, it cannot
be absorbed by re-definition of ¢ in its whole range. Cases of interest are those where
h > 0 (that is, the scalar field is canonical, with positive kinetic energy) in a weak field
region and h < 0 (the scalar field is of phantom, or ghost nature) in some restricted
region where, e.g., a wormhole throat can be expected. In this sense it can be said
that the ghost is trapped. A possible transition between h > 0 and A < 0 in cosmology
was considered in [5].

It is also well known that phantom matter, in addition to supporting a growing
cosmological acceleration, can lead to numerous local effects. Among them is the
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existence of many kinds of regular space—time configurations which are otherwise im-
possible, at least in the framework of general relativity, such as static traversable
wormholes and a particular type of regular black holes called “black universes” [6,7].
Black universes are, in our view, of particular interest since they combine avoidance of
singularities in both black holes and cosmology. These are regular black holes (spheri-
cally symmetric ones in the known examples) where a possible explorer, after crossing
the event horizon, gets into an expanding universe instead of a singularity. Thus such
hypothetic configurations combine the properties of a wormhole (absence of a center,
a regular minimum of the area function) and a black hole (a Killing horizon separating
R and T regions). Moreover, the Kantowski—Sachs cosmology in the T region of such
space—time is asymptotically isotropic and approaches a de Sitter mode of expansion,
which makes such models potentially viable as models of our accelerating Universe.

It turns out that both wormholes and black universes can be supported not only by
purely phantom matter but also in the “trapped ghost” framework. Thus, examples
of trapped-ghost wormholes have been obtained in [4], and a generalization of the
solutions obtained there has led to a family of black-universe solutions [8]. In additions
to explicit examples, some general features were revealed [4, 8] for static, spherically
symmetric configurations of self-gravitating scalar fields with the Lagrangian (1).

In this paper, we would like to discuss new features of wormhole and black-universe
configurations which appear if, in addition to the field (1), an electromagnetic field is
invoked as a source of gravity. As in [4,8], we deal with static, spherically symmetric
space—times, therefore the only kinds of electromagnetic fields are a radial electric
(Coulomb) field and a radial magnetic (monopole) field. It should be stressed that
in the latter case it is not necessary to assume the existence of magnetic charges
(monopoles): in both wormholes and black universes a monopole magnetic field can
exist without sources due the space—time geometry. In the wormhole case it perfectly
conforms to Wheeler’s idea of a “charge without charge” [9]: electric or magnetic lines
of force simply thread the wormhole. In the case of a black universe, the picture is
different on different sides: in the static region a possible observer sees a black hole
with an electric or magnetic charge; in the cosmological region, this corresponds to a
primordial electric or magnetic field. For definiteness, we will speak of magnetic fields.

One of the motivations for the present study was that modern observations testify
to a possible existence of a global magnetic field up to 10~1% Gauss, causing correlated
orientations of sources remote from each other [10], and some authors point out the
possible primordial nature of such a magnetic field.

The paper is organized as follows. In Section 2 we present the basic equations and
make some general observations. In Section 3 we obtain explicit examples of trapped-
ghost wormhole and black-universe solutions using the inverse-problem method, and
Section 4 contains a discussion and a brief conclusion.

2. Basic Equations

We consider the total action
1
5= [ VEadta[R+ 2h(e)(@0)? ~ 2V (o) - Fu P, 2)

where R is the scalar curvature, g = det(g,,), and F},, is the electromagnetic field
tensor, in static, spherically symmetric space—times. The metric can be written in the
form

ds? = A(u)dt? — du” 72 (u)dQ? (3)
Au) ’
where we are using the so-called quasiglobal gauge goog11 = —1; A(u) is called the

redshift function and r(u) the area function; dQ? = (d¥? + sin® ¥dy?) is the linear
element on a unit sphere. The metric is only formally static: it is really static if A > 0,
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but it describes a Kantowski—Sachs type cosmology if A < 0, and w is then a temporal
coordinate. In cases where A changes its sign, regions where A > 0 and A < 0 are
called R- and T-regions, respectively.
Let us specify which kinds of functions r(u) and A(u) are required for the metric (3)
to describe a wormhole or a black universe.
1. The range of u should be u € R, where both A(u) and 7(u) should be regular,
r > 0 everywhere, and » — oo at both ends.
2. A flat, de Sitter or AdS asymptotic behavior as u — +oo.
3. In the wormbhole case, absence of horizons (zeros of A(u)), and flat or AdS asymp-
totics at both ends.
4. In the black-universe case, a flat or AdS asymptotic at one end and a de Sitter
asymptotic at the other.
The existence of two asymptotic regions with 7 ~ |u| (by item 2) requires at least
one regular minimum of r(u) at some u = g, at which

r=ro>0, =0, >0, (4)

where the prime stands for d/du. (In special cases where " = 0 at the minimum, we
inevitably have 7" > 0 in its neighborhood.)

The necessity of violating the weak and null energy conditions at such minima
follows from the Einstein equations. Indeed, one of them reads

247" Ir = —(T} = T}), ()

where 7] are components of the total stress-energy tensor (SET).

In an R-region (A > 0), the condition 7"/ > 0 implies T} — T < 0; in the usual
notations T} = p (density) and —T* = p,. (radial pressure) it is rewritten as p+p, < 0,
which manifests violation of the weak and null energy conditions. It is the simplest
proof of this well-known violation near a throat of a static, spherically symmetric
wormbhole ( [11]; see also [12]).

However, a minimum of 7(u) can occur in a T-region, and it is then not a throat but
a bounce in the evolution of one of the Kantowski—Sachs scale factors (the other scale
factor is [—A(u)]'/?). Since in a T-region t is a spatial coordinate and u temporal,
the meaning of the SET components is —7} = p; (pressure in the ¢ direction) and
T = p; nevertheless, the condition r”” > 0 applied to (5) again leads to p + p; < 0,
violating the energy conditions. In the intermediate case where a minimum of r(u)
coincides with a horizon (A = 0), the condition r”” > 0 holds in its vicinity, along with
all its consequences. Thus the energy conditions are violated near a minimum of r in
all cases.

In what follows, we will assume that the space—time is asymptotically flat as u — oo
and consider different behaviors of the metric as © — —oo.

The scalar field p(u) with the Lagrangian (1) in a space—time with the metric (3)
has the SET

T;[s] = h(u)A(u)¢' (u)? diag (1, —1, 1, 1) + 6,V (u). (6)

The kinetic energy density is positive if h(¢) > 0 and negative if h(p) < 0, so the
solutions sought for must be obtained with h > 0 at large values of the spherical
radius 7(u) and h < 0 at smaller radii r. It has been shown [4] that this goal cannot
be achieved for a massless field (V(¢) = 0). Thus we seek solutions with a nonzero
potential V (),

The electromagnetic field compatible with the metric (3) can have the following
nonzero components:

Fy1 = —Fy (electric), and Fy3 = —F35 (magnetic),
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such that
FnFO' = =2 /r¥(u), FuF? =q2, /r(u), (7)

where the constants g. and ¢,, have the meaning of electric and magnetic charges,
respectively. The corresponding SET is

2
vigp 4 . 2 _ 2, 2
T,u, [6] - T4(U) dlag (1) 15 _17 1)7 qa =4, + Q- (8)

Now, the set of equations to be solved can be written as follows:

2(Ar?hy’) — Ar’h'¢’ = r2dV/de, (9)

(A'r?) = —2r°V + 2¢* /1% (10)

v fr = =h(e)¢'""; (11)

A(r®) —r2 A" =2 — 4¢® /r?, (12)

—14+ Arr’ + Ar'? = r2(hAQ™? — V) — ¢*/r?, (13)

Eq. (9) follows from (10)—(12), which, given the potential V () and the kinetic function
h(p), form a determined set of equations for the unknowns r(u), A(u), p(u). Eq. (13)
(the G) component of the Einstein equations), free from second-order derivatives, is a
first integral of (9)—(12) and can be obtained from (10)—(12) by excluding second-order
derivatives. Moreover, Eq. (12) can be integrated giving

du
r2(u)

B (u) = r*(A/r?) = 2u + 4q2/ (14)

where B(u) = A/r?.

3. Examples of Models with a Trapped Ghost

If one specifies the functions V() and h(p) in the Lagrangian (1), it is, in general,
very hard to solve the above equations. Alternatively, to find examples of solutions
possessing particular properties, one may employ the inverse problem method, choos-
ing some of the functions r(u), A(u) or ¢(u) and then reconstructing the form of V()
and/or h(p). We will do so, choosing a function 7(u) that can provide wormhole and
black-universe solutions. Given r(u) and the charge ¢, the function A(u) is found
from (14) and V(u) from (10). The function ¢(u) is found from (11) provided h(yp)
is known; however, using the scalar field parametrization freedom, we can, vice versa,
choose a monotonic function ¢(u) (which will yield an unambiguous function V(¢))
and find A(u) from Eq. (11).

A simple example of the function r(u) compatible with the requirements 14 is
2
1
r(u) = aL n = const > 2. (15)

Va2 +n'
where x = u/a, and a > 0 is an arbitrary constant (the length scale). It differs from
the function used in [4,8] and leads to slightly simpler resulting expressions. Since
’I“”(LU) — 11‘2(2 — n) + n(2n — 1) 7
a (22 +n)>/?
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we have " > 0 at 22 < n(2n —1)/(n —2) and v’ < 0 at larger |z|, as required; it is
also clear that r ~ alx| at large |z|. It guarantees h < 0 at small |x| and h > 0 at
large |x| (see Fig. 1, the left and middle panels).

-4 -2 2 4 — -15

Figure 1. Plots of r(z) (left), r*+”(z) (middle) and h(z) (right) for n =3 in
Eq. (15)

In what follows, we will formally put ¢ = 1, which will actually mean that the
length scale is arbitrary but the quantities r, ¢, m (the Schwarzschild mass in our
geometrized units) etc., with the dimension of length, are expressed in units of a, the
quantities B, V and others with the dimension (length)~2 in units of a=2, etc.; the
quantities A, ¢, h are dimensionless.

Now, the expression for B’ = B’(x) can be written as

(2% + n)?

_ (n—1)z
(22 + 1)

B/

[6]9 — 2z + 2q2( + (n + 1) arctan x)} , (16)

where p is an integration constant. Further integration is also performed analytically
but leads to rather cumbersome expressions for B(z) and other quantities, therefore
we will restrict ourselves to the choice n = 3. An inspection shows that a particular
choice of the parameter n > 2 does not change the qualitative features of the solutions
though certainly affects their numerical characteristics.

Integrating (16) for n = 3, we obtain

26 + 2422 + 62* + 3pz(69 + 10022 + 39z%)  39p
+ —— arctanx
6(1 + 22)3 2

q?[107 + 38322 + 375z + 11725 + 62(69 + 16922 + 13921 + 392°) arctan z]
* o1 + 22)4

B =By +

+ 13¢% arctan®z, (17)

where By is one more integration constant.
Now suppose that our system is asymptotically flat at x — +o0o. Since B = A/r?
and A — 1 at infinity, we require B — 0 as x — oo and thus fix By as

13
By = —Zﬂ'(?)p + 7q¢?). (18)
Furthermore, comparing the asymptotic expression A = 1 — 2m/x + o(x) for A(z)
with what is obtained from our expression for A = Br?, we find a relation between
the Schwarzschild mass m and our parameters p and g:

2
p=m— gﬂ'qz. (19)
Thus B is a function of x and two parameters, the mass m and the charge q.
Now we know the metric completely, while the remaining quantities ¢(x) and
V(p(z)) are easily found from Egs. (11) and (10), respectively. To construct V as an
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unambiguous function of ¢ and to find h(p), it makes sense to choose a monotonic
function ¢(u). It is convenient to assume

1 x
o(z) = 7 arctan 7 (20)

so that ¢ has a finite range: ¢ € (—o, o), Yo = 7/(2v/3), which is common to kink
configurations. Thus we have x = u/a = /3 tan(y/3¢), whose substitution into the
expression for V(u), found from (10), gives V(p) defined in this finite range. The
function V() can be extended to the whole real axis, ¢ € R, by supposing V(p) =0
at ¢ = o and V() = V(—pg) > 0 at p < —¢p.

The expression for the kinetic coupling function h(p) is then found from (11) as

follows:
z?—15  3tan?(V3yp) — 15

2241 3tan2(v3p)+1

The function h(y) given by Eq. (21) is also defined in the interval (—¢g, ¢o) and can
be extended to R by supposing h(¢) =1 at |p| > ¢o. The function h(x) is plotted in
Fig. 1. Evidently, the null energy condition is violated only where h(y) < 0.

Substituting the expressions (15) and (17) into (10), with A(u) = B/r?, we obtain
the potential V' as a function of w or x = u/a. This expression is rather bulky and
will not be presented here. Instead, we will present some plots for selected values of
the parameters.

It is easy to see that asymptotic values of the function B(x) at z — —oo are
directly related to those of the potential V' which in this case plays the role of an
effective cosmological constant:

V(—00) = —3B(—00), (22)

h(p) = (21)

so that negative B(—o0) correspond to a de Sitter (dS) asymptotic, with B(—o0) =0
it is flat and with B(—o0) > 0 it is anti-de Sitter (AdS). The solutions obtained may
be classified by this asymptotic behavior and by the number and nature of horizons
appearing there. The latter correspond to regular zeros of the function B(z). It turns
out that inclusion of the electromagnetic field makes the solutions much more diverse
than it was found previously for purely scalar-vacuum configurations [4, 6].

To begin with, from (17) it follows that B(z) is an even function if and only if
p = 0, hence m = (2/3)mg®. Then V(x) is also an even function. Such symmetric
configurations are asymptotically flat at both ends, £ — 400 and ca be classified as
follows (see the corresponding curves in Fig. 2):

A1l: Twice asymptotically flat (M-M) wormholes.
A2: Extremal regular black holes (M-M), with a double horizon (curve A2).
A3: Non-extremal regular black holes (M-M), with two simple horizons (curve A3).

The abbreviation (M-M) stands here for two flat (Minkowski) asymptotic regions;
we will also use similar notations for de Sitter (dS) and anti-de Sitter (AdS) asymptotic
behaviors.

The symmetric models form a one-parameter family, depending on ¢; clearly, at ¢
smaller than those appearing in Fig. 2 we also obtain wormholes (the simplest of them
is with ¢ = m = 0 and V' = 0, it is the Ellis massless wormhole [13,14]), while at larger
q there are non-extremal black holes. The critical value of ¢ that separates them is
q~ 0.%635, at which there emerges a double horizon corresponding to a double root
of B(x).

It is of interest that in the narrow range of ¢ in which the behavior of B(z)
drastically changes, the potential V' (z) changes very little. We also notice that at
large |x| the potential takes small negative values (see the lower right panel in Fig. 2)
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0.6

-0.006

Figure 2. Plots of B(z) (top) and V(z) (bottom) for symmetric configurations.
Curves A1, A2, A3 correspond to ¢ = 0.44, 0.4635, 0.48, respectively. The lower
right panel shows the behavior of the potential at large =

while in the strong field region it is large and positive. It is not by chance since in the
general case V(z) behaves at large z as follows:

dm 2(q? —12
dm (g )

Viz) = 55 36

+O0(z™"). (23)
Thus in all examples considered below, since we everywhere take m > 0, the potential
at large x behaves approximately as shown in Fig. 2, lower right panel.

Concerning asymmetric configurations, it is natural to expect a critical behavior,
i.e., transitions between different types of models, at values of m and ¢ close to those
appearing in Fig. 2 (but certainly with p # 0). This idea is confirmed by a direct
inspection, and Fig. 3 (left) shows the corresponding five modes of the behavior of
B(x):

B1: A black universe (M-dS) with a single simple horizon.
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B2: A black universe (M-dS) with two horizons (simple and double).

B3: A black universe (M-dS) with three simple horizons.

B4: A regular black hole with a double horizon, asymptotically AdS at the far end
(r — —o0).

B5: A wormbhole, asymptotically AdS at the far end (x — —o0).

F B V(%)

Figure 3. Plots of B(z) (left) and V(z) (right) for asymmetric configurations at
parameter values close to critical ones. The parameters are: m = 0.45 and
q = 0.457, 0.45942, 0.461, 0.4636, 0.465 for curves B1-B5, respectively

The shape of the potential V(z) (Fig. 4, right) corresponds to Eq. (22): it is
certainly zero at the flat asymptotic and is of the opposite sign to that of B at the
other end.

B(X) o4l

0.2

L04
[ -2 -1 1 2

Figure 4. Plots of B(z) (left) and V(x) (right) for asymmetric configurations
with the parameter values m = 0.43 and ¢ = 0.45, 0.45095, 0.4526, 0.4536 for curves
C1-C4, respectively

A somewhat different picture is observed if we slightly move down the mass and
charge values, see Fig. 4. A qualitatively new feature as compared to Fig. 4 is that
the function B(x) corresponding to a double horizon between two R regions (curve
C3) has a negative limit as © — —oo. As a result, it is a black universe model instead
of an M-AdS wormbhole.

Less diverse is the solution behavior at larger values of the parameters, as exem-
plified in Fig. 5:

D1, D2: Black universes (M-dS) with a single simple horizon,
D3: Regular black holes (M-AdS) with two simple horizons.
The behavior of B(x) at large = is not evident from the upper left panel in Fig. 5

and is shown in the upper right panel. It naturally corresponds, as in all other cases
considered here, to a Schwarzschild asymptotic with a positive mass.
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Figure 5. Plots of B(z) (top) and V(z) (bottom) for asymmetric configurations
with the parameter values m =1 and ¢ = 0.68 (curve D1), ¢ = 0.69 (curve D2)
and ¢ = 0.7 (curve D3). The upper right panel shows the behavior of B(x) at

large z for all these parameter values

4. Conclusion

It has been shown [4] that a minimally coupled scalar field may change its nature
from canonical to ghost in a smooth way without creating any space—time singularities.
This feature, in particular, allows for construction of wormhole [4] and black-universe
models [8] (trapped-ghost wormholes and black universes) where the ghost is present
in some restricted region around the throat (of arbitrary size) whereas in the weak-field
region far from it the scalar has usual canonical properties.

In the present paper, we have obtained similar models with an electromagnetic
field and found that its inclusion leads to a greater diversity of qualitatively different
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configurations. More specifically, we have found as many as 10 types of models,
classified by the types of asymptotic behavior and the number and nature of horizons.
They have been represented above by the curves A1-A3, B1-B5, C3 and D3. At zero
charge ¢ we return to the situation discussed in [8], where only three configuration
types were revealed: M-M wormholes (represented here by the curve Al), M-AdS
wormholes (curve B5) and black universes with a single simple horizon (curves Bl1,
C1, C4, D1, D2). The reason is that in a pure scalar-vacuum system the field equations
forbid the function B(u) to have a regular minimum.

We have been assuming that the space-time is asymptotically flat as * — oco. It
is clear that if we abandon this assumption, then the number of possible qualitatively
different configurations in the scalar-electrovacuum system under consideration will
be still larger. To see how they can look, let us note that in Eq. (17) the constant
By is additive. Therefore, changing By, we simply move up or down the plot of B(z),
thus changing the asymptotic behavior and number and nature of horizons in our
model. For instance, if we slightly move down the curve A3 in Fig. 2, we will obtain
a configuration with two de Sitter asymptotics (dS-dS), separated by four simple
horizons.

We conclude that the present field system creates quite a number of diverse models
which can be of interest both as descriptions of local objects (black holes, wormholes)
and as a basis for building singularity-free cosmological scenarios.
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IlocTpoens! sIBHBbIE IPUMEPHI IVIOOAJIBHO PErYJIAPHBIX CTATUYECKUX CHEPUIeCKU-CHMMeT-
pruuanbix permenuit OTO co CKaJIAPHBIM U JIEKTPOMATHUTHBIM TOJISIMU, OIMUCHIBAIONTUX KPO-
ToBBIE HOPBI (¢ TIockuMu 1 AC aCMMITOTMKAME) U DETYJISIPHBIE YEPHBIE BIPHI, B YaCTHO-
cTH, Y€pHBbIE BCeJeHHbIe. UEpHAsT BCeJIEHHAsT — 9TO HECHHTYJIsIpHAS I6pHAs IbIpa, B KOTOPOIt
3a FOPU30HTOM HAXOJNUTCH PACHIUPSIONIALACS aCUMITOTHIECKH N30TPOIIHAS BCejeHHasd. B na-
MIUX PEIIeHUsIX CKaJsIPHOE MMOJieé MUHUMAJIbLHO CBI3aHO C TPABUTAINEN W MMeeT HEHYJIEeBOI
MIOTEHIINAJ CAMOJCHCTBUA, & €r0 KMHETUIECKasi SHEPIUs OTPUIATEIbHA B OTPAHUIECHHOM 00-
JIACTH IIPOCTPAHCTBa-BPEMEHU C CHJIbHBIMU IIOJIIMH, & BHE 3TOU OOJIACTH IIOJIOXKUTEJIHHA.
TakuM 06pa3oM, B IIOJIyY€HHBIX KOH(MUIYDAIUAX «IyX» (ITUM Ha3BaHUEM O0O3HAYAIOTCS 10-
JIsL ¢ OTPHIATETBHON KMHETHIECKOM SHEPrUeii) 3aXBadeH B MAJION 00IaCTH TIPOCTPAHCTBA, U
9TO B MPUHITAIIE MOXKET OObICHUTH OTCYTCTBHUE HADIIOMAEMBIX «IyXOB» B OOBIYHBIX yCJIOBU-
ax. [losyaennbre KOHDUTYpAIK COAEPXKAT PA3HOE UNCJIO TOPU30HTOB Kusunra, oT Hysas 10
YEeTBIPEX.

KurogeBrble ciioBa: 4€pHBIE JbIPbI, KDOTOBbIE HOPBI, HECUHT'YJIIPHAA KOCMOJIOTU, (hbaH-
TOMHas MaTepus, 3JIEKTPOMarHUTHOE TI0JIe.





