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HcTopus craTtbu AnHoTtanusi. CoOpaHbl CBeeHHsS 00 OCHOBHBIX PE3YJIbTaTax, MOJYYEHHBIX
TocTynuna B pefaumio: 11 miomst 2023 . aBTOPOM II0 T€OMETPHUHU Pa3BEPTHIBAIOIIUXCS IIOBEPXHOCTEH C peOpOM BO3Bpa-
Jlopa6otana: 11 cents16ps 2023 r. Ta, UMEIOIIUX B OCHOBAaHWU HAIPABIISIONIMNA 3JUIMIIC. DTH MOBEPXHOCTH CO-
Tpunsta k ny6mukamum: 21 centsops 2023 r. CTaBJAIIOT Tpymnny «JIuHeHuaThle MOBEPXHOCTH KOHMYECKOTO THIA Ha JJUINI-

THYCCKOM OCHOBAHHUMW», B KOTOPYIO BXOAAT SJUIMIITUICCKHUC KOHYCBI, TOPCHI C

ABYMs 3aJaHHBIMH J3JUIAIICAMUA B TAPAJUICJIBHBIX IINIOCKOCTAX, ITOBEPXHOCTHU

3asiBJIeHMEe 0 KOH(UIMKTE HHTEPECOB OJIMHAaKOBOI'0 CKaTa M JHMHEWYaThle MOBEPXHOCTHU C IJVIABHBIM KapKacoM W3
ABTOp 3asBIs€T 06 OTCYICTBHU TpeX CYNEPIUIAIICOB B TPEX KOOPAMHATHBIX IJIOCKOCTAX, OAUH UX KOTOPBIX
KOH(JIHKTA MHTEPECOB. SIBIIIETCSL DIIIUIICOM, a JIBa APYIMX BBIPOXKAAIOTCS B NPSAMBIE JOMAaHbIE JIMHUU.

IIpencraBnensl MaTepualsl M0 MOCTPOCHUIO Pa3BEPTOK TOPCOB Ha IJIOCKOCTb,
anmpoKCUMAIUK TOPCOB CKJIAJKaMH, NapaboIM4ecKOMy M3THOaHUI0 TOHKOTO
JIMCTA U3 YIPYTroro MaTtepuaia B IPOSKTHPYEMYIO TOPCOBYIO 00010uKy. JlaHa
KpaTKasi XapaKTepUCTHKa [0 METOJ[aM pacyeTa Ha MPOYHOCTh U YCTOHYHUBOCTh
paccMaTpuBaeMBIX JIMHEHYATBIX 00OJIOYEK CO CCHUIKOM Ha pPabOoThHI IPYrux
aBTOPOB, KOTOpBIE HCIIOJIb30BAJIM METOJI KOHEYHBIX 3JIEMEHTOB B IepeMelle-
HUSIX W BapHalMOHHO-pa3sHOCTHbIM Meron. IlokazaHo, 4TO aHanMTHUECKUE
METOJbl MPUMEHHMBI TOJIBKO IpPHU HCIHOJIB30BaHMM OE3MOMEHTHOH Teopuu
pacueTa TOHKHX JIMHEHYaThIX 000JI04eK KOHMYECKOTO TUIIA U IOJyYEHbI aHa-
autHdeckrie (GOpMyIBl Ul ONpenesieHUs] BHYTPEHHHX HOPMaJIBHBIX U Kaca-
TEJBHBIX YCHIHH JUIs 110001 6€3MOMEHTHOW KOHUYECKOI 000JI0UKH C JTI00BIM
CyTNEpAUIMIICOM B OocHOBaHMHU. [IpuBenens! 44 HauMeHOBaHUS MCIOJIH30BaH-
HBIX HayYHBIX HCTOYHHKA JAPYTUX aBTOPOB, pabOTAIONINX MM pabOTaBUIMX 110
TeMe IpPEJCTAaBICHHON CTaThH, MOATBEPKIAIOLINE BBIBOJBI, 3aKIIOUEHUS U
TIEPCIEKTUBBI UCCIIEIOBAHUM, PACCMOTPEHHBIX JIMHEWYAThIX IOBEPXHOCTEH U
000110U€eK.
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BEPXHOCTb, JJUIUIIC, CYHNEPIIUIHIIC, ANMPOKCUMAIIS TOPCOB CKIIAIKAMH, Pac-
4yeT 000JI0YeK Ha MPOYHOCTh, 0E3MOMEHTHAsI TEOPHUS 000JI0UEK
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1. Introduction

Conical surfaces find wide application in civil and mechanical engineering. These are surfaces of zero
Gaussian curvature but more precisely, they are degenerated torse surfaces for which the edge of regression
deganerates into a point that is the vertex of the cone. Torse surfaces are ruled surfaces [1] and they can be
developed onto a plane without ruptures and folds. So, they can be constructed from a single fragment of a plane
sheet. This explanes their wide usage in different branches of science and engineering [2]. Circular conical
surfaces [3] and conical elliptical surfaces [4; 5] found especially wide application.

Let us introduce a notion of surfaces of conical type. These surfaces will include ruled sufaces constructed
on two closed curves with two axes of symmetry lying on two parallel planes. In general aspect, superellipses
with parallel axes of symmetry can represent these curves. Some surfaces from the class of “Torse surfaces”
forming the group “Equal slope surfaces” [6—8] can be added to ruled surfaces of conical type.

Kpusowanko Cepeeii Huxkonaeguu, TOKTOp TEXHUYECKUX HAYK, mpodeccop rernapTaMeHTa CTPOUTENbCTBA, HHKEHepHas akaaemus, Poccuiickuil yHuBep-
cutet apyx0sl HaponoB, Mocksa, Poccus; ORCID: 0000-0002-9385-3699; E-mail: sn_krivoshapko@mail.ru
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One can use different analytical and graphical methods presented earlier in scientific literature [9-12] for
constructing the considered ruled surfaces.

Aim of the research

The first aim of the research is to study surfaces of conical type on elliptical base i.e. ruled surfaces
constructed on elliptical base

(x/a)* + (y/b)?* = 1. (D

The next aim is to suggest thin shells with middle surfaces in the form of surfaces of conical type on
elliptical base for implementation, having pointed out the principal publications dealing with the matter and
devoted to strength and stability of the offered shells and to investigation of elastic and plastic deformations
emerging in the process of bending a metal plane sheet into the designed torse; and having presented simplified
methods of strength analysis for consideration.

The momentless theory of shell analysis that was widely used in 1950s and in 1960s [13] is classified as a
simplified method of strength analysis and it is not forgotten at present time [14; 15].

2. Surfaces of conical type on an elliptic base

2.1. Elliptical conical surface

If a perpendicular line to the plane of director ellipse (1), dropped from the apex of the cone, passes through
the point of intersection of the axes of the director ellipse, then the obtained surface is called the right elliptical
conical surface [16].

Its canonical equation can be written in the form:

y2
b

X2
— + - =0, 2)

1N
SN

where c is the height of the conical surface. Plane z = 4 # 0 intersects the cone along an ellipse with semi-axes
all| /c and b|h| /c. Parametrical form of definition of surface (2):

x = x(u,v) = aucosv; y = y(u,) = businv; z = z(u) = cu,
where u = z/c is a dimetionless parameter, which is equal to the height of the cone divided by parameter c;

0 <v < 2m. Curvilinear coordinates u, v are non-orthogonal but conjugate (Figure 1).
Let us assume that a cone contains two similar ellipses lying in parallel planes (Figure 2):

Figure 1. A right elliptical cone Figure 2. A truncated elliptical cone
Source: made by the author Source: made by the author
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y2 72 y2 72
§+ﬁ:1’x:l and F+;:1,x=0, where ac = bd.

In this case, the implicit equation of the designed surface will be
[x(c — b)/1 + b]* —y* — *2Hd* = 0.

Inclined elliptic conical surface is the second order conical surface which forms by the movement of a
straight line passing through a defined point and intersecting the director ellipse. A perpendicular line to the
plane of the director ellipse, dropped from the apex of the cone, does not pass through the center of the director
ellipse [17].

2.2. Torses of equal slope with a director ellipse

Torse of equal slope with a director ellipse is a ruled surface having a constant angle o between straight
generatricies and the respective principle normals of the director ellipse (1) [18]. Numerical modelling of this
surface was described in a paper [19]. It is also possible to find other original sources in which an equal slope
surface with director ellipse is investigated [20; 21].

Parametric equations of this surface [22; 23] (Figure 3):
z = z(u) = —usina,

ubcosacosv . uacososin v
—, y=y(u,v)=bsinv+ 3)

\/a2 sin* v+b cos’ v \/a2 sin’ v+b” cos’ v

x=x(u,v)=acosv+

This method of defining a torse surface of equal slope supposes that the director ellipse is given by
parametric equations

x =x(v) = acosv, y = y(v) = bsin v. 4)

A coordinate line u = 0 coincides with the director
ellipse, but a family of the u lines are rectilinear generators of
a torse of equal slope. A surface of zero curvature (3) is given
in terms of principal curvature lines u, v.

Sections of a torse surface in z = z, = const planes
contain closed curves:

( z,bcosa 1 ]
x=x(v)=| a——— cosV,
sina /g’ sin? v+ b2 cos’ v
Figure 3. A torse of equal slope
y=y(v)=| b Z,a.COS 0, 1 sinv with a director ellipse
sin o \/az sin? v+ b2 cos’ v ’ Source: made by the author

The surfaces of zero Gaussian curvature shown in Figures 2 and 3 are rather like, but the surface shown in
Figure 2 is a cone and the surface in Figure 3 is a non-degenerated torse i.e. a torse with an edge of regression.
If the director ellipse is given by parametric equations

x =x(B) = rcosf, y = y(B) = rsinf, )

then parametric equations of the whole surface take the following form [24]:
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2
x=x(u,B)=r(B)cosP+ ub” cosa.cospp , where r=r(p)= ab ,
\/a4 sin’B+b* cos’ B \/az2 sin’ B+b* cos’ B ©)
2 .
= (B = r(B)sinp + ua” cosasinf 2= 2(u)=—usina,
\/a4 sin’B+b* cos’ B

B is the angle counted off the Ox axis in the direction of the Oy axis,
B#v, r = r(P) is the distance from the center of the director ellipse to an
arbitrary point on it.

2.3. Torse with two ellipses placed
in parallel planes and with parallel axes

One can use G. Monge’s method [25] for the design of torse of conical
type on an elliptical base. This method offers to construct a developable
surface by movement of a straight line along two space curves. The directrix
of the torse will be passing through the corresponding points of plane director
curves where the tangent lines are parallel and these two director curves are
plane curves and lie in parallel planes (Figure 4). Additional information can
be found in [26].

Figure 4. A torse surface
2.4. Surfaces of conical type on plane elliptical base with two ellipses in parallel planes

with inclined lines in other two coordinate planes Source: made by the author

Surfaces on a plane base defined by a main frame from three arbitrary plane curves in three main coordinate
planes are used, in general, in shipbuilding [22]. For the first time, at the Peoples Friendship University of
Russia, these surfaces were offered for application in architecture and in construction. Some of these surfaces
can be included in the group of ruled surfaces of conical type.

Ruled surfaces with a main frame from three superellipses

(g I o s _pofy I
lyl" = T E |z|™ = “wm ) |z|* = Tk )

are studied in paper [27] where one, two, or all three superellipses degenerate into straight lines, i.e. » = ¢ =1,
or n=m=s=k=1,orr=t=n=m=s = k= 1. Assuming that the ellipse is placed in the xOy plane, then
r =t =2, but the other two superellipses degenerate into straight lines, i.e. n = m =s = k=1, so we can derive
three surfaces of conical type on elliptical base, defined by parametric equations:

x =x(u)=%ul, y =y(u,v) =vW[1 —u*]"? z=z(uv)=T[1—u][1-|v|]] (Figure 5, a); (7
x =x(u,v) =VL[1 —u*]"?, y =y(u)==xuW, z=2z(u)=1T[1-u][l~-|v|]] (Figure 5, b); (8)
x =x(u,v) =VL[1 —u], y =y(uv) == W[l —u][1 — V]"?, z =z(u)=uT (Figure 5, c), 9)

where L <x <L, -W<y<W,0<z<T,2L,2W, T are overall dimentions of the considered surfaces. The
surface shown in Figure 5, a forms by a family of cross sections x = const (straight lines), the surface shown in
Figure 5, b was formed by a family of cross sections y = const (straight lines), and the surface pictured in
Figure 5, ¢ was generated by a family of cross sections z = const (ellipses).

Let us introduce a new parameter 0 > B > 27 in the form v = sinp, hence 1 — v? = cos’p, then parametric
equations (9) become

x =x(u,v)=L[1 —u]sinB, y =y(u,v) = W[1 —u] cosP, z =z(u) =uTl (Figure 5, c).
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Figure 5. The surfaces on a plane oval base with the same main frame:

a — surface formed by a family of cross sections x = const (straight lines);
b — surface formed by a family of cross sections y = const (straight lines);
¢ — surface formed by a family of cross sections z = const (ellipses)
Source: made by the author

The vector equation of any analytical surface can be written as
r=r(u,v) =x(uv)i +y(uv)j+ z(u,v)k.

In this case, according to the theory of surfaces, Gaussian coefficients of the first order (£, G, F) and
Gaussian coefficients of the second order (Lo, M, N) for the ruled surface of conical type (7), were obtained in
the following form:

E=A

re =L+ ViAW1 —u?) + TX1 - V),

G=5

r’ = W1 —u?) + T*(1 —u)* = Bu),
F=ryrn=—vuW?*+ T*(1 —u)(1 -v),
Lo=—LTWv (1 —v)/(4>°B>*~ F*)'?,

M = LTWu(l —u)"?/(1 + u)"?, N=0.

where A and B are the Lame coefficients in the theory of surfaces. The value of the coefficient of the second
fundamental form N = 0 shows that curvilinear coordinate v coincides with the rectilinear generatrix of surface
(7), Figure 5, a. The value F' # 0 shows that curvilinear coordinates u, v are non-orthogonal coordinates. The
total Gaussian curvature of the examined surface

K=(LN-M*)/(A'B-F*)=-M /(4B ~F*)<0

shows that the ruled surface presented in Figure 5, a is a surface of negative Gaussian curvature.

Analysing parametric equations (7) and (8) of the ruled surfaces of conical type presented in Figure 5, a and
Figure 5, b, formed by the method of construction of surfaces with a main frame from arbitrary plane curves
lying in main coordinate planes, one can draw a conclusion that these surfaces are identical surfaces. Hence,
taking two algebraic curves of the main frame with the same exponents, we obtain two identical algebraic
surfaces from three surfaces. By assuming three arbitrary algebraic plane curves of the main frame with the same
exponents, we obtain three identical algebraical surfaces of the same order coinciding with the order of the
curves of the frame. Having assumed three algebraical curves of main frame with different exponents, we shall
have three different algebraic surfaces [27].

Coefficients of the fundamental forms in the theory of surfaces for the ruled surface of conical type (9) were
obtained in the following form

EOMETPUS CPEANHHbBIX NMOBEPXHOCTEW OBONOYEK 45



Krivoshapko S.N. Structural Mechanics of Engineering Constructions and Buildings. 2024;20(1):40-56

E =4 =x]=W(1-V)+vV'[+ T = 4 (v),
G=B"=r]=(1 u)z[ L+ v'w?/ ( —vz)] = (1 -u) £;(v),
F=rr, = v(l —u)[ -] = (1 —u)fy(v), (10)
LB -F = (1 —u) [7°2+W* (L +vT?) /(1 =v*)] = (1-u)’ £ (),
L= 0,M =0,
N=LTW (1 7u)2/[(A232—F2)”2(1—v )" } LTw (1 —u)/ [f;/z( ).(1_v2)”}:(1 —u) £, (v). (an

Coefficients of the fundamental forms (10), (11) of surface (9) show that the coordinate lines u are straight
lines and surface (9) is a surface of zero Gaussian curvature

N=LTW(1 —u)' /K= (LN - M*)/(4B*~F)= 0.

Hence, curvilinear coordinate lines u, v are non-orthogonal conjugate coordinates. It is obvious that surfaces
(7) and (8) are cylindroids [28], and surface (9) is a right elliptical cone. All of the three ruled surfaces belong to
the group of surfaces of conical type on elliptical base.

2.5. Developments of torses onto a plane

It should be noted that torse surfaces permit their
development onto a plane without breaks and folds.
There are several analytical, graphical, and numerical
methods of construction of developments [29]. US
Patent for a method for designing a development
drawing was even issued [30]. Till present time, only
the method of step-by-step calculation of lengths of
director curves, rectilinear directrixes, and angles
between them was used for the considered torse
surfaces. An algorithm of developing a torse using this
method was described and realized for particular
examples a paper [31]. As applied to the considered
ruled surfaces, a development of the torse with a circle
and an ellipse on parallel opposite ends was carried out
(Figure 6).

Figure 6. A development of the torse surface
with a circle and an ellipse on the parallel ends
Source: made by the author

2.6. Approximation of torses on elliptical base by folds

Substitution of curvilinear surfaces by folded circumscribed surfaces following the form of the original
surfaces has certain practical importance [32].

Such substitution is easily realized just for torses, because they are formed by a single-parametric family of
planes tangent to the torses along the directrix lines. An example of the substitution by folds of a torse with a
circle and ellipse on opposite ends is given in paper [33]. The torse, considered in a paper [33], was constructed
on the basis of the torse shown in Figure 4 with the substitution of one director ellipse with a circle (Figure 7).

In Figure 7, the equation of single-parametric family of the planes forming the specified torse surface is
denoted by M(v) = 0. The development of the folded surface is presented in Figure 8. Having the coordinates
of the corner points of the fold, one can easily obtain all necessary lengths and angles of the corresponding
development. The same method of substitution was used in paper [34], but for a torse with parabolas on
parallel ends.
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A12(0; 5,35 2)

A:(053; 4)

6,00

Ax(0;-3; 4)
A45(0;-5,3; 2)
A4(0;—6; 0,75)
Figure 7. Substitution of the torse surface Figure 8. The development of the folded surface
with a circle and an ellipse on parallel ends shown in Figure 7
Source: made by the author Source: made by the author

3. Shells of conical type on elliptic base

3.1. Parabolic bending of plane thin sheet into a torse shell

In the process of parabolic bending of plane sheet from elastic material into a torse work piece or into a torse
shell, internal normal stresses will be emerging in them. These normal stresses can reach the yield limit of the
material. Parabolic bending preserves rectilinear generators of developable middle surfaces, length of curves on
the surface, and angles between the curves. Hence, parabolic bending can be called isometric bending. Analytical
formulae for the determination of the emerging normal stresses are given paper [35].

Equations
1 1 1 1

Klz_'___i_i:()’ KZ:—'———I—S—Z, K12=0, (12)
R R R R, R, R,

where R, and R, are the principal radii of curvature of the

surface before bending; R and R, are the principal radii ¢ 2 ¢
of curvature of the deformed middle surface after bending, M P
give the opportunity to find the changes in curvature x», x| Su y
and in twist k2 of torse middle surface. Normal and N "
tangent forces will be equal to zero (Figure 9, a), and the D e
bending M, M> and the twisting H moments (Figure 9, b)
. . Lo M,
for a shell formed by bending and given in lines of M
principal curvatures can be calculated with the help of well
known Hooke’s law formulae for shells M,
D D
M, = D(1>+ vi1) = Dico; 2 b V.S 2
M, = D(K1+ sz) =Dviob=vMy; H=M;, =0,
where D = ER/[12(1 —v?)] is the flexure rigidity (bending Figure 9. Intemal forces and moments:
stiffness) of the shell; v is Poisson’s ratio, /# is the b — internal moments (per it of length)
thickness of the shell. Source: made by the author
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S.M. Hollister [36] rightly notes that to bend a real plane product from plywood, aluminium, or steel into the
designed torse accurately with preservation of rectilinear directrixes is practically impossible owing to the
Poisson’s ratio of the used material.

3.2. Problems of strength analysis of thin shells of conical type on elliptical base

Practically all the discussed surfaces of conical type on elliptical base are given in curvilinear non-
orthogonal conjugate coordinates. That is why, for strength analysis, one must use a more complex system of
governing equations for this system of curvilinear coordinates not in lines of principal curvatures. Hitherto, there
are no analytical solutions with the moment theory for the offered shells in scientific literature.

The system of governing equations in lines of principal curvature is suitable only for torse shells of equal
slope. A system of 17 equations for the determination of stress-strain components of a thin elastic shell with
middle surface shown in Figure 3 and given by the equations (3) is written out in paper [37]. Despite of
seemingly simple form of these equtions, no one has been able to solve any particular example.

The problem about strength and stability of equal slope shells on elliptical base is solved much more easily
with the help of numerical methods. M.A. Timoshin [38] examined a steel shell subjected to a vertical dead
load using Lira 9.4 software with the help of finite element method in displacements. Boundary conditions are
fixed or hinged support of lower edge. The first two buckling shapes for the first case of fixed and three forms
of hinge supported shell were determined. It was established that shell buckling takes place before exhausting
its strength. For comparison, a shell in the form of a truncated elliptic cone shown in Figure 2 was analyzed. It
was supposed that the shells shown in Figures 2 and 3 have the same overall dimensions, thickness, and
material.

0.0. Aleshina [39] researched the stress-strain
state of a cast reinforced concrete cap 5 cm thick, the
middle surface of which is defined by parametric
equations (3) with geometric parameters of the ellipse
a=2m, b=1 m and the slope angle of rectilinear
generatrix equal to o=060° The analysis was
performed with the help of SCAD Office software,
representing an integrated system of strength analysis
and design of structures on the basis of FEM. The
model of the approximated middle surface with
quadrilateral and triangle plane elements is shown in
Figure 10. The vertical displacement of the cantilever Figure 10. The model of the cap
part of the cap is less than Imm. Source:made by 0.0. Aleshina [39]

In paper [15], the investigation of the equal slope
shell on elliptical base is described. This investigation was performed using FEM and finite difference energy
method. The first calculation was made in SCAD Office software, the second calculation was made with
SHELLVRM computer program. The comparison of the obtained results using FEM, finite difference energy
method, and momentless shell theory show good agreement. Maximum deviation of the results in the examined
nodes is a little more than 18 %.

3.2.1. Momentless theory of shells of conical type on elliptical base

The momentless (membrane) theory assumes that equilibrium in the shell is achieved by having the in-plane
membrane forces resist all applied loads without any bending moments. The momentless theory of shells with
middle surface of zero Gaussian curvature gives an opportunity to obtain analytical solution and the results can
be used for preliminary analysis of technical decisions. The membrane forces by themselves cannot resist local
concentrated loads. In order to derive the governing equations for the momentless theory of shells, we need to
reject internal bending, twisting moments, and shearing forces. For the application of the momentless theory, we
may use only the equilibrium equation. The problem for equal slope shell with the middle surface (3) defined by
curvilinear coordinates in lines of principal curvature is solved easier. In that case, the equilibrium equations of a
shell element subjected to weight ¢ can be written as
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Q(BNH)—G—BNV+§+)Q3:O,
ou ou ov
N, +13(st) =0,
v  Béu
N.=ZR,,

where X = —gsina, ¥ = 0, Z = —gcosa. The tangent force S may be found from the second equilibrium equation.
Then from the first equilibrium equation, one can obtain normal force N, [40].
For a torse shell presented in Figure 4, the equations of momentless shell theory can be written as

[p2 12
o, NB-F (N, —Nv)+F%+\/B2 ~-F’ %H/z# ~-F*X =0,
u u

ov

Ip2 _ 2
N, NB-F (SM+SV)—F%+\/BZ—F2%H/BZ—FZY:O,
u u u

ov

2
5 N —NB*-F*7=0,

B*—F* R,

(S, —S)WB*-F*+F(N,-N,)=0. (13)

In equations (13), curvilinear non-orthogonal conjugate
coordinates are denoted by u,v; B, F are the coefficients of
the first fundamental form for the torse surface; X, Y, Z are
distributed external forces per unit area in the direction of
moving coordinate axes (Figure 11). Figure 11 shows the
positive directions of the resultant internal forces tangent to
the midsurface.

In view of equations (13), one can obtain the values of
desired forces in explicit form

2 _ 2 B2 _FZ
N =2, Nl (5 _5)+N,
N F
1 For
S, = _2|:”C1 + uzcz + u3C3 +— V) +V, (V):| , Figure 11. A fragment of momentless shell
B Source: made by the author
V,
S, =C, +uC, + 1) (14)
u

where C; = Ci(v, X, Y, Z), i =1+5. Values of coefficients C; in expanded form are given in monography [41].
Arbitrary functions of integration Vi(v) and V2(v) can be determined by satisfying boundary conditions. Two
examples of analysis of a thin torse shell with ellipse and circle on opposite parallel ends subjected to weight or
linear load distributed along the top end (X = Y = Z = 0) using formulae (13) are given in monography [41].

Bajoriya G.Ch. [42] used the equilibrium equation containing pseudo-forces (forces with an asterisk) for the
analysis of the same torse shell:

Q(BN; +FS;)+£(—S;‘ +£Nj)—a—BN;‘ +B* - F? (X+£Yj:0,
ov B ou B

ou
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i(BSj+FJ\7§)+£8—BN;‘ + O, —Eai—a—BSj +B? —F2(Y+£Xj=0,
ou B ou ov B ov ou B

BIJ{VVV +VB*-F*Z =0,

VB> —F?
B

Equations (15) are a particular case of the general equations of equilibrium offered by A.L. Goldenveiser
[43] for shells given in curvilinear arbitrary coordinates.
It is possible to obtain values of the unknown pseudo-forces from equations (15) in explicit form

(S, +S;)=0. (15)

S =-

u

S, =5,
but the third equation gives

. B -F?

N =2 " p7
N
On the other hand
3 2
* * ok u B B *
u'sS’ = C1U3 +U2C2 _W(?_FQJYJ’_VI v),

BN, +FS" =u’C; +uC, - BC; +

L0 u’Y B3+BF2 F*NB -F’ ly s 1B ++1aer"+V,,<( ) 16)
— — —_— — | — V’
ov| (B*—F*"*| 6u 2u 2u JB _F? udv

where C;" = Ci'(v, X, Y, Z), i =1+5. Values of coefficients C;" in expanded form are presented in monography
[41]. Arbitrary functions of integration ¥,*(v) and ¥>°(v) can be determined by satisfying boundary conditions.
An example of analysis of a torse shell with ellipse and circle on opposite parallel ends under linear load
distributed along the top end (X = Y = Z = 0) using formulae (16) are given in [41].

3.2.2. Momentless shell theory of elliptical cone

The general equilibrium equations for thin shells given in curvilinear non-orthogonal conjugate system of
coordinates, offered in monography [41], may be used for the analysis of elliptical cone (9) with the help of the
momentless theory. In this case, it is necessary to reject the internal shearing forces, bending and twisting
moments:

i(ASV)+ N, — N, (8—B—a—Acosxj+a—ASu +B %, cosy+B N, sin y + ABXsiny =0, (17)
ov siny \Ou Ov ov ou ou
2(ANV)+M(8—B—8—A ost—a—ANu+B%sinx—B% cosy =0, (18)
ov siny \ou oOv ov ou ou

N, _ Zsiny =0, (19)

R siny
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(S, — Sy)siny + (Ny— Ny)cosy = 0. (20)

So, equations (17)—~(20) contain normal N, N, , and tangent S, # Sy forses per unit of length of the
corresponding coordinate line. X and Z are the components of external distributed load per unit of area. Let us
assume Y = 0, taking into account that in this part, only distributed load such as weight ¢ will be considered. Let
us also take into account that

cosy = F/(AB), siny, 0B /du

are functions of dimensionless parameter v only.
External surface loads X, Z are given by the formulae:

X=—qgcosp, Z=gsing, Y=0, (21)

where ¢ is the angle between the direction of load (weight ¢) and the direction opposite to the direction of the
coordinate line u, and

cosp=T/A4, sinp= [Az -7 ]1/2 /A (22)

are the functions of the parameter v only.

In the considered case, the Lame parameter 4 = A(v) is equal to the length of rectilinear coordinate line u
from the vertex of the cone to the plane z = 0.

Equation (19) gives a value of the normal force N,:

ZsinyB  Z(4'B-F?)
N AN

N,=Zsin’yR, = > 0. (23)

The equation (20) gives a value of the normal force N, :
N = (Su—S)tgy + Ne. (24)
Taking into account that

o4
F=—A(-u)—,
( u)5

OB 04 _ 4B -F)

———c

SX = 5
ou ov A’ B(1-u)

let us put these variables and normal force N, determinated by formula (24) into equation (18). After integration
of the obtained result, one can have

4 ON, F oN, V(v)
S, = —u)| A2 = g , 25
" (luNAB - . u)( ov A auj iy &

where V1(v) is an arbitrary function of integration.
Substituting the same expressions and (N, — N,), taken from the formula (20), into the equation (17), and
integrating the obtained result, one can find

AB -F* F ;0 NA'B*-F* [N, F
Su: A232 V_ABZ J‘E(ASV)CZM—?F[ Py —(1—M)X}+AB2V2(V), (26)

where V>(v) is an arbitrary function of integration. Unknown functions V(v) and V»(v) are found from boundary
conditions, suitable for the momentless shell theory.
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Thus, the momentless shell theory gives an opportunity to obtain approximate values of internal normal
forces N, and N, from formulae (23) and (24), and values of tangent forces S, and Sv from formulae (25) and
(26). The formulae (25), (26) are integratable and they can be written in the expanded form.

So, write the formulae (23), (24), (25), and (26) in more detail:

v q(l—u)\/Az—Tz[LZ(WZ+T2)+v2T2(WZ—L2)T/2

v LTWA®

(0 SN A )
Sl ) ey A

=(1-u) £5(v),

2B 7Y 24B? 8\/( )= 2AR?

2p2 2 _ 2p2 2
¢ _AB-F S_(l u)FiAS VA’B*-F F[ﬂ

_(1-u) szé_a_A[a_A - }
“ar 14wl VS faT |+

e L2120+ 250y )

1) ) ol i) {3280+ 250 1y )|

B | 4>

[ 42 n2 2 _ _ 5
N :ﬂ{_%sﬁ(l u) .08, (1 ”)qTWJF%Vz(V)}FAB S

" A*B? 2F ov 2F 24 B Y

where f; = fi(v) are the known functions, but Vi(v), V2(v) are arbitrary functions of integration, which are found
from the boundary conditions in forces.

4. Results of the Research

1. Firstly, the results of geometrical investigations of ruled surfaces of zero Gaussian curvature both with the
edge of regression and with the point in the vertex in the top, formed on elliptical base, are grouped. The need to
form a group of ruled surfaces of conical type on elliptical base has arisen. Elliptical cones, torses with two
director ellipses lying in parallel planes, equal slope surfaces with director ellipse, ruled surfaces with a main
frame from ellipse and two broken straight lines, and cylindroid with the same main frame were included in this
group.

2. An example of construction of developments of the examined developable surfaces is presented and a
method of substitution of torses by folds with construction of their developments is offered.

3. The second part of the paper was devoted to a review of methods of stress analysis of thin shells of
conical type on elliptical base. It was established that strength and stability analysis of these shells was
performed with the help of Lira 9.4, SCAD Office, and SHELLVRM software, using displacement-based FEM
and finite difference energy method. The analysis was carried out for the dead and linear loads.
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4. The majority of specific examples of determining normal and tangent forces emerging in the examined
ruled shells is solved using the approximate momentless theory of analysis. It was established that under
fulfilment of the conditions of the momentless shell theory it gives acceptable results. These results may be used,
for example, for setting shell thickness or for detection of the most dangerous sections with maximum internal
force resultants. The search of the most optimal shapes of shells, where the moment components are hardly
noticeable, is still in progress [44].

5. For the first time, analytical formulae (23)—(26) for the determination of tangent forses in a momentless
conical shell on the base in the form of any superellipse were derived.

5. Conclusion

Ruled surfaces of zero Gaussian curvature with an edge of regression and shells with ruled middle surfaces
were selected for the investigation. In some examined ruled surfaces, an edge of regression degenerates into a
point. This choice was fueled by the wish of designers, civil engineers, and mechanical engineers to create the
most simple products, structures, and buildings in terms of manufacturing.

1. Thin-walled structures and products offered for implementation, judging by given references, have most
demand in shipbuilding, aircraft building, and in applied physics.

2. By using superellipses of general type instead of ellipses of the second order as the bases of surfaces of
conical type, it is possible to considerably widen the number of ruled surfaces offered for research.
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