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1. Introduction

We consider Riemann-Liouville operators of the form

Aond(@) = gy [@ =W Wy, A>0. 7>0 a>0,
0

x
where ®y(z) := /(m —y)7ox(y)dy and S := {pA(y)} is a family of positive functions
0
nondecreasing with respect to y such that ¢ € L'(I) for any interval I C Ry :=
(0, +00) and
. pa(uz)
1 =0 1
A @) (1)

for all z and u € (0,1).
The paper is devoted to the proof of the convergence /\lim Ay, f(x) = f(x) for
—00

almost every (a.e.) x € Ry and the similar problem in the weighted Lebesgue norm
setting.

2. Main Results

Theorem 1. Assume that {px(y)}€S. Let f be a locally integrable function on
Ry. Then at any Lebesque point x € Ry of f we have

lim s [ =97 0) 17) - £(a) dy = 0.

A—oo P (CU)
0
Proof. Since ¢, (y) is nondecreasing then without a loss of generality we may and
shall assume that for each A\>0, ¢y (y) is right-continuous on y. Then

xT

%(x) O/(x —y) o) 1f(y) — f(a)[dy =

1

z—0 >
- 50 0/ (=) ex ) 110) ~ Sy s [0 o) 1) — (@)

z—0
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Let € > 0 be given and x is a Lebesgue point of f. There exsists do> 0 be such
that for 0 < § < dy,

x

5 [@ = 15w - f@)ldy <

z—0

By [1, proposition(12.12)], for 0 < § < dy,

T
1

ENED) / (z =) ea(y) [f(y) — f(z)|dy =

xr—

é
- @Al(w) _/5[(37 —y)ea(e =0) = (z —y)eal@ = 0) + (z —y) a1 f(y) — flz)ldy =

x

x

— q):(x) /5 (x —y) or(z —6) + (v —y)" / d%\(t)] [f(y) = fz)|dy =

z— (z—0,y]
T

=2 [y s - 1 <>|dy+¢() (o [ ldex@l17) ~ f@)ldy =
r—0 (x—0,y]

x

= Py [ 50 @)l v /5 [ / (x —y)7 | £(y) f(w)dy] dea(t) <

z—0

oz — )7 1 €

S @0+ 1) +<I>>\(x)7+1( é}(fc—t)”“dw(t):

€ pa(z —8)o7*! 1 / v+1 £ / v
= —_ = — — <
Do) o to (x —1)"" dpa(t) N (x—t)TpaA(t)dt < e
(z—0,x] (z—6,z]

For v > 0 we have (z —y)Y = 67 + (zr — 6 — y)7, so

timsup = [ (@ = 9)or0) 1F) ~ (@) dy

A—00
0

A—00

x—0
znmsup%(x) / ox () | F(y) = F(x)] dy+
0

+ lim sup

A—00

(x—=30—=y)"pr(y) |f(y) — f(z)|dy == J1 + Ja.

O\E‘i
>

1
@,\(w)

Since ¢y () is nondecreasing function, then,

J1 < limsup Soqf(fxi / f(y) — f(2)|dy,

A—00
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. Dor(z—9)
by (1) lim —F

=0, so

Jl—hmsupq, x) /w )f(y) = f(z)|dy = 0.

A—00

Also, by (1)

. (= 90)"palx — / N
Ja < h/I\Ii)Solip D, (2) |f(y |dy 0.

Thus,
A—00

x—0
timsup g [ (2= 90 (0) 1£(0) - (@) dy = 0.
0

Since € > 0 was arbitrary, then

1 xr
. _ ’y _ —
A 55 @) O/(-’E V) ex)1f(y) = f@)]dy = 0.
Remark 1. The case v = 0 was studied in [2].

Example 1. Let f be measurable on R;. Suppose that exists A\g > 0 such that
y* f(y) € L*(I) for each bounded subinterval I C R,. If € R, is a Lebesgue point

of f, then
Jim Ty f(z) = f(z),

/ (y)dy, and O, (x / Ty dy.
o 0

Def 1. Let E C R, be a measurable set. For a measurable function w such that
w(xz) > 0 a.e. on E and all measurable functions f on F for 0 < p < oo we define

where T f(z) =

S

1fllLe (g = /(W(x) |f(@)])F dx and  LE(E) = {f : |fllczm) < oo}

E

At first, we consider convergence in L, (0, a). Since for 0 < p < oo, v > 0, continuous
functions with compact support are dense in LY. [3, Theorem 3.14], then we have the
following.

Theorem 2. If f € LY,,0 < p < 00,7 > 0, then }m% [ f(tz) — f(z)|z», =0
— x

Theorem 3. Let a > 0 and assume that {px(y)} € . Suppose that there exists
Uy (u) such that for all uw € (0,1) the inequality

27+ o (uz)
5w <@
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holds for all x € (0,a). Also suppose, that limsup [¥xllz10,1) = C < 00 and for all
A—

a>0and0 <9 <1, )\lim lu=*®x(u)||L10,9) = 0. Then for f € L¥,(0,a),1 <
—00
oo,y > 0,

)\~>oo q)A ) / y)'ycp,\(y ( )dy - f(.flf)HLz;’y (0,a) =0.

Proof. Note that for \ sufficiently large and for r,z € (0,a) we have

/(Jf—y)l%(y)If(y)ldyS /((x—y)ly”lf(y)l)pdy /(y_”w(y))p/dy <
0 0 0
<@z, 00 (AOF | [577 rm)dy
0
and
; ’ ot
' Fm ) o —yp' T PAlur
[v7 extwiay @7 | o Tgiitan ) <
0 0
! %

<D @) | [u P wawde ] <o,
0

since v > 0, let vp' = 3,0 <9 < 1,

9

I= /u_B\I/A(u)du—l—/u_ﬁ\If)\(u)du < C’—|—19_ﬁ/\ll>\(u)du < 0.
0

Thus, (z — y)Lea(y)f(y) € L*(0,7) for all r € (0,a). For 0 <9 < 1 we write

15555 /@ = Lo Wy - f@le, <
0

1
a x p P

S O/ qhg:(;)O/(f’f—y)l%(y)lf(y)—f(:c)ldy dr| <

e 2'y+1
= / ) /go,\(ux )f(ux) — f(z)|du | dz ]| <
0
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1

j(j(;w(ﬂ)%(ux)f(ux) f(a:)>pdx>pdu

(O/<W I (uz) = f(l’)>pdx> du+

*/ (/ (S ”f(usc)f(x))pdx) .

By Theorem 2, for every € > 0, there exists 0 < 9. < 1 such that for ¥, < u < 1,

(/ (271 (u) = f<x>>pd””) <o

Y~

< / YN ( / (27| f(uz) — f(af))”d:c) du< £ / r(wdu < 5 / W (u)du

and

3=

li)rgsolip/ (O/ <x7;f(;;‘$)x7|f(ux) - f(x))pdm> du <e.

Also

1
[V, P

li)r\nﬁsup / (/ <Wx7’f(ux) - f(m))pda:) du <
0 \o
Ve a P
<limsup [ a(u) | [ (@7|f(uz) - f(2)))"dz | du<
o [vn ] )

Ve a % a %
< li){risotip O/‘Il,\(u) (/(x“ff(um))p dx) + (/(gﬂf(;p))l’ d{)j) du <

0 0

<Ifllze, hmbup/% ( 1+1)d _o.

Therefore,
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xT

timsup |55 [ (@ = 9L FO)y — f@)lre, <
0

A—00
1
ra ooy (uz) p ’
< lim sup / /(wxﬂf(um) —f(x)\) dz | du+
A— 00 P (z)
0 \0
1
1 a 7+1<p (ux) p P
; r 2 8 _
+11)1?Lsolip/ /< ROR | f(ux) f(x)]) dz | du<e
9. \0
and so AILH;O q))\ / Y)1eay) f(y)dy — f(x) =0. U
0 L?.(0,a)

Example 2. Similar to Example 1, for f € L?,(0,a),1 < p < 0o,y > 0 we have

Jim [[(Cx = Df 22 0,00 = 0.

Theorem 4. Assume that, {px(y)}€S. Also assume that there exists Wy(u), so
that for all ue(0,1),

2oy (ux)
Dy () < \I’/\(u) (2)

for all x € (0,a), and )\lim Uy (u) = 0. Then for any uniformly continuous function f
—00

on (0,a), 0 < a < oo, we have

lm sup |5 / VFy)dy — f(z)| =

A—=00 0<z<a

Proof. Let € > 0, since f is uniformly continuous on (0, a), there exists 0 < § < a,
such that |f(u) — f(v)| < € for u,v € (0,a), and |u —v| < 4. By (2) there exists Ay

such that for A > Ag,
a—94 €
v < ,
A( a ) 2 sup [f(?)]

0<t<a

5 / @ =0 AW W)y — 1) < 55 0/ (@ =) ex®) 1) = F@)] .
For0<z<4é

xT

CI):(%) O/(x —WeW )~ f@)ldy < q):(x) O/(x —y) ea(y)dy = e

While for § <z < a

xT

%(x) /(f” —y) ex(w) | f(y) — f(2)|dy =

0
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r—9 T
1 1
— —_ 2\ _ - —_ )Y _
= B () O/(w v a1 y) = J@)ldy+5 5 /6(93 ) o) |f(y) — ()] dy <
1 €T
<o | (200 1701) @ - 9ene =0 +e [ - wTeaan ) <
P () 0<t<a s
1 a—9
< 2 t)] ) 27t —6)+ <<2 t>\11( )+.
5 (2,500 1700) 2 one = 0) ve < (2,5 170 s (50) 42
Therefore
. 1
timsup sup | (@~ g er) )y - fla)| < 2,
A—oo 0<z<a X(x) 2
and so,
1 xr
. e B _
Jim sup |5 O/(x bV er(v) f )y — f ()| =0.
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Hnsa cemeticTs omepaTopoB Pumana—JInyBuana paccMaTpuBaIoTCs TPOOIEMBI CXOIUMOCTH
IIOYTHU BCIOJLY U II0 HOPM€ BECOBBIX IMPOCTPAHCTB Jlebera K TOXKIECTBEHHOMY OIIEPATODY.

KurougeBsle ciioBa: oneparopsl Pumana—J/InyBuinist, cXoIuMOCTh IOYTH BCIOJLY, BECOBBIE
HopMbl JleGera.





