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1. Introduction

The construction of variational principles in the investigation of the differential
equations N(u) = f is connected with the inverse problem of the calculus of variations.
The investigation of the solutions of this inverse problem as the construction of the
functional F'[u] for which the set of critical (extremal or stationary) points coincides
with that of a solution of the given equation N(u) — f = 0.

Differential difference equations or functional difference equations have already
appeared in mathematical papers of the XVIIIth century, for example, in the Euler
solution of the problem connected with a search of the general form of a line similar to
its evolute.

The search of a functional F' that admits some given equations as its Euler-Lagrange
equations is known as the classical inverse problem of the calculus of variations. Since
the end of the XIXth century there has been a great deal of activity in this field (see
Helmholtz [1], Volterra [2], Santilli [3], Tonti [4], Filippov, Savchin and Shorokhov [5]
and refs. therein).

There is a practical need to develop different approaches to the construction of
integral variational principles for equations with deviating arguments.

It is possible to investigate the problem of the construction of the variational
multiplier if the operator of the given equation is not potential on the given set with
respect to some bilinear form.

The main aim of this paper is to investigate the potentiality of the operator N (u) of
the differential difference equation and to construct the functional F'[u], if the operator
N (u) is potential on the given set relatively to some bilinear form.

2. Some auxiliary notations and definitions

Let U,V be normed linear spaces over the field of real numbers R, and Oy, Oy be

their zero elements.
Take any operator N : D(N) — R(N), where D(N) C U, R(N) C V. A limit

1
lir% —[N(u+e¢eh) — N(u)] =6N(u,h), weD(N), (u+eh)e D(N),
e—0 €
if it exists, is called the Gateaux differential of N at the point w. If it is linear relative
to h, then the operator 0N (u,-) : U — V is called the Gateaux derivative of N at u
and will be denoted by N/,. Its domain of definition D(N},) consists of elements h € U
such that (u+ eh) € D(N) for all e sufficiently small.
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Let us consider the equation N(u) = Oy, u € D(N) with the Gateaux differentiable
operator N, and a convex set D(N).
In order to consider the existence of its variational formulation we need a non-

degenerate bilinear form
ty
(u,v) ://u(x,t),v(m,t)dtdx. (1)
Q to

Definition. The operator N : D(N) — V is said to be potential on the set D(N)
relative to a given bilinear form (-,-) : V' x U — R, if there exists a functional Fy :
D(Fn) = D(N) — R such that §Fy[u,h] = (N(u),h) Vue D(N), Yhe D(N,).

The functional Fly is called the potential of the operator N, and in turn the operator
N is called the gradient of the functional Fy. As it is known (see Volterra [2]) the
condition for potentiality of the operator N takes the form

(Nuh.g) = (Nug,h) Vue D(N), Vh,g€ D(N,). (2)

Under this condition the potential Fy is given by
1
/ (N (ug + AM(u —ug)),u — up) dX + const,
0

where ug is a fixed element of D(N).
Let us consider the differential equation with deviating arguments

! 0%u 0%u
_ ij
N(U) = )\_Z_l a)\(l',t) 8 5 (I t+ )\7—) — b ($ t)m(x,t+ )\T)+
+ fla,t + A1 u(, t 4+ A7), ug, (2,6 4+ A7), ue (2, £+ A7) =0, (3)
where v is an unknown function; (z,t) € Q = Q X (t1,t2); toa — t1 > 27; ax(z,t) €
0272( Q), b”(x,t) € C’L (Q), Vi,j =1,n.
The domain of definition D(V) is given by the equality

D(N) = {ue U:C'i”?(ﬁx [to —T,t1 + 7)) :

k
% :(plk('rvt)a (xvt) € El :ﬁ)( [tO_T?tO]’ k:O’l’
k
Pl o). (o.t) € Ba =T oty +7 k= 0,1,
ou
= Yy, = 71 ’ 4
oxv r, Yo v =0 } W

where Q C R™, T'; = 0Q X (tg —7,t1 +7), p10, Y20, ¥, — are given sufficiently smooth
0,
functions, ¢, = %, (j=1,2 k=0,1).
The formulation of the problem:
1) to investigate the potentiality of the operator N of the equation (3) on the set
D(N) (4) relatively to the some bilinear form (1);
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2) if the operator N is potantial, then to construct the variational principle for the
operator NV of the equation (3).

The investigation of the potentiality of the operator N of the equa-
tion (3).

Theorem. For the potentiality of the operator N (3) on the given set D(N) (4)
with respect to the bilinear form (1), it is necessary and sufficient that the following
conditions hold:

ax(z,t) = a_x(x,t + A1), bij(x,t) = bi_j/\(x,t+ AT) YA=-1,0,1,
IAf(m,t,u,uxj,ut) - f(mat)uaul‘j)ut))

Oax(x,t) by (,t)

t+ A7) —
T ug(z,t + A7) oz,

Inf(o,tu, ug,, ug) = Uy, (2t + A7) + Db, t,u),

(5)

where ¥ are sufficiently smooth functions, Ixg(x,t) = g(x,t + A7).
Proof. We denote

1
0%h iy 2
! _ _
Nyh = g_:l 0 (@, 1) g (o1 4 A7) = B (@, 1) 5 (o, )+
of,  of of
+ {8uh+ aumj hq:j + aUtht} ('rat + A7_)

Yu € D(N), Vh,g € D(N.), Vi,j =T,n. (6)

Taking into account formulas (1) and (6), we get

t1
(N'h,g) = 21: // ax(z t)@(m t4+ A7) — b (x t)ﬁ(mm )+
W g) = AL, 8t2 5 T A\ 5 8xlaxj 3 T

A=—19 4o

of of of
+ {8uh + s, hy; + 8utht} (x,t+ )\T)}g(a:,t)dtdx

Vu € D(N), Vh,g € D(N}), Vi,j=T1,n. (7)

We denote in the items of the formula (7) thus

1 5! 9
L=, / / axw, )T (a4 Mgl 1)t

A=—1¢ to

Lot @
I = Z //bf\J(%t)M(%H-)\T)g(x,t)dtda:,
0T

A==10 4

1 t1
_ of
fo= Z / / Oy, ha,(z,t + AT)g(z, t)didz,

A=—1a 4

1 t
_ of
I, = Z //%ht(x’t + A7) g(x,t)dtdz,

A==1¢ to
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1 4
9,
Is = Z //&{h(x,t+)\7)g(a:,t)dtdx.
A==1g i

We know that

to t1+T1
/ h(z, 1)dt = / h(z, 1)dt = 0,
to*T t1
31 to+T (8)
/ h(z,t —7)dt = / h(z,t+71)dt =0 VzeQ,
tl—T t()

from the formula I, — I5 we get

I = 21: /7h(:}c,t+)\T)Df(aA(x,t)g(x,t))dtdm = 21: /7h(:v,t+)\r)><

A=—19 4 A=—1a i

(Par) dax(w,t) dg(a,t) _ Pgla,t)
ot? ot ot ot?

g(x,t)+2 ax(z, t)> dtdz.

By using the change t’ =t + A7, we obtain

1 ti+AT ) )
L= Z / / h(z,t") (8 a,\(xé; - )\T)g(ac,t' — A7) +
A==10 totar
dax(x,t' — A1) Og(x,t' — A1) O*g(x,t' — A1)
ot a1 oe

+ 2

ax(z,t’ — /\T)> dtdex.

Denoting t' by ¢ and taking into account formula (8), we get

L = i /7h(x,t) (GZGA(E}Z_/\T)Q(x,t—Ar)Jr

A=—1 Q to

+ 28a,\(:cétt— AT) 8g(x,;t— AT) + 829(%;_ AT) ax(x,t — )\7')) dtdz
or
1 t 5
h=Y% //h(a:,t) (8 “—A(gt;” AT) ot 4+ A7) +
A==19 4
+ QGG‘A(%’; + A7) 9g(, (;: A7), O (xéz; A (st + M)) dtdz. (9)

1

L= /]Ih(x,mAT)ij(bgf(a:,t)g(x,t))dtdm = 21: /7h(a:,t+)\r)><

A==1¢ to A==1¢ to
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82bf\j(x,t) 8bf\3(a:,t) ag(xjt) 829($,t> i
i <33:Z<9333 Ox; ox; + O0x;0x; bx (,1) | dtda.

Reasoning by analogy as for I;, we obtain

1 h 270
0“bY, (x,t + A7
I, = E //h(:r,t)( giax )g(a:,t—i—)\T)-i-
10T

A==19 g

g(x,t) + 2

b, (z,t + A7) Og(x,t + A1) O?g(x,t + A1)
8:@- 837]' 6%63:]

+2

b7, (x,t + AT)) dtdz
Vi, j

=1,n. (10)

L= — i /7h(w,t+A7)x

A=—1 Q to

D <8f(sc,t F AT u(@, b+ AT), U (2, T+ AT), ue (2,64 AT))
* e ou
z;

g(a, t)) dtdz =

= — 21: /]lh(x t+>\7_) (af(x7t+)\Tau(x7t+AT),Uzj($7t+)\T)7ut(x,t+)\7.))

u; (1t
s, 9a; (x, 1)+

A=-1q 4

+ g(x,t) D, (

Of (x,t + A, u(x, t + AT), ug, (T, + AT), ue(z, t + A7))
£ Z dtdz.
@

By using the change t’ =t + A\t
1 t1+>\7’

L= — Z / / W, 1) <8f(x,t’,u(x,t’),uxj(x,t’),ut(x,t’))gmj(x’t, a4

= Ouyg,

10 torar

+ g(x,t' — A7) Dy, <

8f(33, t/’ U(xa t/)> Ug, (:E’ t/)’ Ut (l‘, t/)) )) dtdx

Oy,

Denoting t' by ¢ and taking into account formula (8), we get

L Z // ot (aﬂx,t,u(x,w,uzj(a:,t),ut<x,t>>g@j(m’t_ AP

Oy,

A=—19 o

+ glast— AT)Ds, <8f(x,t,u(x,t),u$j (x,t),ut(a:,t)))> dtd.

Oy,

or

1 t
L= Z //h(m,t) ((9f(x,t,u(x,t),ul.j (x,t),ut(x,t))gmj (.t + A7)+

Dz

A==10 ¢,

+gtat 20D, (2 (&1, 4l 2) v (x’”’“t(x’”))) atde. (1)

Oy,
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Iy =— 21: /]lh(x,ﬂ—)n-)x

k:_lQ to
Of (z,t + Am,u(z, t + A7), us, (z,t + A7), ue(z, t + A7))
X Dt ) J
Ut

g(z, t)) dtde =

1 t
_ Z //h(x,t—l—)n‘) (8f(x,t+)\7',u(ac,t+/\T),umj(x7t+)xT),ut(x,t+/\7'))gt(x7t)+

aut
A=-1 Q to

+ g(z,t) Dy <

Of (z,t + A u(z, t + AT), Uz, (z,t + AT), us(z, t + AT))
auj dtdz.
¢

By using the change t' =t + A7
1 t1+)\T

8x'uxlux.$,lvut$vl /
I = — Z/ / h(m,t')( f( U (,t)bu:( t) ( t))gt(ib,t —/\7')+

A==10 totar

+ g(ﬂf,t/ — )\T)Dt <

of (z, 1 )t (2,1 '
b (e, ), g, (2,1), g (2, t >>>> dtde.
0ut

Denoting ¢’ by t and taking into account formula (8), we get

1

he Yy /]lh(m,t) (Gf(x,t,u(a:,t),uzj @t w@t)

aut
A=-19 i,
+ glet— AT)D, <8f(x,t,u(m,t),;jj (x,t),ut(;z;,t))>> i,
or
1 ty Of (z,t,u(z,t), us, (,1), us(x,t))
Iy =— )\Zl / / h(x,t) < o, : ge(x, t+ A7)+
=19 i
(et £ ADD, <8f($,t,u(:c,t),;1jj (a?,t),ut(:c,t)))> atdz. (12)
t
1 t
0 5 Uy sy U)y U \ Ly b )y y
=-10 4,

Thus from (7) and (9)—(13) we obtain

1 131 ii
DPa_y(x, t+ A 1) 0%\ (x,t+ A7)
/ _ 9 _ _

A=—1 Q to

D, (8f(x,t,u(:c,t)ézz(a:,t),ut(x,t))> _Dt<8f($,t,u(a:,t);91;i(x,t),ut(x,t))> N
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3f($7t,u(fﬂat)v“”(x’t)’w(x,t))>9(x,t+ A7)+

+ ou
gz, t+ A1) 4 ?g(a,t + A7)
a4 a0 ZI@I TN s g\ PO AT
) Ot2 A 6:}018:10]
- 28b’_7>\(x,t+)\7') Of (x,t,u(x,t), us, (2, 1), us(,t)) o (2,1 4 A7)+
ox; aux] !

. (28a_>\($étt+ M) 8f(x,t,u(x,t),aqix(x,t),ut(:c,t))> ot AT)}dtdm
t

Yu € D(N), Yh,g € D(N!), Vi,j=T,n. (14)

Using the Gateaux derivative of the operator (3) , we get

gz, t + A1 i 0%g(x,t + A1
Z//{ww R e

A==1¢ to

0 0 0
+{af +aufg +aft }(x,t+)\7)}h(x,t)dtdx

Tj

Yu € D(N), Vh,g € D(N!), Vi,j=Tn. (15)

We mean I f(x,t, u,ug,ur) = f(z,t + AT, u(x, t + A7), uz(, 6 + A7), u(x, t + AT)).

The equations (14) and (15) are equal if and only if

I)\f(x)tauauwyut) = f(matvuvuaryut)a (16)
ax(z,t) = a_x(z,t + A1), b (x,t) =07, (z,t + A7) VA= —1,0,1,
t .
i //h {(82a,\(x,t) B by (,t) B
o IQ 0 8t2 &riaxj
(5]”(9[:,t,u(ac,t),umv(:c,t),ut(ac,t)))
—D,. J _
J Ouy,
a t t x 7t ’ 7t
—Dt < f(‘/‘v7 7u(x7 >7u J(x ) Ut(x )))>g($,t+A7_)—
8ut
oY (x,t)  Of dax(z,t) af
-2 ( oz, + Du,. Gz, (T, 6+ AT) + 2 T 8u ge(x,t+ A7) pdtde =0
Vu € D(N), VYh,g€ D(N)), Vi,j=

The condition (16) is fulfiled for some periodic functions, for example. For the
potentiality of the operator N of the equation (3) on the set D(N) (4) relatively to
some bilinear form (1), it is necessary and sufficient that the following conditions hold
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for all h and g

by (x,t)
&L’j = 0,
Oay (377 t) af -0, (17)
ot aut
dax(xz,t)  Of oY (z,t)  Of
D — D, =0.
¢ < ot 8ut ’ 8(,131 + 8uwj
The third condition is a consequence of the first and the second conditions.
t
Lof(z, tyu,ug,up) = %ut(x, t+ A7)+ Dp(z, t,u,uy), (18)

where ¢ is sufficiently smooth function
Substituting (18) for f in the second condition of the sistem (17), we get

oY (x,t)
oz

where 9 is sufficiently smooth function.
Thus from equalities (18) and (19), we obtain

Io(z, t,u,uy) = — Ug (2, t + A7) + Dp(z, t,u), (19)

d t A% (x,t
1t ) = P20 ) OB, (0 e ), (20
The proof of the theorem is completed. 0

The construction of the functional Fi[u]| for the operator N of the equa-
tion (3)
We can write (3), making use of (20)

- 02 02u
= _pi
N(u) _)\glax(m,t) oz (@t AT) = 0 (2,1) 5 o, (2, + A7)+
Oay(x,t)
ot

We can find the functional Fy[u]

by (,t)

ug(z,t + A1) — p

Uy (z,t + A7) + Lp(z,t,u) = 0. (21)

1
Fulu) = [ (Vo + o)) — o) s =
0
1 11
= Z a)\ z t) Uptt + M(utt - UOtt)] - bz}\](x’t>[u0$le + ,u(ua:la:] — U0z x; )]+
- /1]
- axe(o,8)[uor + (e — wor)] — b, (2, Dlttoa, + 1tz — 102, )]) (1 — o) dpctda+
o1
+ Z ///Imb(a: t, ) (u —wuo)dpdtdr, @ = up+ p(u — up).

A==10 ¢y 0
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We integrate the first integral (21) in the variable p and get

Fn[u] = i /7/1 (ax(fat) [UOtt + %(Utt —UOtt)] -
Q to O

A=—1

1 1
() [uomj b H (s, - uogcﬂj)] Fax(a.) {um b= o) -

g 1
— by, (1) [uo%. + i(umj - ugm].)}> (u — up)dpdtdz+

1 t1 1

+ 3 [ [ et a - waudas

A==10 5 0

or

1 4

Fnlu] = Z //(CL)\(-T7t)[u0tt + ue] — bi\j(%t)[u%m + Uziz; ]+

A==19 tq

+ axe(z, t) [uor + we] — b;{vq (z,t) [uow; + ua,])(u — uo)dtdz+
1

+ i /]1/1h1/1(x,t,ﬂ)(u—uo)dudtd:v: ;/\Z /?Dt (ax(m,t)(uorf'ut)(“_“o))_

A=-19 4 0 =—la i

— Dy, (bij(:v, t) (uoz; + ;) (u — u0)> —ax(z,t) (uor + ue)(ur — uor)+

.. 1 r
+ b (2, ) (0w, + Ua, ) (e, — tioe,)dtdz + Y / / / Iup(z,t, @) (u — uo)dpdtdz.  (22)

A=-1 Q tog O

Thus, the unknown functional for the operator (21) (from the equality (22)) is
obtained in the following form

1 4
1 g
Fnlu] = -5 Z //(a,\(az,t)uf — by (@, t)ug, uy, )dtdz+

A==10 ¢,
1 ty 1

+ Z ///L\W%t,@)(uuo)dudtdx.

A==10 45 0
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Kagedpa mamemamuneckozo anaiuda u meopuul, GyHkuul
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B crarpe ucciietyeTcss Ha MOTEHIUAIBLHOCTD OIIEPATOD Ha 33IaHHOM 00JIACTHU Olpe/iesIeHusT
M OTHOCHUTEJIbHO HEKOTOPOil OmimHeiHo#t dhopmbl. B ciytuae MOTEHITMATBHOCTH CTPOUTCS
COOTBETCTBYIONIUN (DYHKIIMOHAI.

KuroueBsblie cioBa: juddepeHnnaibHO-pa3HOCTHBIE YpaBHEHUsI, DYHKIMOHATBHO-TUdD-

depeHnagbHbIe YPaBHEHN, 00pATHAA 331298 BAPUAIIMOHHOIO UCIUCICHUS, BADUAIIMOHHBIN
IPUHIAI, YPABHCHUSA C OTKJIOHAIOIIUMUCH apryMeHTaAMH.





