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In this paper we study the static axisymmetric solutions of the vacuum Einstein equations.
Among static axisymmetric vacuum solutions of the most interest are the asymptotically flat
solutions reducing to the Schwarzschild solution.

The purpose of this paper is to obtain a static solution which turned out to be appropriate
for describing the gravitational field around an axisymmetric mass distribution.

In this paper the method of singular sources os considered and some new applications are
presented. By mean of the method of singular sources it is possible to construct gravitational
multipoles which generalize the Schwarzschild solution.

The linearity of the gravistatic equations makes it possible to solve the problem of su-
perposition of two or several known solutions. The obtained static vacuum axisymmetric
generalization of the Schwarzschild solution near two points of horizon has coordinate singu-
larities.

In the obtained solution the dipole term is absent, and we have found the corresponding
condition.

If one considers axially symmetric solutions of gravistatics, then construction of gravita-
tional multipoles becomes ambiguous. It means that different solutions can give asymptoti-
cally the same Newtonian limit.
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1. Introduction

The vacuum static Einstein equations for the case of spherical symmetry were
considered in 1916 by Schwarzschild [1] who obtained a solution which turned out to be
appropriate for describing the gravitational field around a spherically symmetric mass
distribution. Further research in the field of exact solutions of the general relativity
equations was appreciably influenced by the work of Weyl [1]. Weyl’s static axially
symmetric vacuum equations formed a basis for obtaining new exact solutions by
Chazy and Curzon, Erez and Rozen, Gutsunaev and Manko [1]. By means of the
method of singular sources it is possible to construct gravitational multipoles which
generalize the Schwarzchild solution.

2. Basic Equations
For axially symmetric vacuum static gravitational fields, the line element reduces
to the Weyl metric [1]

1
ds? = ?[ezﬂf(dp2 +dz?) + p?de?] — fdt?, (1)

where p, z, ¢ and t are Weyl’s canonical coordinates and time. Here f = f(p, z) and
7 =(p, 2).
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The Einstein equations for an axially symmetric gravitational field outside the
sources read .
fAf= (V)" (2)
The operators A and V are defined by the formulae
0? 10 0? - 0 0

=07 T o o VT, e
(po and Zj being unit vectors),
2 2
a2y (90) (20 ],
dp ap 0z
87 28f of
6z Za dp 0z (3)
With the substitution f = e*¥, (2) becomes linear:
O*W 10V 0V
Av=2_" 297 97 4
0p2+p8,0+822 0 ()

3. Method of Singular Sources

The right-hand side of (4) contains zero though actually there should be a certain
singular function characterizing the distribution of sources.

Let o(p, z) denote the mass density of such sources, and let us rewrite (4) in the

form o [ 0¥ 0%
1
[ — _ _— = — . 5
pap<Pap)+ = —on.2) (5)
This equation has the solution
o(p',z")dv’
V) = = [ T ©)

V/

The solution (6) in Weyl’s coordinates has the form

. / 7’ / o(p,2)p dp' d' d2! -
G VPP + 0% = 2pp cos(p — ') + (2 — 22

p'=02"=0¢'=

Since the left-hand side of (7) does not depend on ¢, we can set ¢ = 0 in the
integral.

If we choose

(p _PO)U(p7z)7

Ay’ dz'
- / / pOa ) @ az (8)
V% + P = 2ppocosy’ + (z — /)2
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With the full elliptic integral of the first kind K (k) [2] we have

+oo
_ l Z/ 0-(10072/) . 4pp0
‘M“”‘Vwéd ¢@+p@z+@_zy'K<¢@+ww%+u—zv>' “)

Let us examine some opportunities arising from the case o(po, 2’) = oo(2')9(2),
where ¥(z’) is the step function

0, m<z <-—-m

9(2) = { ’ (10)

1, —m <z’ < m.

The solution (9) under these assumptions transforms to

1 [ /) de’ . 4ppo
T 4 \/(P+Po + (2 — 2')? K (\/(P+po)2+(z—z’)2> : (11)

4. Applications

Example 1. o(pg, z') = —2md(z’'), where ¢ is Dirac’s ¢ function. Integration
of (9) then leads to

2 4
U=_= m K % ) (12)
T/ (p+po)?+ 22 (p+po)?+2
In case pg = 0 (12) leads to the Chazy—Curzon solution

m

NI P— (13)
Vpetz
Example 2. Let 0¢(2’) = —1. With this choice we arrive at the following solu-

tion [3]:

_ ! i dz’ ) 4ppo
e W_é V(p+p0)? + (2 —2')? K <\/(,0 +po)2 + (2 — z')2> - (14

Integration of (14) leads to

L, z=m++/(p+p0)?+(z—m)?
U(p,z) = =1In _
2 =3 z+m+¢@+mﬁ+@+mﬁ

o ntlo n o gyl !
2(n + 1 N L(p+po)? — 2r+1 (n—r)lr!
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In case py = 0, with the coordinate transformation

r

L= (VR GEmE Vi GomE,

i = L [V - e

we obtain the Schwarzschild solution

In the coordinates

{p =my/(22 = 1)(1 - 3?),

z = mzy,

the metric function f near points x = 1, y = +1 (¥ = 0, m; r = 2m — horizon) has
coordinate singularities.

To examine the asymptotic behaviour of the potential f let us write it down in the

coordinates (r,1):
r
=1
x o b
y = cos ¥,

Expanding f in inverse powers of r, we obtain the asymptotic of this solution:

2ko  2kgposind

~1-— 17
i fo2 (17)
Example 3. Let us consider the solution
§
f= (1 + @) e =22 (18)
r
mi, 2
1 dz’ 4pp81’2)
Yrz = T (1,2)) 2 K (1,2))2 12
. \/(p+p0’ )T+ (2 — 2)? (p+py") +(z—2)

In the coordinates

{p = ko/(2®> —1)(1 —»?),

= komyv
the metric function f near points z = 1 (horizon), y = £1 has coordinates singularities.

With the coordinate transformation z = kLO —1, y = cos ¥ the asymptotic behaviour
of the metric coefficient f takes the form:

2M 1

~1l——+4+0(—= ). 19

a1 2o ) (19)
(1) (2)

Here 6 =1, kg =M, ag = —2M, Po_ _Po_
my ma
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5. Conclusion

What can be said about the physical interpretation of the solution (18), (19)?
Apparently it can be considered as describing the generalization of Schwarzschild
solution with monopole and quadrupole terms.
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B crarpe MBI H3y4yaeMm craTudecKue aKCHAJIbLHO-CUMMETPUYHbBIE DEIIeHNs] BAKYYMHBIX yPaB-
mennit ditumreiina. Cpean CTATHIECKUX AKCHAJIbHO-CUMMETPUYIHBIX BAaKyYMHBIX PEIICHUi
HauOOJIBINNI MHTEPEC BBI3BIBAIOT ACUMIITOTUYECKH IIJIOCKUE PEIIeHHs, KOTOPBIE ME€PEXOJIAT
B pertenue I1IBapinmnumisa.

Iens 3T0# cTaThU — 3TO MOJIYyUEHUE CTATUYUECKOTO PEIICHUsI, KOTOPOE ONUCLIBAET I'DABU-
TaIlMOHHOE II0JIE BOKPYT aKCHAJIbHOI'O paCIIpeIeJIeHUsS MacC.

B crarpe paccmarpuBaeTcss MeTOJI CHHTYJISPHBIX HMCTOYHUKOB U HEKOTODBIE €I'0 HOBBIE
IPUJIOXKEeHUA. MeToIOM CHHI'YISIPHBIX MCTOYHUKOB BO3MOYKHO IIOCTPOEHUE I'DABHUTAIIMOHHBIX
MyJIBTHIIOJNEH, obobmaronux pemenne [IBapimmina.

JImHeitHOCTh ypaBHEHU IPABUCTATUKH TIO3BOJISIET CTPOUTD CYIEPIIO3UIINIO U3 IBYX U OoJiee
U3BECTHBIX PENIEHHUI CTATHYECKUX BAKYYMHBIX aKCHAJIbHO-CUMMETPHYHBIX ypPaBHEHUN DiH-
mreitHa. [losrygennoe craTmyeckoe BaKyyMHOE aKCHAJIbHO-CUMMETPUIHOE 0OO0IIEeHne perre-
una [IIBapmmmibia uMeeT JBe CHHTYJISPHBIE TOYKNA Ha TOPU30OHTE COObITHil. B mosytennoM
pelleHn: OTCYTCTBYeT JIWNOJbHBIM YjIeH, ¥ Mbl HAIlII COOTBETCTBYIOIIee yCJIOBHE B SABHOM
BuJle. Ecam paccmaTpuBaTh aKCHAJIBHO-CUMMETPUYHbBIE BAKYYMHBIE DEIEHNUsI TPABUCTATHKY,
TO IIOCTPOEHUE I'PABUTAIIMOHHDBIX MYJIBTUIIONEHN SIBJISETCSA HEOTHO3ZHATHON 3a/1ateil. 9To o3Ha-
JaeT, YTO Pa3/IMYHble pelleHUus MOI'YT MMETh Ha aCUMITOTHKE OJUHAKOBBIM HBIOTOHOBCKHUN
npenedt.

KiroueBnble cioBa: rpasucraruka, pemtenue llIBapmmnumibna, ypaBHeHus: DiHIITEHA,
MeTpuKa Beits, acuMITOTHYECKHN TIJIOCKUA.





