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Abstract. Usually, when working with the eikonal equation, reference is made to
its derivation in the monograph by Born and Wolf. The derivation of this equation
was done rather carelessly. Understanding this derivation requires a certain number
of implicit assumptions. For a better understanding of the eikonal approximation
and for methodological purposes, the authors decided to repeat the derivation of the
eikonal equation, explicating all possible assumptions. Methodically, the following
algorithm for deriving the eikonal equation is proposed. The wave equation is derived
from Maxwell’s equation. In this case, all conditions are explicitly introduced under
which it is possible to do this. Further, from the wave equation, the transition
to the Helmholtz equation is carried out. From the Helmholtz equation, with the
application of certain assumptions, a transition is made to the eikonal equation.
After analyzing all the assumptions and steps, the transition from the Maxwell’s
equations to the eikonal equation is actually implemented. When deriving the eikonal
equation, several formalisms are used. The standard formalism of vector analysis
is used as the first formalism. Maxwell’s equations and the eikonal equation are
written as three-dimensional vectors. After that, both the Maxwell’s equations and
the eikonal equation use the covariant 4-dimensional formalism. The result of the
work is a methodically consistent description of the eikonal equation.

Key words and phrases: eikonal, Maxwell’s equations, wave equation, vector
representation, tensor representation

1. Introduction

One of the foundations of the simulation program we employ for modeling
optical phenomena is the eikonal model [1, 2]. While this model is well-
known, the derivation process is somewhat intricate [3, 4]. In the renowned
monograph by Born and Wolf [5], the derivation appears almost like a form
of physical magic (here are Maxwell’s equations, a bit of magic, and voila, we
have the eikonal equation). We decided to delve deeper into the derivation of
the eikonal equation.
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We employed analytical methods to derive the eikonal equation from
Maxwell’s equations in a medium without currents and charges. The process
involves analyzing differential equations and applying methods of mathemati-
cal analysis. A brief outline of our study is presented in the scheme shown in

the figure 1.
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In section 1.2, we present basic notations and conventions used in the article.

Figure 1. Paper structure

1.1. Article structure

In section 2, fundamental relationships for Maxwell’s equations are introduced.
In section 3, the wave equation is derived from Maxwell’s equations. Next,
in section 4, the eikonal equation is obtained from the wave equation. The
transformations are performed using vector formalism. In section 5, the same
is done based on covariant tensor formalism.

1.2.

Notations and conventions

1. The primary mathematical framework used in the article is the vector
analysis (a brief overview is given in Appendix) and tensor analysis.
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2. We will adhere to the following conventions. Greek indices («, ) will
refer to the four-dimensional space, with the component values as follows:
a = 0,3. Latin indices from the middle of the alphabet (i, j, k) will refer
to the three-dimensional space, with the component values as follows:
i=1,3.

3. The CGS symmetrical system [6] is used for notating the equations of
electrodynamics.

2. Introduction

Consider Maxwell’s equations in vector-differential form:

10D  4r
VxH- - =25 1
c Ot c? (L)
10B
VXE+-—=0 2
* c Ot ’ @)
V -D = dnp, (3
V.B=0, (4
where
— E(r,t) = E(z,y, 2,t) is electric field strength vector;
— H(r,t) = H(z, vy, 2,t) is magnetic field strength vector;
— D(r,t) = D(z,y, 2,t) is electric field induction vector;
— B(r,t) = B(z,y, 2, t) is magnetic field induction Vector
— j(r) =j(z,y,2) is external electric current density (current strength per

— p(r) = p(x,y, z) is electric charge density;

— c¢ is vacuum speed of light;

— r = (z,y, 2)7 is radius vector of a point, written in Cartesian coordinates.
Let us briefly describe the physical meaning of each of Maxwell’s equations:

— equation (1) means that electric current and a change in electric induction
generate a solenoidal magnetic field, that is a field whose field lines twist
into a vortex along the vector indicating the direction of the current;

— equation (2) means that a change in time of a magnetic field generates
an electric field;

— equation (3) means that the electric charge is the source of electrical
induction;

— equation (4) means that there are no free magnetic poles (only magnetic
dipoles have been experimentally discovered, magnetic monopoles are
not known to science).

The following relations, called material equations, are also valid:
j=0cE, D=c¢cE, B=_yuH,
where o(r) is conductivity, £(r) is permittivity, and u(r) is permeability. In

an isotropic medium, £ and p are scalar quantities, but in the general case
they are tensor quantities.
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A medium is called isotropic if its physical properties do not depend on
direction. The term comes from the Greek words «izos» (10oc): equal, identical,
similar and “tropos” (tpomoc): direction, character. In electrodynamics, the
isotropy of a medium is associated with the same values of e(r) and p(r) in
all directions.

Magnetic permeability characterizes the magnetic properties of a medium
(substance). If p # 1, then the substance is called magnetic, if p > 1 —
paramagnetic, if up < 1 — diamagnetic.

Next, we will consider a medium that does not conduct electricity, that is,
o =0, and also free from currents, that is, j = 0 and p = 0, then Maxwell’s
equations simplified somewhat:

10D

10B
VXE—FEE—O, (6)
V-D=0, (7)
V.B- ®)

3. Wave equation
3.1. Derivation of the wave equation from Maxwell’s equations

We will assume that p = 0 and j = 0 and consider the equations (5) and (6):

m 10,
c Ot
10B

VXE+-——=0

+c@t

We use the material equations D = ¢E and B = yH and take into ac-
count the dependence of the permittivity and permeability on coordinates:

e=¢(z,y,2) and p = p(x,y, 2).

10 wOH 10H
E+-——(uH)=0 E =0 E+ =0.
V X E+ at(u) =V X +c8t = V o
Apply the curl operator V X to the resulting equation:
1 OH
V X (—VXE>+ VXE:O.
K ., \ﬁ,_/

o )

Let us first consider term (II) of this equation. The time derivative can be
taken out from under the sign of the rotor operator:

oH 0
VX o = VX H)
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Due to (5) we get:

0 010D 1 9’D
XH =—-—=- :
0t(v )= Jt c Ot c Ot?
We use the material equation D = cE and write as follows:
D P (e(r)E) E82E _V OH ¢ 0°E
oz o2 o ot 2o

To simplify term (I), we use the relation V X fv = fV X v+ V[ x v,
where f(x,y, z) is a scalar function, and v(z,y, z) is a vector field. Using this
relation, term (I) is expanded as follows:

1 1 1
V><<—V><E)——Vx(VxE)+(V—,VxE).
It I It g

(La) (Ib)

In turn, to simplify term (I.a) we use the identity VX V xXv =V (V .v)—
V?2v, where V? is the Laplace operator.

1 1 1
~“Vx(VXE)=-V(V-E)- -V’E.
1t 1t [

To simplify the expression V(V - E) we apply the identity V - (fv) =
fV v+ (Vf,v) to Maxwell’s equation (7), replacing induction D with
tension using the material equation D = ¢E:

V:-D=V:.(E)=¢V:-E+ (E,Ve)=0=

1 1 1 1
~V.E=—-(Ve,E)= -V(V-E)= -V (—(Ve,E)).
€ W L €

As a result, the term (I.a) was transformed to the following form:
1 1 1 1
—-VX(VXE)=—--V (—(VS,E)) - —V°E
1 noo\e [t

By combining (I) and (II) we write:

1_, 1 1 1 e 0’E
—;V E — pv (E(Va,E)) + (V;,V X E) 2 o 0,
(L) (Lb) (I
2
E
~V°’E V( (Ve,E)) + (V— V X E) + “—faﬁ? 0,
e O°E
V’E — v {V ( (Ve,E)) — (V—,V X E) =0.
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A completely similar equation can be obtained for the magnetic field
strength vector H.

In the case of an isotropic medium, that is, ¢ = y = const the additional
term taken in square brackets vanishes and we obtain the wave equation:

9 eu O*E
E_CZ
v c? Ot? ’
) e O°H B
VH- 5%z =

We can introduce the quantity v = ¢/,/eu — the speed of the electromag-
netic wave in the medium.

3.2. The case of a plane wave

Consider the wave equation:

1 0°U
VU - — = 0.
v? Ot?
Let’s consider an electromagnetic wave that propagates in the direction
s, where s = (s;,5,,5,) — some unit vector (||s|| = 1) fixed direction.

Any solution of this equation, having the form U = U((r,s),t) is a plane
wave, since at every moment of time the vector U is constant in the plane
(r,s) = —d, where |d| is the distance from the plane to the origin. The expres-
sion (r,s) = —d is actually a normal plane equation, where the vector s acts
as the unit normal vector. Let’s write it in Cartesian coordinates:

S22 + 8y + 5,2 +d = 0.

The wave equation can be simplified by introducing a new coordinate
system. Since the intensity vector of a plane wave entirely depends only on
the distance d, we can choose a new coordinate system with axes O¢&, On, OC
so that the O( axis is directed along the vector s, and the origin coincides
with the previous Cartesian system Oxyz. Then, the coordinate along the
O( axis will depend on the previous coordinates according to the formula
((z,y,2) = (r,8) = ;& + s,y + s,2, while £ and 7 do not depend on the
previous coordinates and can be chosen arbitrarily, for example, so that the
coordinate system O¢n( is right-handed (see the figure 2).

The replacement of differential operators is carried out using the Jacobian
matrix as follows:

97 o8 o 6] 2] g o oc
ox Ooxr Ox Ox| |0¢ . oxr Ox Ox
ol o )9 (@enay_Ju o o
dy dy Oy Oy| |on]|’ (z,y,2) dy Oy Oy
9 o o o¢| |9 9 Idn 9¢
L0z ] L0z 0z 0zd LOCA Loz 0z 0z

Since £ = const and 7 = const, and ¢ = (r,s), then:
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A 01 1,01 (2-u2
ox <1 |08 5% o CoC
A il lon| — |Voc dy  ac
0 Sz 2 s 2 0 0
L 52 Locd L ac (52~ Fac

Figure 2. Plane (r,s) = const, where s is a unit vector indicating the direction
of propagation of the electromagnetic wave. New coordinate axes are chosen so that
the vector s is the unit vector of the O( axis. The other two axes O¢ and O are chosen
arbitrarily and form a right-handed coordinate system O&n¢

The Laplace operator after replacing coordinates is transformed to the
following form:

0°U 0?U 0’U 0’U  0*U
207 _ 2 2 2 (222 _
\Y Ufsx8C2 +Sy8§2 + 52 97 = (s2+s)+52) 9 = o
The wave equation simplifies:
’U  10°U 0
ocz v oz

We perform another substitution p = ( — vt and ¢ = ( + vt, which leads to
the following transformation of the differential operators:
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406
0 [0 dp 0q 0
a :(3<C’t>>T ap| _oc ac| |op| _
0 ap.q)) |9 op 0q| |9
ot | g ot otd |9q
~[o o 0 o 9 0
o] | e | )T e
—v v 2 —vg—i-vg ﬁ:—vg—i-v2
- L9q dp  Oq ot dp  Oq

The second derivatives are expressed through the new variables as follows:

82_82+286+82
ac2  op? OpOq  0qg?’
0? o [ 02 0 0 0?
— = — —2——+—].
ot? Op? Opdq  Og?
When the operators are substituted into the wave equation, it is simplified
as follows:

PU 10U
o¢2 2 Ot?
U _0°U U 1 ,(0°U _0°U U
= +2 + — —U —2 + =
Op? opdq  0¢*>  v? op? opdq  0q¢>
0*U 0*U
a 48p3q =0= opdg

The general solution of the transformed wave equation is the function
U =U;(p) + Uz(q) = Uy ((r,s) —vt) + Uy ((r,s) + vt) .

Another approach to the solution uses separation of variables. We will look
for the solution in complex form

U(r,t) = Uy(r)e ™"

When substituting into the wave equation, we obtain:

o*U , .
aﬁ::—w%ﬂmudw, VU = e “'V*Uy(r),
1 0°U w?

2 _ 2 _
VU - 555 = 0=V U+ 50, =0.

Let’s introduce some scalar quantities: wave number k = w/v, kg = w/e,
wave vector k = ks. Let us recall that ¢ — the speed of light in a vacuum, v —
the speed of an electromagnetic wave in a medium, n = /g — the refractive
index of the medium, s — direction of wave propagation. The velocities v
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and c are related by the relations v = ¢//e11 = ¢/n, so the wave number can
also be written as k = w/v = w,/eu/c = kon. Now the equation for Uy can
be rewritten as:

(V2 + K2) Uy = 0.

This equation is called Helmholtz equation (homogeneous Helmholtz equa-
tion). In the general case, its solution can be expressed in special functions,
but in the case of a plane wave, the general solution can be written in the
following form:

U(r) = uo(r)eik(s,r) _ u0<r)€ik0n(s,r)‘

4. Derivation of the eikonal equation

We will also consider a strictly monochromatic harmonic wave, the intensity
vectors of which can be written in the following form:

E(r,t) = Eo(r)e ™",

H(r,t) = Ho(r)e ™,
where r = (z,y,2)" — radius vector of a point in space in a Cartesian
coordinate system, w — cyclic frequency. We also introduce the quantity
ko = w/c = 2w /X, where \g is the wavelength in vacuum.

Let’s substitute expressions for a monochromatic wave into Maxwell’s
equations. We sequentially calculate all differential operators:

V XxH=V X (Hee ™) =e"™V X H,,
V XE=V X (Epe ™) =¢"V xE,.

Using the material equations D = ¢E and B = yH we replace D and B
everywhere through E and H, taking into account that £(r) = ¢(z, vy, z) and

pu(r) = p(z,y, 2):
V-D=V-(¢(z,9,2)E) = e ™'V « (cEy),
V-B=V-(ury2)H) =e V. (uH,).

Let us replace D and B also in the expressions for derivatives, taking into
account that € and p do not depend on time, as well as Eq with Hy from the
formulas E(z,y, 2,t) = Eo(z,y, 2)e” ™" | H(x,y, 2,t) = Ho(z,y, 2)e ™"

oD 9 Dt

E = a (eEoe*iwt) = 6(96,?% Z)Eo(x,y, Z)T = _igwEoefiwt,
aB a 3 8 —iwt ‘
57 = 57 (Hee ™) = pla,y, 2 Ho (2,9, 2) = = —ipwHoe ™.

Let’s substitute the resulting expressions into the equation (5):

10D » ~
VxH-——= =0 — PN X Hytie~Ege” = 0 = [V x H, + ickoEo = 0},
s C
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then into the equation (6):

10B
VXE+-—= =0 = Y X By—ic™ “Hye P = 0= [V X By — ickoHy = 0]
C

into the equation (7):

V-D=0=¢e™“V.(cE)=0=|V-(cEy) =0

and finally into the equation (8):

V-B=0=e¢™V.(uHy)=0=|V-(uHp) =0|.

As a result, the system of equations (5)—(8) takes the following simplified
form:
V X H[) + ’iEk'oE(] = O,

V X EO — Z,UkOHO = 0, 9
V- (cEq) = 0, )
V - (uHy) = 0.

Let us make another simplification by assuming that

EO(ZE’ Y, Z) - e(x, Y, Z) exp (’Lk}gu(l‘, Y, Z)) = e(r) exp (ZkOU(r)) )
HO(xa Y, Z) - h(x7 Y, Z) exp (lk0u<$’ Y, Z)) - h(r) exp (Z]C(ﬂ,b(l')) )
where u(x,y, z) = u(r) is a scalar real function called optical path, and e and

h — vector position functions. Let’s calculate the differential operators again,
this time from Eq and Hy, using the formulas (18):

V X Hy =V x (¢""h(r)) = "0V x b+ V(¢*"*) x h.

The gradient of the function e*°*(") is calculated as follows:

V(eikou(r)) _ (aeikou(r) Heikou(r) 8ei’“0“(r)>

ox = Oy = 0Oz
— ik eikou(r) 3u(x7y, Z) (9u(a:,y,z) 8u(m,y,z) —
0 ox oy ' Oz

— ikoe™ O u(xz, y, 2).

As a result, the term V X Hj of the first equation of the system (9) takes
the form:

V x Hy = (V X h+ ikgVu x h)eou®), (10)

In a completely similar way, we obtain the expression for V X E; in the
second equation of the system (9):

V X By = (V X e +ikyVu x e)eou@), (11)
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The computation of divergence is somewhat more complicated because the
formula (18) will have to be applied twice. The first time we use it to write
down the expression V - eEq:

V- €E0 = €<I')V . EU -+ (VE,E()) .

Next, we use it to calculate V - Eq, where instead of Eq we substitute the
expression Eq = e(r) exp (ikou(r)):

V-E=V. [e(r)eikou(r)] = hul g e 4 (V (eikou(r)) e) =
= kU L e 4 ikge® ™) (Vu, e) = (V - e + iko(Vu, e))erort)

(Ve, Eg) = (Ve, e)etrou),
As a result, the third equation of the system (9) takes the form:
V - (e(r)Eg(r)) = [e(r)V - e(r) + ikoe(r)(Vu(r), e(r)) + (Ve(r), e(r))]e™ o),

In a completely similar way, we obtain an expression for the magnetic field
strength, that is, the fourth equation of the system (9):

V - (u(r)Ho(r)) = [u(r)V - h+ (Vu(r), h) + ikou(r)(Vu(r), h)]eo®),

After substitution into Maxwell’s equations, we obtain:

V X Hy +ickgEg = 0=V X h+1kyVu x h+ickje = 0 =

(10)

1
= Vuxh+ce=—-——V Xh,
Z]CO

VXEO—iuk0H0:0:>y><e+ik:0Vu><e—iukroh:0:>

(11)

1
= Vuxe—ph=—-——V Xe,
Zk)o

V- (eEg) =0=¢eV -e+ikc(Vu,e)+ (Ve, e)=0,

1 1
ikoe(Vu,e) = —(Ve,e)—eV:.e=0= (Vu,e) = T [(gVae) +V. e}.
0

Since

g

V(ine) = Olne Olne Olne 1 % % % _1 .
S\ 0z Oy’ Oz ox’ Oy 0z ) ’

! ((V(lne),e) +V -e).

(VU, e) = _%
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Calculations for the magnetic field are carried out in a completely similar
way, resulting in the fourth equation:

1

h) = ——

((V(Inp),h) +V - h),

( 1
Vuxh+ece=——V X h,
Zk’o

1
Vuxe—ph=—-——V Xe,
Zko

1 (12)
(Vu,e) = —?((V (Ine),e)+ V -e),

1
(Vuh) = == (V (np) ) + V- B).
\ ko

The third and fourth equations from this system follow from the first two.
This can be proven by scalarly multiplying the first two equations by Vu and
using the fact that the result of a vector product is orthogonal to both of its
factors:

(Vu,Vu x h)+e(Vu,e) =0= (Vu,e) = 0.

—_——
=0

We consider only the first two equations. Let’s express h from the second
equation through u and e and substitute it into the first:

1 1
h=-Vuxe= Vux <—Vu><e)—|—8e:0:>Vu><Vu><e+e,ue:0.
I 10

For the vector product the following identity holds: a x b x ¢ = b(a,c) —
c(a,b) from which it follows

Vux Vux e=Vu(Vu,e) —e(Vu, Vu) = Vu(Vu,e) — e||Vul]*,
Vu(Vu,e) —e||Vu|* + eue = 0.
From the third equation of the system (12) it follows that (Vu, ), therefore
—e||Vul® + cpe = 0 = e|| Vu|* = cpe.

Equating the coefficients in front of the vector e and taking into account
that n(r) = /e(r)u(r) we write the equation:

IVul® = n*(r), (13)

which is the eikonal equation. The function u(r) = u(x,y, z) is also called
eikonal, and the surfaces u(z,y, z) = const — geometric wave fronts.
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In component form in Cartesian coordinates equation (13) becomes:

ou\ > ou\ > ou\?
<8_x) +(3_y> +(5) = e(x,y, 2)u(x, y, 2) = n*(z,y, 2),
2 ([ Ou 2 ou\ > o\’
|V ul| —(Vu,Vu)—(%> + 8_y + 2 )

5. Derivation of eikonal in covariant form
Let us demonstrate the derivation of the eikonal equation using the tensor
formalism.
5.1. Vector operators in covariant form

Vector operators in covariant form:
— Vy is covariant derivative with respect to the vector field v;

— € = 4 is coordinate basis, V ¢€; = V;
— ¢&ijr = €% is Levi-Civita symbol;

. 1 y
— eijr = V/l|9gleijr, €9 = \/Te”k are alternating tensors (Levi-Civita
g

tensors);
— Vf=V,f=0;f, [ is scalar field;
) 1 )
— V. :VZV’:—& Vl;
f 77 (VgV")

. T . .
— 7= (2',2% 2%)" is contravariant vector;

— VXV= €Z]ijVk = €Uk8j‘/]€ = ﬁswkﬁij.

5.2. Maxwell’s equations without currents and charges

The strength of the electric and magnetic fields in the form of a covector
(denoted by “~” above the letter, the designations can be changed), and D
and B are vectors:

E = (Ey, By, E3), H=(Hy,Hy,Hs), D= (D", D* D", B=(B' BB

Material equations: B = pH;, D' = eV Ej.
Vector, covector fields: E(Z,t), H(Z,t), D(z,t), B(,1).
Tensor fields: p(T), € (T).
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5.3. Vector-differential form of writing Maxwell’s equations

4 —
- 10D

_ 22—

VX c Ot ’
. 10B

(1 .. 1dB
—9%0. By + - =0
€ Tk dt )
1dD’
kqH) — ~ =0
© Gtk a
1

Z50/aDY) =0,

igamzai) =0,

\

5.4. Monochromatic harmonic wave
Assumption No. 1: Monochromatic harmonic wave:

p . . .
Ek — E()ke zwt’ Hk — HOke zwt’ Dk — e’:JdEl —_ gklEOZe zu.zt7

Bk — /fl/lel — ,u/klI_I()kefiu}t7

dp* d . —iw "
at E(ngOje ") = —iwe" By,
dB? d

o —iwt

) = i o,
0i(v/gD") = 0i(/ge" Egje") = ="' 0i(\/9e" Exy),
&(\/ﬁB’) = 8¢(\/§M”H0j6_zwt) = B_ZWtai(\/g,uUHoj).

Formulas:

ﬁé‘”kajEOk — Z'/{Z()/LHHOJ‘ = O, (14)
—€l]kajHok + ikoé”on = 0, (15)

V9
9i(1/9e"” Ey;) = 0,
0i(V/gu* Hoj) = 0. (17)
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Assumption No. 2: Ey, = epe®@  Hy = hpe® @ where u(¥) is an
eikonal:

From the equation (16):

0i(1/ge esehom) =
a\/?&_l]ej 1k0u+\/_a Zej zkou+\/—€z] J zkou \/§€”€jikoelk°“a—; _
= (ai\/_gwej —|—\/_ai52]6j+\/_€ ]8i€j+ik0\/§€ij6jaiU)€ik0u =0,

in/ge" ej +\/90i e; + /9" Dsej + ikor/ge” e;0;u = 0,
\/55 jejaiu = %(@\/ge J@j + \/5025 jej + \/§5 Jaiej).

Similarly from the equation (17):
\/Eu th@»u = —% (81\/5;1 jhj + \/Eﬁz,u I+ \/Eu ]@hj) .

1
Provided that A is small, w is large, = ky is large, and . is small = we
0
obtain:

gee;0u = 0, ee.0u = 0,
J J
G h;0mu = 0; W h:0mu =0
J J
to transform:

1 . . 1 . . 1 1
—s”k(ajek—l—ikgekﬁju)—z’ko,u”hj =0= —75”kek8ju+u”ho ——5”’“0 Chs
g g

’lk’o \/_

1 . 1 . e, —
— &0 by + —=eTikohiOju + ikoee; = 0,
\/ﬁ ’ \/§

1 .. . 1
—e”khkﬁju + Eljej =
g

1
Zko \/_
Maxwell’s equations are reduced to the following form:

sljkekaju — \/Euijhj =0,
ijkhkau +1/ge”e; =0,
ee;0u =0,
ZJ hjazu = O,

£ ;.
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where €% is Levi-Civita symbol, €7 is permittivity, subject to ky — oo.
From the first equation we express h; and substitute it into the second:

;e ex0u — /gy 1 hy = 0.

Let’s make the replacement: p;;' 1" = g/

,ul_ile”kekﬁju — V99l h; = 0= /gh = ul_ile”keké?ju = h = —,ul_ile”kekaju.

N{

We transform the indices to substitute into the second equation:

1
—1 _Imn
hi, = — i € enOnu,

V9
oo .
5”kﬁu;llelm”en8mu8ju + /gee; =0,

gk temme, 0, udju + gele; = 0,

5ijku,:llelm"8mu8juen + gee, = 0.
The eikonal equation (13) takes the form:

9”7 0udju = " ;.

6. Conclusion

We hope that our work clarifies the process of derivation of the eikonal
equation. And allows us to better understand the hierarchy of models in
electrodynamics in general, and in optics in particular. The questions of
solving the eikonal equation |7, 8] we left outside the boundaries of our
consideration.

Appendix. Vector analysis

If at each point P of a certain spatial region of the Euclidean space R"
some scalar or vector quantity is associated, then they say that a field (scalar
or vector).

— Examples of vector fields include the velocity field v(z,y, z), the force
field F(z,y, z), the electrical intensity field E(x,y, 2).

— Examples of scalar fields: temperature field T'(z,y, z), electric potential
field p(z, vy, 2).

Everywhere below we consider a three-dimensional point Euclidean space
on which a Cartesian coordinate system is introduced. We denote the vectors
(basis vectors) of this coordinate system as (e,,e,,e,). The coordinates of
a point are specified by the radius vector r = (x,y,2)7, which is plotted
from the origin O. Along with notation of coordinates x,y, z, it is sometimes
convenient to use indices: 2!, 22, 23, and also write the radius vector in the

form x = (2,22 2%)T. Index notation makes it possible to briefly write
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formulas using the summation sign >, which is especially convenient if a non-
unit metric is used.
A scalar field in some region of space R? is a real-valued function f:

PR SR, f(zy2) = f(r) €R.
In turn, a vector field in a region of space R? is a vector-valued function V:
V:R* R V(z,9,2) = V(r) = Vy(r)e, + V,(r)e, + V.(r)e, € R®.

The Gradient of the scalar field f(r) is a vector calculated in Cartesian
coordinates as follows:

of of o 0o 0 0
Vf(xaya Z) = gradf(:c,y,z) = (8_£7a_§78_£)7 V= (a_xaa_y7§> .

The sign nabla V denotes the Hamiltonian vector differential operator. In
order to emphasize its “vectority”, the symbol V is written in bold.
To simplify the presentation, we made some inaccuracies in the presentation,
which should be mentioned separately.
— Strictly speaking, the gradient is a covector. Our definition reflects this
by writing the vector components in a row rather than a column.
— The definition of the gradient is based on the Cartesian coordinate system.
A more general definition should be given in a componentless form.

The scalar field f(r) generates a vector field V f, which characterizes the
direction of the greatest change in the scalar field f(r).

Divergence of the vector field V = (V,,V,,V,)T is a scalar, calculated in
Cartesian coordinates as follows:

AV, AV, aV. oV
V.-V =divV = o + Jy + P _;89@’"'

Here “” denotes the scalar multiplication operation V - V = (V, V).
The Rotor of a vector field V is a vector calculated in Cartesian coordinates
as follows:

e, ey e,
VXV =19/0x 0/oy 0/0z|=
Va Vy V;
= (@%_%)e +(8V}C_%)e +<%—avx>e.
oy 0z ) " 9z  O0x ) ? or oy )
Highlight also that the rotor is not a vector in the strict sense. In classical
vector analysis it is called a pseudovector, but a deeper geometric meaning

is revealed only when tensor algebra is involved, where the rotor can be
represented either as a 2-form or as a bivector.
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Also, when writing the wave equation, the Laplace operator will be used,
which is written in the following form:

We will also need the following two relations [5]:

VXfV=fVXV+VfxV,

V.fV=[V-V+ (V| V) (18)

A vector field is called potential if there exists a scalar field f(z,y, z) such

that of 9f af
V:Vf:(%7a_ya$)7
df =V, dx +V,dy + V. dz.

In turn, a vector field is called solenoidal (tubular) if there exists a vector
field U such that
V=VxU.
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Metonudyeckuii BbIBOJ] ypPaBHEHUS IMKOHAJIA

A. B. ®énopos!, K. A. IIltena', A. B. Kopoubkosa',
M. H. I'epopksn!, 1. C. Kynxa6os!?

L Poccutickuti yrusepcumem opyorc6o, napodos,
ya. Murayzo-Maxaas, 0. 6, Mocxea, 117198, Poccutickan Dedepavus
2 O6sedunénmvits uncmumym Adepnua uccaedosarudl,
ya. 2Koavo-Kropu, 0. 6, Jybra, 141980, Poccutickan Pedepavun

Amnnoranus. O6br9HO pu paboTe ¢ ypaBHEHUEM SIKOHAJIA CChLIAIOTCS Ha €r0 BBIBOT
B monorpadun Bopua nu Bonbda. BeiBog 91010 ypaBHEHNS BBITOJIHEH JOCTATOYHO
HeOpekHO. Jjist TOro 4TobbI pa3zobpaThCs B 3TOM BBIBOJIE, TPEOYETCS OIPeIeIEHHOE
YHMCJIO UMIIJIMITUTHBIX Hpe,ZLHOJIO}KeHI/H';I. ,H.HH JIydmiero moHnMaHu e HpI/I6J’H/I)KeHI/IH M-
KOHAJIA U JIJIsi METOJIUYECKUX IIejiefi aBTOPbI PEIIUJIN OBTOPUTH BBIBOJ YPABHEHUS
SiiKOHAJIA, SKCIJIUIIUPOBAB BCE BO3MOXKHBIE JIOyIeHus. MeTomuaeckn mnpe/iiaraeT-
¢Sl CJIIYIOIIUI aJrOpuT™M BBIBOJA YpaBHeHus diikonaja. V3 ypaBuenns Makcsesuia
BBIBOJAUTCA BOJTHOBOE ypaBHEHUE. HpI/I 9TOM ABHO BBOJATCA BCE€ YyCJIOBUA, IIPU KO-
TOPBIX 3TO BO3MOXKHO cjiejiaTh. Jlajee oT BOJTHOBOTO ypaBHEHUS OCYIIECTBIISETCS
mepexojt K ypapHeruto leabmrosbiia. Ot ypaBHeHUs: [e1bMI0JIBbIA TIPU TPUIJIOZKEHUT
OTIpeIeJIEHHBIX JIOMYIIEHII MPOU3BOINTCS TIEPeX0/] K ypaBHeHUIo itkonasa. [locse
pa3bopa Bcex JOIYINEHUI 1 MIaroB peaau3yercs COOCTBEHHO HEPeX0o/l OT ypPaBHEHU
Makcsesta K ypaBHEHUIO SiiKoHaJa. [Ipu BbIBO/IE ypaBHEHUS SMKOHATIA UCIIOJIb3yeTCs
HECKOJILKO hopMasim3MoB. B kadecTse mepBoro popMan3Ma UCIOJIb3yeTCsl CTAH-
JApTHBIA (POPMATU3M BEKTOPHOI'O aHau3a. Y paBHeHMs MakcBesia U ypaBHEHUE
SfKOHAJIA 3alUCHIBAETC B BUJIE TPEXMEPHBIX BeKTOpOB. [locse sToro u just ypaBHe-
uuit Makcsesia, u Jijis ypaBHEHUST SUKOHAJIA, UCTIOIB3YETCs KOBAPUAHTHBIN 4-MepHBIi
dopmamzm. PesysipraTom paboThl SIBIIETCI METOIUIECKU BBIICPKAHHOE OMUCAHUE
YPaBHEHUA dUKOHAJIA.

KaroueBbie ciioBa: siikonas, ypaBHenus MakcBeuia, BOJHOBOE ypaBHEHUE, BEKTOD-
HOe IIpeJICTaBJIEHNE, TEH30PHOE IIPE/ICTABICHIE



