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Abstract. The problem of the correct asymptotic construction of the radial structure
of linearly unstable ion-sound electrostatic eigenmodes is studied. The eigenvalue
problem with boundary conditions of the first and second kind (electrodynamic and
hydrodynamic types) for the oscillations that propagate in a uniform cylindrical
column of magnetized plasma along an axial homogeneous magnetic field is formulated.
A method for constructing a discrete spectrum of small-scale unstable oscillations
of the system based on the basic principles of geometric optics is proposed. The
main idea of the method is an explicit idea of the type of boundary conditions —
the conductivity and absorbing properties of the wall bounding the plasma cylinder.
A dispersion relation for unstable small-scale modes destabilized due to the effects of
differential rotation is derived from the Eikonal equation. For the correct construction
instability growth rates spectra an universal recipe for the selection of radial wave
numbers of small-scale eigenmodes in accordance with any of the types of boundary
conditions is proposed.
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1. Introduction

It is well known that rotation of the plasmas in magnetic field is a source of
various instabilities [1-6]. The most common of them are of a convective nature
and occur for non-axisymmetric flute-like perturbations with m # 0 and k=0
(m is the azimuthal wave-number of perturbations and k” is the projection
of the wave vector on the direction of magnetic field). Recently was shown
that electrostatic axisymmetric (m = 0) perturbations with frequencies in the

ion-sound region in uniform plasma column in homogeneous magnetic field
are destabilized by rotation, if the generalized momentum of ions decreases
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with radius [7]. However, the question about radial structure of these unstable
perturbations is still open.

In this paper we estimate a radial structure of untable eigenmodes in a dif-
ferentially rotating magnetized plasma column. Solutions of wave equation for
axisymmetric perturbations is obtained by geometrical optics approximation.
The corresponding dispersion relation is derived from eikonal equation.

2. Wave equation

The general wave equation for axisymmetric perturbations of the electro-
static potential ® in a differentially rotating uniform plasma column with
cold ions and hot electrons immersed in the axial magnetic field takes the
following form, [7]:

! ¢ <1>’/ 1 kires =0 1

where c, is the ion-sound speed, w is the perturbation frequency, wg; is the
ion-cyclotron frequency and k| is the wavelength along axial magnetic field.

The variable
K(r) = (1 + 2&> (1 + 1(#9)’) (2)

Wpi T Wpg;

defines the rotation profile of plasma (2. Prime implies the radial derivative
d(...)/dr. Without rotation, 2 = 0, Eq. (1) describes proradation of the
ion-sound waves along cylindrical plasma waveguide.

Together with the boundary conditions (BC), Eq. (1) constitutes the
eigenvalue problem. At the center of plasma column, » = 0, the solution is
required to be finite, |®(0)| < co. On the inner wall the are two types of
BCs are exist. For plasma column with ideally conducting wall at radius R,
we require ®(r = R) = 0, which provides zero tangential component of
the perturbed electric field, E, = —Fk . If the inner wall does not absorb

particles, we require ®’(r = R) = 0 that corresponds the standard “no flux”
BC in fluid dynamics, because displacement of ions is proportional to radial

electric field B, = —& |7, §|.

3. Solution of eikonal equation for unstable
perturbations

For an arbitrary profile of rotation €2(r) the exact solution of the Eq. (1)
does not exist. However, the studied problem can be solved asymptotically.
At first, let us consider solution of the Eq. (1) in the following form

®(r) = A(k,S(r))exp [ikS(r)], (3)
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where k is the radial wavenumber and S(r) is the eikonal [9, 10]. In the lowest
order by 1/k one can find the standard eikonal equation

(87)2 = N2. (4)
Here N is the refractive index of he medium, which is in considered problem

equals
PN — (1 B k2c§> <w2 - /@(r)w%i> | 5)

2 2
w cs

As easily seen, the instability occurs only when x(r) < 0. For unstable
solutions with growth rate v = —iw Eq. (5) gives

~y

and Eq. (3) have only one trivial solution

S(r) = / " R2(2) der (7)

Finally, the desired solution of the wave equation (1) in the lowest order of
geometrical optics approximation takes the form

®(r, z,t) = By exp [zk /O ' N2(z) da:} exp [i(kyz — wt)| , (8)

where @ is the complex amplitude.
Thus, one can find that Eq. (8) could be used for construct eigenfunctions
with discrete spectra of 7,, by discrete values of radial wavenumbers n = 7/kR:

D, (r,z,t) = @, {cos [k:/ N2(z,7,) da:] + i sin [k/ N2(z,7,) daz}} X
0 0

X exp [i(knz — wt)] . (9)

4. Conclusion

It is shown that a sufficiently complex wave equation (1) for the electrostatic
ion-sound perturbation of magnetized plasma with an arbitrary profile of
rotation can be solved analytically by the geometrical optics approximation.
The radial structure of normal modes is constructed by Eq. (9) and their
spectra are described by eikonal (7).
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IlocTpoenne pagualbHON CTPYKTYPBbI HEYCTOMYNBBIX
MOHHO-3BYKOBBIX KOJIEOAHUI1 BO BpaIllaromieincs
3aMarHM4YeHHON IJjIa3Me MPU IIOMOIIU yPaABHEHUS
IMKOHAJIA
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AnHoranusa. PaccmoTpena 3a/1a4a 0 KOPPEKTHOM aCUMIITOTHYECKOM TTOCTPOEHUN Pa-
JIMAJIBHOM CTPYKTYPhI JUHEHHO HEYCTOMYNBBIX COOCTBEHHBIX IJTEKTPOCTATUICCKIX
KOJIeOAHUI MOHHO-3BYKOBOT'O THIIA, PACIIPOCTPAHSIONINXCS B OJITHOPOIHOM IIAJIMH/IPH-
YEeCKOM CTOJIOe 3aMArHMYEeHHOH I1J1a3Mbl BJOJIb OCEBOT'O OJITHOPOIHOIO MATHUTHOTO
noJjist. B nummHIpudecKoit 061acTu TPOCTPAHCTBA KOOPJANHAT cPOPMYIUPOBAHA 3313~
Ja Ha COOCTBEHHBIE 3HAYEHUSI C KPAEBBIMHU YCJIOBUSMH IIEPBOIO M BTOPOTO POJIA
(3JIEKTPOJIMHAMUYIECKOTO U THIPOAMHAMUYIECKOTO THUIIA) JJIsi BOJIHOBOI'O ypaBHe-
HUS MOHHO-3BYKOBBIX KoJsieOanuii. Ha ocrnoBe 6a30BbIX NPUHITUIIOB N€OMETPUIECKOI
OTNITUKU TTPEJIJIOKEH METOJ] IIOCTPOECHUS TUCKPETHOTO CIEKTPA MEJTKOMACIIITAOHbBIX
HEYCTONYMBBIX KOJIEOAHUI MCCJIEIyeMOI CUCTEMBI, B OCHOBE KOTOPOTI'O JIEKUT SIBHOE
IpeJICTaB/ICHE O THUIIE KPAEBBIX YCJIOBUI — MPOBOJIUMOCTH M MOTJIOMIAIONINX CBOM-
CTBaX CTEHKU, OIPAHUYHUBAIONIEN IJIa3MEeHHbIN nanHIp. 1Ipy oMoty ypaBHeHus
9MKOHAJIA TIOJIyYeHO JTUCIIEPCHOHHOE COOTHOIIEHUE JIJIsT HEYCTOMIUBBIX COOCTBEHHBIX
MEJIKOMACIITAOHBIX MO/, JeCTA0MIN3NPOBAHHBIX 38 CIET 3PPeKTOB auddepeHinaib-
HOTI'O BpaIlleHUs — HEOIHOPOHOTO 10 paJInycy Tpoduis yII0BO CKOPOCTU NOHOB,
BPAIAIONIUXCS BOKPYT OCH CUMMETPHUH, BJIOJIb KOTOPOil HAIIPABJIEH BEKTOD WHLYKITAN
MarHUTHOTO ToJId. /719 KOPPEKTHOTO TOCTPOEHNS CIEKTPA TUCKPETHBIX MHKPEMEHTOB
HEYCTONYUBBIX KOJIEOAHUHN TPEJJIOXKEH YHUBEPCAJIBHBIN PEIENT M0oA00pa panaabHbIX
BOJIHOBBIX YHCEJI MEJIKOMACIITAOHBIX COOCTBEHHBIX MO/l B COOTBETCTBUU C KAKUM-JI0OO
U3 TUTIOB KPAEBbIX yCJOBUIA.
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