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KiroueBble ciioBa:

PpOTaTUBHAs IOBEPXHOCTH, CITUPONJATBHAS
MIOBEPXHOCTH, IOBEPXHOCTH IIEPEHOCA,
MOBEPXHOCTH KOHTPYIHTHBIX CEUEHUN

Jlns uMTHPOBAHUSA

IpeacTaBUTeNel OJUHHAIUATH APYTUX KiaccoB. CocTaBieHa Kiaccu(uKarms
KMHEMaTU4eCKUX IOBEPXHOCTEH 00ILero Buaa ¢ KOHIPYIHTHBIMH 00pasy-
IOLIMMH, TJIe TIOMUMO KJIaCCOB U TPYIII, COAEPKALINX ITOBEPXHOCTH, 00pa-
30BaHHBIE JKECTKOH KPUBOM IPH €€ JBIKEHWHU B IIPOCTPAHCTBE, YKa3aHbl HaU-
Oornee M3BECTHBIE KOHKPETHBIE KHHEMAaTHUeCKUe MOBEpXHOCTH. [IpH 3TOM yum-
THIBAJIMCH CIIOCOOBI 0Opa30BaHMs KHHEMATHYECKHX MOBEPXHOCTE: 1) Hasmmume
HETIOJIBIKHOTO M MOABMYKHOTO aKCOMJIA C JKECTKO CBS3aHHOW C HUM oOpa-
3yIOIeil KpUBOH; 2) HEMIO/BIKHOW HAMpaBJISIONIeH KPHBOil i 00pa3syroLei
TIOJBUKHOM XKECTKON KPUBOM, CKOJIB3SIIEH BIOJIb HAIIPABJISAIOLIEH KPUBOIA,
nprdeM KPUBBIM HEOOS3aTEIbHO MMETh OOIIYIO TOUKY; 3) MOBEPXHOCTH Iie-
peHoca O/IHOH IJIOCKOM KPUBOM BIOJIb IPYToM, IPUYEM KPHBbBIE HMEIOT OJIHY
00LIyI0 TOUKY CKONBXeHUsI. [Ipeanoskenue o opraHu3aliy Kiacca KuHeMa-
THYECKHUX ITTOBEPXHOCTeH OOIIEro BHIA HE MOJpa3syMeBaeT WX HCKIIOYCHHS
U3 JPYIUX KJIaccoB MOBepXHOCTEeH. TepMUH «KMHEMAaTHYECKUE TIOBEPXHOCTU
o0Iero BHJI@» HCIONB3yeTcs, KOrAa HYKHO II0Ka3aTh Ooliee IIMPOKYIO
TPyIIly NOBEPXHOCTEH, a HE MEPEUUCIIATh BCE KJIACChl IOBEPXHOCTEH, Ky/a
BXOJAT HcclieyeMble moBepXHocTH. OIMMcaHo NPHUMEHEHNEe KHHEMATHIEeCKUX
HOBEPXHOCTEH B CTPOUTENBCTBE, MAIIMHOCTPOCHUH, TAaHO OOBSICHEHHE HEKO-
TOPBIX NPHUPOJHBIX SBJICHUH U NPOLECCOB B AIEKTPOAMHAMHKE, TUHAMHKE
KHUAKOCTH U acTPO(U3HUKE UL MOACIUPOBAHMS CIIUPATBHBIX OOBEKTOB.

Krivoshapko S.N. Kinematic surfaces with congruent generatrix curves // BectHuk Poccuiickoro yHHBEpCHUTETa PYKObI
napozoB. Cepust: Umkenepusie nccienoBanus. 2023. T. 24. Ne 2. C. 166-176. http://doi.org/10.22363/2312-8143-2023-

24-2-166-176

Introduction

The paper [1] allocates all analytical surfaces
into 38 classes. The same surface can be included in
several classes. For example, a spherical surface is
in the class of rotational surfaces, in the class of
constant Gaussian curvature surfaces, or constant
mean curvature surfaces, or in the sub-class of cy-
clic rotational surfaces, or Weingarten surfaces, etc.

Kinematic surfaces of general type are identi-
fied as a separate class of surfaces. The generating
curve of a kinematic surface of general type, mov-
ing to each subsequent position, may retain a certain
character of movement, but the motion parameters,
positions of axes and directions of infinitesimally
small summands of motions of the generating line
are continuously changing. These motions may be
of the following types:

(1) translational motion of alternating direction;

(2) rotational motion with continuously alter-
nating position in space and direction of the axis of
rotation;

(3) screw motion with continuously alternating
position and direction of the screw axis, and conti-
nuously alternating screw motion parameter.

Depending on the motion type of the generating
curve, kinematic surfaces of general type may be

classified into (1) translation surfaces; (2) rotational
surfaces; (3) spiroidal surfaces (Figure 1).

Sometimes kinematic surfaces of a general type
are called congruent section surfaces. A congruent
section surface refers to a surface that contains
a continuous uniparametric family of plane lines.
The surface is derived from the motion of a given
rigid plane line (generatrix) [2]. For the first time,
the distinguishing of congruent section surfaces into
a separate class was suggested by famous scientist,
Doctor of Physical and Mathematical Sciences,
Ivan I. Kotov (MAI, Moscow) in 1973.

The distinction of surfaces into separate classes
simplified the presentation of construction methods
of these surfaces by means of computer graphics
and descriptive geometry of surfaces [3].

Kinetic surfaces and structures constitute a spe-
cial group of structures that are closer to trans-
forming structures. In recent years, kinetical facade
surfaces have appeared: architectural facades which
dynamically change, transforming buildings from static
monoliths into permanently moving surfaces [4].
They are not included in the class of surfaces under
consideration. The group of kinetic surfaces can
comprise torse surfaces obtained by parabolic bend-
ing of a plane workpiece [5].
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1. Purpose of the study

The purpose of the study is to search for the
main published papers where kinematic surfaces are
studied. Then, for ease of reference, to try and di-
vide them into subclasses, groups and sub-groups
and, finally, to classify them graphically, as it was
done, for example, for linear surfaces [12], or rota-
tional and translation surfaces [13].

The proposal for organizing a class of kinematic
surfaces of general type does not imply their exclu-
sion from other classes of surfaces. The term “kine-
matic surfaces of general type” is used when it is
necessary to indicate a wider group of surfaces ra-
ther than to list all the surface classes which include
the surfaces under study.

Tatiana Yu. Alaeva [14] believes that “the dif-
ficulty of classifying surfaces consists not only in
their infinite diversity and complexity of geomet-
rical characteristics, but primarily in the multiplicity
and variety of ways of forming and defining surfac-
es, between which it is sometimes complicated to
find something in common. Therefore, it is not pos-
sible to classify surfaces based on how they are de-
fined. It is incorrect to divide surfaces into kine-
matic, wireframe, graphical, topographic, etc. These
features describe the way the surface is defined,
not the surface itself. Any surface can be defined in
an unlimited number of ways. The basis for classi-
fying surfaces can only be their geometric features.”

However, despite the different opinions on clas-
sification issues, the method, based on the surface
formation of a rigid (congruent) plane curve moving
in space, will be considered as a basis for the classi-
fication of kinematic surfaces.

2. Explanation of the symbols

The darkened frames indicate the surface classes
commonly accepted in practice. The non-darkened
frames with an outline in the form of a solid line in-
dicate subclasses, groups and sub-groups of surfaces.
In the dotted outline frames, the names of the specific
surfaces are given. The frames with bold outline
specify the “Translation surfaces” class and two sub-
classes of “Rotational surfaces” and “Spiroidal sur-
faces”, which are fully included in the “Kinematic
surfaces of general type” class. The instances of
other classes represented in the darkened frames in
Figure 1 are only partially included (Figure 1).

The numbers in parentheses indicate how many
specific surfaces described in the scientific literature

belong to a given surface group. The numbers in
square brackets identify the reference number in the
“Reference list” section, in which the corresponding
surfaces are examined most thoroughly.

3. Summary of studies on kinematic surfaces

According to Figure 1, the “Kinematic surfaces
of general type” class has instances of 14 surface
classes that have the same property — the surfaces
are formed by the motion of congruent curves in
space. For example, if we consider that rotational
surfaces are formed by the rotation of a meridian
around the surface axis, then these surfaces can be
attributed to the considered class of surfaces.

It is generally accepted that kinematic surfaces
are sub-divided into translation, rotational and spiroidal
surfaces. However, the following classification de-
monstrates that some more surfaces of 11 classes
can be included in this classification.

Translation surfaces refer to surfaces formed
by a parallel (progressive) translation of a curve of
one direction so that a certain point of the curve
slides on another curve. The directrix and generatrix
curves of the direct translation surface lie in mutu-
ally perpendicular planes. One translation surface,
the Scherck surface (the first) is even in the “Mini-
mal surfaces” class. Diagonal translation surfaces
are formed by a parallel translation of a plane curve
so that its two symmetric points continuously touch
the plane outline. In some works, velaroidal surfaces
are considered as translation surfaces. A velaroidal
surface refers to a translation surface with a genera-
trix curve that changes its curvature in motion that
results in a surface on a plane rectangular plane.
Hence velaroidal surfaces cannot be considered a class
of kinematic surfaces formed by congruent sections.
An extended classification of the translation surfac-
es is given in the paper [13].

A rotational surface is formed by an arbitrary
curve in the case of rolling without slipping of
the moving torse, with which the generating curve
is rigidly connected, over the stationary torse [15].
Thus, the whole class of rotational surfaces can be
included in the class of kinematic surfaces of gen-
eral type. Plane, cylinder, cone and straight line are
private torse forms. The torse can only roll without
slipping along its curvature. Figure 1 contains ten
possible combinations of stationary and mobile axoids.
A cone and a cylinder, a cylinder and a torse cannot
form pairs of axoids for rotational motion. A skew
helicoid can also be viewed as a rotational surface.

169



Krivoshapko S.N. RUDN Journal of Engineering Research. 2023;24(2):166-176

In this case, the mobile axoid must be assumed to be
the plane that will roll along the stationary circular
cylinder. The generatrix straight line must be parallel
to the movable plane, cross the axis of the straight
circular cylinder at a given acute angle and be rigid-
ly connected to the movable plane. A Lust ruled
rotational surface is formed by rolling a cylinder of
R/2 radius on a cylinder of R radius with the genera-
trix straight line lying in the meridional plane of
the movable cylinder [16].

A spiroidal surface can be defined by two sta-
tionary and mobile axoids adjacent to each other along
a common generatrix (Figure 1), and a generatrix line
rigidly connected to the mobile axoid in its initial
position. The mobile axoid is due to the helical mo-
tion [15; 17]. A spiroidal surface with “cone-plane”
axoids and a generating straight line lying in a mova-
ble plane is called a ruled conical screw shell. If,
however, a circle is considered to be the generatrix
curve, then it is called a cyclic conical screw shell.
An ordinary screw surface can be called a degener-
ate cylindrical screw shell if we assume that the sta-
tionary axoid-cylinder has degenerated into its axis —
a straight line. The Rachkovskaya — Harabayev spi-
roidal ruled surfaces are formed by the generatrix
a selected straight generatrix of a given arbitrary cone,
taken as a mobile axoid, which rolls with slipping
along another torse surface, i.e. a stationary axoid.
The apex of the cone is always on the edge of regres-
sion and the two ruled surfaces are in contact with
each other at every moment along their common
straight generatrix [9].

A large number of kinematic surfaces can be
identified in the “Cyclic surfaces” class. For exam-
ple, the group of tubular surfaces with a generating
circle of constant radius contains interesting surfa-
ces such as a circular torus, a tubular spiral, a tubu-
lar screw surface, a tubular surface on the sphere
(Figure 2), a tubular loxodroma, etc. All these sur-
faces are described in the encyclopaedia [1]. Tubu-
lar surfaces refer to the “Normal cyclic surfaces”
subclass [7]. There are also kinematic surfaces in
the subclasses of “Cyclic surfaces with parallelism
plane” and “Cyclic surfaces with circles in beam
planes”. The most familiar cyclic surfaces with cir-
cles of constant radius in the beam planes are the
St. Elijah surface, the clover knot, the circular screw
and the circular spiral surfaces. In principle, all cyclic
surfaces with a generating circle of constant radius
can also be included in the class of congruent sec-
tion surfaces.

170

Recently a series of articles concerning study
and visualization of congruent section surfaces on
pendulum-type cylinders has appeared [8; 18].
Figure 3 shows a surface which can be simulta-
neously attributed to cyclic surfaces with paralle-
lism plane or to congruent section surfaces of pen-
dulum type on cylinders.
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Figure 3. The computer model of the two joined cyclic surfaces
of congruent circular sections of pendulum type

There is no consensus among geometricians on
which surfaces should be included in the “Spiral
surfaces” class. In [19], this class comprises spheri-
cal, conical and cylindrical spiral surfaces. However,
the [1] divides these surfaces into 4 classes: “Spiral
surfaces”, “Screwed surfaces”, “Screw-shaped sur-
faces” and “Spiral-shaped surfaces”.

In this study, the classification is based on the
following definitions of the 4 classes listed below,
whose instances can be included in the kinematic
surfaces of general type.

A screw surface is formed by a congruent
curve in screw motion, i.e. the generating curve ro-
tates evenly around the axis of rotation and simulta-
neously makes a translation motion in the direction
of the same axis. If the ratio of straight-line velocity
to angular velocity is constant, the screw motion is
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called ordinary, and the surface is called an ordi-
nary screw surface (Figure 4). A sinusoidal helicoid
is a twisted surface with congruent sinusoids in
parallel planes. The surface under consideration is
formed by rotating a sinusoid located in a plane
perpendicular to the axis of rotation. The sinusoidal
helicoid is presented only in [1]. The Dini helicoid,
which is formed by the ordinary screw motion of
a tractrix, is very well-known. Pseudosphere is a par-
ticular case of the Dini helicoid. If in screw motion
the ratio of translation velocity to angular velocity is
variable, then the trajectories of points of the gener-
ating curve will be cylindrical screw lines with vari-
able pitch, and the screw sur-face will be termed
a screw surface with variable pitch.

Figure 4. A variety of a screw surface
of the congruent parabolic sections with the axes parallel
to the axis of the guiding cylinder

The generatrix rigid curve forming a spiral sur-
face makes a screw motion and simultaneously un-
dergoes a similar transformation with a similarity
coefficient, proportional to the rotation angle and
with a constant similarity centre located on the rota-
tion axis (Figure 5). The trajectories of curve points
in the specified motion will be located on circular
cones.

Figure 5. The spiral surface with a generatrix ellipse

Any spiral on any surface can be considered
as the directrix curve of a spiral surface. However,
the generatrix curve cannot change its shape as it
moves along the directrix curve. Any spiral on any
surface can be considered as the directrix curve of
a spiral surface, but the forming curve cannot
change its shape as it moves along the guiding curve.
A large set of spirals on rotational surfaces is given
in [20]. A tubular surface on the sphere (Figure 2)
can also be called a spiral surface.

Screw-shaped surfaces refer to surfaces con-
structed by generatrix rigid curves which, in addi-
tion to a simple screw motion about the screw axis,
make some additional motion (Figure 6). Screw-
shaped surfaces can degenerate into screw surfaces
under certain selection of geometric parameters.
Screw-shaped surfaces with congruent generatrix
curves are uncommon in the scientific literature.

Figure 6. The screw-shaped twisted surface
of the elliptical cross section in the beam planes

Carved surfaces are the surfaces in which
the planes of one family of curvature plane lines
are orthogonal to the surface.

A carved surface of general type may be con-
sidered a surface formed by a plane generatrix curve
with one point moving along an arbitrary directrix
curve. The curve must be in the normal plane of
the directrix curve all the time. In this case, all co-
ordinate lines of one family are congruent curves
and the other family of coordinate lines is orthogo-
nal to them. A carved sinusoidal surface is formed
by a plane sine generatrix as one of its points moves
along a plane sine directrix in the normal plane of
the sine directrix (Figure 7). The carved sinusoidal
surface can also be attributed to the class of undu-
lating surfaces. Six more carved surfaces of general
type are described in the encyclopaedia [1].

A Monge carved surface can be constructed by
the kinematic method of rolling without slipping
a plane with a plane line (meridian) along a deve-
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lopable surface. The simplest example of a Monge
surface is a rotational surface. The method of con-
structing carved surfaces makes it possible to divide
them into three groups depending on the type of
directrix surface (stationary axoid): carved surfaces
with cylindrical, conical and torse directrix surfaces.
A ruled conical shell of rotation is a Monge carved
surface with a conical directrix surface and a gene-
ratrix straight curve lying in a plane that rolls with-
out slipping along a circular cone.

o
BRI

SRS
AN

Figure 7. The carved sinusoidal surface

An example of a congruent section surface is
a twisted surface with congruent ellipses in parallel
planes, which is formed by rotation of ellipse
X = X(v) = bcosv; Y = Y(v) = csinv, located in
the plane perpendicular to the rotation axis. The origin
of the movable coordinate system oXY is located on
the stationary coordinate axis Ox (Figure 8).

Figure 8. The twisted surface with congruent ellipses
in parallel planes

Sometimes it is difficult to classify some sur-
faces into a familiar surface class, so it was neces-
sary to organise the “Undulating, waving and corru-
gated surfaces” class.

Undulating surfaces are formed by the recipro-
cating and oscillating motion of rigid generatrix
curves fluctuating relative to pre-selected basic sur-
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faces, planes or lines. According to the definition of
these surfaces, they can also include many familiar
kinematic surfaces of a general type, as shown in
Figure 1.

Waving surfaces are formed by the reciprocat-
ing and oscillating motion of generatrix curves
which not only fluctuate relative to selected basic
surfaces, planes or lines, but also deform them-
selves (Figure 9). Consequently, this group of sur-
faces cannot be included in the “Congruent section
surfaces” class.

Figure 9. The waving surface with the pseudo Agnesi curls
on a circular plan

Corrugated products are made by bending sheet
metal and non-metal materials to give their surfaces
a wave-shaped form with different sections in order
to increase their strength.

4. Applications of kinematic surfaces

The monograph [21] addresses some issues of
dynamic shaping in architecture. Some ideas from
this research can be used for the surfaces under con-
sideration.

Vyacheslav N. lvanov [22] suggests several
sketches of single and multi-wave vaulted coverings
in the form of tubular shell fragments. Three real
structures in the form of congruent section surfaces
are indicated in [8]. In [23], among hundreds of
structures illustrations, one can find a dozen of pub-
lic buildings in the form of congruent section sur-
faces. Alexey V. Efremenko in his PhD thesis [24]
reveals that the choice of the optimal coverage of
a construction site can be made by selecting paired
combinations of axoids and varying their parame-
ters and parameters of generatrix curves, which al-
lows obtaining multivariant solutions for the model
based on rotational space transformations. The method
developed by the author was used in the design of
coverings for a water sports complex in Rostov-on-
Don and a shopping mall in Kamensk.

Screw surface of parabolic congruent sections
with axis parallel to vertical Oz axis in beam planes
passing through Oz axis is used as chute for descend-
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ing of bulk or liquid cargo (Figure 3). There is a de-
scription of a spiral screw conveyor surface [25].

In [26] it is proposed to use spiral minimum
surfaces in astrophysics for simulation of spiral ob-
jects or in fluid dynamics. The technical literature
gives examples of the use of spiral surfaces on cir-
cular cones in waste-heat boilers [27], vibrating
conveyors, loading devices of a barrel, extraction
apparatus, etc.

Vladimir V. Torshin [28] describes many natu-
ral objects and phenomena by means of spiral (spiral-
shaped) surfaces. In addition, the researcher found
an application of spiral surfaces to represent phe-
nomena in electrodynamics.

Corrugated surfaces are the most widely used
in mechanical engineering.

The possibility of practical application of engi-
neering and computer graphics methods and computa-
tional geometry to visualise frames, required for ma-
chining of parts on metal-cutting equipment, is studied
in [29]. Here, methods of system mathematical model-
ling of congruent section surfaces are considered.

Many examples of screw-shaped building and
mechanical engineering constructions are given in
the overview [30]. These include screw-shaped frag-
ments of constructions and buildings, screw supports
and anchors. Screw-shaped surfaces can be seen in
constructions of building machines and mechanisms,
screw lifts, in gear shapes and gear transmission
grooves, and in heat-exchange units [31]. Screw and
screw-shaped surfaces are common in blade shapes
in the marine, aircraft and other mechanical engi-
neering industries. Some examples of the cyclic
surfaces, indicated in Figure 1, used in practice are
given in [32].

There are hundreds of actually constructed fa-
cilities in the form of rotation and translation sur-
faces. They have been described in thousands of
publications.

In view of the extensive use of kinematic sur-
faces in practice, mechanical engineers provide ana-
Iytical [33] and numerical [34] methods for the cal-
culating the strength of products and constructions
in the form of various types of kinematic surfaces [35]
under static and dynamic loads [31]. Geometricians
also continued geometric researches [36].

5. Results

The surfaces of 38 classes were analysed. Thus,
it was found that kinematic surfaces of general type
with congruent generatrix curves exist in 14 classes.

A classification of kinematic surfaces was compiled.
It is necessary to note that the first attempt to set up
a classification of kinematic surfaces was undertaken
by Zolotuhin [37]. The methods of kinematic sur-
face formation were used while making the classifi-
cation. The classification will simplify the presenta-
tion of methods of construction of these surfaces by
means of computer graphics. In [38] examples of
surface construction with the system of plane co-
ordinate lines using MathCad and AUTOCad soft-
ware packages are considered. In particular, drawings
of normal surfaces with constant generatrix curve,
Monge carved surfaces, translation surfaces, cyclic
surfaces, screw surfaces with generatrix curves in
beam planes and other kinematic surfaces are shown
in Figure 1.

The material in the “Applications of kinematic
surfaces” section provides an insight into how geo-
metric studies influence the development of certain
branches of mechanical engineering, construction
and the modeling of natural phenomena.

Conclusion

In this study, a classification of kinematic sur-
faces with a rigid mobile generatrix curve is first
proposed. The inclusion of individual surface groups
into the classification is explained. The references
mentioned are focused only on the geometrical
problems of the considered surfaces, their applica-
tion in practice and visualization of the surfaces
by means of computer graphics.
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