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8-spinor field is suggested to unify Skyrme and Faddeev models describing baryons and
leptons as topological solitons. In the Skyrme model the particles-solitons possess the topo-
logical charge of the degree type, which is interpreted as the baryon number. In the Faddeev
model the particles are endowed with the topological invariant of the Hopf type, which is in-
terpreted as the Lepton number. The special 8-spinor Brioschi identity is used to include
leptons and baryons as two possible phases of the effective spinor field model with Higgs
potential depending on the j”j, being added to the Lagrangian.

In the present paper the generalization of the Mie electrodynamics within the scope of
the effective 8-spinor field model is suggested. For this field model the quadratic spinor
quantities entering the Brioschi identity are constructed. Also we find the symmetry groups,
which generate S%- and S®-submanifolds in general S® biquadratic spinor manifold.

As a result we have the homotopy groups 73(S?) and m3(S?®), which describes lepton and
baryon phases. To unifying these phases, we find common vacuum state which conserves
only one component in two cases. Finally, we obtain the resulting 8-spinor model permitting
unified description of baryon and lepton.
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Brioshi identity, Skyrme-Faddeev model, Hopf index.

1. Introduction. Nonlinear 8-spinor field theory

There are known several models, which describe elementary particles as topolog-
ical solitons. Omne can mention the magnetic monopole theory, the Skyrme model
(1954) and the Faddeev one (1972). The Skyrme’s fruitful idea to describe baryons
as topological solitons was based on the identification of baryon number B with the
topological charge of the degree type B = deg(S® — S3). It serves as the generator of
the third homotopy group 73(S%) = Z. The similar idea to describe leptons as topo-
logical solitons was announced by Faddeev. He identified the lepton number L with
the Hopf invariant Q. The unification of these two approaches appears as an attrac-
tive goal and an attempt to proceed in this direction was made in [1]. Baryons and
leptons should be considered as two possible phases of the effective spinor field model.

For unification of Skyrme’s and Faddeev’s ideas we suggest the generalization of
the Mie electrodynamics within the scope of effective 8-spinor field model with the
Lagrangian including Higgs-like potential and higher degrees of the invariant A, A".
For the classification of all possible chiral type models, the special 8-spinor Brioschi
identity is used [2]:

Jud* = Jugt = 82+ p* + 0P+ a2 (1)

In this identity the following quadratic spinor quantities are introduced:
S=9p, p=wpyy, v=9XNp, a=WpX,  ju =N, Ju = Prsd,

with ¢ = 9Ty and matrix A = 0; ® I, standing for the Pauli matrices in the isotopic
spinor space. Here and below we use the Weyl representation for Dirac matrices v,
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=0, 1, 2, 3, which may be written in the block form using the Pauli matrices o1,

092, 03! I
o 0 2 - 0 Ok -
’YO_(IQ 0>7 ’Yk-(_ak 0)7 k_17273

Hence the matrix 75, which is the product of the four gamma matrices, is written as

follows:
Iy 0
5= (0 _12) | )

We use the denotation I,, for the unit matrix of size n, n € N.
By analogy with [3,4] we consider the 8-spinor space, in which 8-spinor is defined

as column:
¢ = COl(@?Xagae)a (3)

with ¢ = col(p1, ¥2), X = col(x1, x2), § = col(§1,8&2), 0 = col(61,02) being 2-spinors.
Now we can write down the quadratic spinor quantities s, p, v, a entering the Brioschi
identity (1):

s=9h =9 Ty =0 x +xTe+£70+07¢, (4)
p=iys =i[—xTe+eTx+ET0—07¢], (5)
v =YPMY =0T+ x+ 0T+ xTE, (6)

vy =Pt =i [0T 0+ x — 9T — xTE], (7)
vg =Y\ = o x + xTp - €10 - 67¢, (8)

a1 = Wy =i [T+ EFx + ¢t — xTe], (9)
az = iWpyshoty = 0T — ETx + 010 — xTE, (10)
az = Wpyshap =i [Ty —xTo —€ETO+07¢]. (11)

In this 8-spinor space we search for S%- and S3-submanifolds to unify Skyrme and
Faddeev models.

2. Lepton phase

To describe the lepton phase we should find group SU(2). To this end let us seek
the symmetry group as follows:

0)-0()-(5 D)

where a, b take complex values and Uy, is unitary matrix. Here and further, we consider
2-spinor fields denoted by Greek letters.

Let us use the following substitution: b = —b* =i, 8 € R and a = 0:
s=(1+p%)(r0+0%¢), p=i(8*-1)(Er0-67¢),

v =0, vy =—2B(007 +E€7), vy = (8 — 1)(ET0+67¢),

a1 =2B(00" —£€1), ax =0, az=—i(B*+1)(07¢E—£H0).

Simple calculations show that with 3 = 1 the only surviving combination is s +
at 4+ a3 # 0. As a result we have the homotopy group m3(S?), which generates the
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topological Hopf-like charge:
s=2(T0+0607¢), a1 =200"—¢&1), az=—2i(T¢—£10),
P t+ad+ad=4(070+¢T¢)°,
Let us introduce the normalized vector A with the following components:

_tro+ete - 00+ — &t OrE—¢to

Goso SO0 4 00 e pre-gte
LT T gt rere T M T g ete "or0 tete

A3 = az — (13)

As was shown by Faddeev, the topological solitons of the twisted closed string type
can be realised in this case. The resulting mapping is A : S — S2. So the A-field
configurations are classified by elements of the homotopy group 73(S2?) = Z. The
Lagrangian of this model has the following structure:

2
~ IS ~
L=)\(9,A")? - T o, —mP(1—As), pv=0,1,23, (14)
where €, A\, m are constant parameters,

frw = 22410, 470, ATAF = ,%, — 9, R, (15)

The mass term m?(1 — As3) is added to (14) for providing the required asymptotic
behavior at infinity.

The topological invariant in our model is the Hopf index @)z, which can be calcu-
lated by the following formula:

1 3
Oy = — ik /Nrot(N)d x. (16)
The energy has the lower bound:

E > eX(4m)2V23%/81Qp >4, (17)

which provides the stability of the regular vortices in the Faddeev model [5].

3. Baryon phase

By analogy with (12) let us seek the symmetry group as follows:

@)ZM%g):Q$<£)@3’ (18)

where a,b € C and Up is unitary matrix.
Let us use the following substitution: a =0 and b =i, 8 € R:

s=(1+p°)(E0+0%¢), p=i(1+ %) 0-07¢),
v =5 ((9+)2 02+ €2 4 (§+)2) . v =—f ((9*)2 0%+ €24 (5*)2) :
vs = (B2 +1)(£70 +67¢),
a =800 +02-- (1)), =B (") -*+&- (")),
az = i(1—B%)(£10 —07¢).
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Putting 8 = 1, we find S®-manifold generated by the structure p? + s + a? + a3:
s =2(E04+07¢), p=2i(¢T0—-07¢),
a=((01)+02 -~ (")), a=i((") -0*+& - ()7,
S rptal+ad =4 (0%0+¢7¢) - (g0 -07¢)").

4. Unification of two phases

To unify the two phases, we should find common vacuum state, which conserves
only one component in the lepton and the baryon phases. The scalar quantity s has
the same structure for the two phases:

s=2(T0 +07¢).

With 8 = ¢ = C, C € C only this component survives. As a result, 8-spinor in the
vacuum state has the following form:

vv=|c|- (19)

In this vacuum state the current is invariant: j, = 4C*C, j, =0, k=1,2,3.
The complex value C' can be found from the following condition:

L[py] = 0.

5. Conclusion

Finally we give the summary of the results obtained:

— The generalization of the Mie electrodynamics within the scope of the effective
8-spinor field model is suggested. For this field model the quadratic spinor quan-
tities are constructed.

— The lepton and baryon sectors with the common vacuum state are suggested.
The topological invariant in the lepton sector is the Hopf index @)y, which can
be calculated by the formula (14).

The author expresses his gratitude to his scientific supervisor Prof. Yu. P. Rybakov.
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VIIK 539.12
OmnucaHue JIEITOHHOIO M DAPMOHHOTO CEKTOPOB B CIIMHOPHOI
monenn Ckupma—®PaggeeBa

B. N. MosaoTkoB

Kagedpa meopemuueckoti Gusuku u MeETAHUKU
Poccutickuti ynusepcumem dpyotcovl Hapodos
ya. Muxayzro-Maxaaa, 6, Mocksa, Poccusa, 117198

Hist obbenuuenuss moneseit Ckupma u PajijieeBa, ONMUCHIBAIOIINX COOTBETCTBEHHO Gapu-
OHBI ¥ JIENITOHBI KAK TOMOJIOTHIECKHUE COJIMTOHBI, MPEJJIATAETCS MCIOTH30BATh 8-CIUHOPHOE
noste. B mozmen CKkupMma 9acTHUIA-COJTUTOH MUMEET TOIOJOTHYECKUN 3apsiji, KOTOPBI WHTEp-
npeTupyercst Kak GapuoHHoe 4ncyao. B momenu PajjeeBa, OMUCHIBAIONIEH JIENTOHBI, 9aCTH-
bl HaJIeJIeHbl TOIMOJIOTHYECKUM WHBapHaHTOM Tula Xorida. Vcrnoip30Banne CrennajibHOrO
8-CIIMHOPHOTO TOXK/1eCTBa BpUOCKH 1MO3BOJISIET PACCMATPUBATD JIEITOHBI U DAPUOHBI KAK CEK-
TOpa B OOIIell CIMHOPHON MO/ C HOTEHIHAIOM XUITCa, 3aBUCHIIEro oT j/j,, BXOZsIero
B JIATPAHXKHUAH.

B macrosimeit crarbe paccmarpuBaerca obo0IIeHue 3JIeKTposuHaMuku Mu B pamkax 3dgd-
deKTUBHON 8-CIUMHOPHON MOJIEBOM Mojeu. [Ijist 9TOro MoIeBOM MO MOy IeH TBHBIN BUL,
KBaJIPATUIHBIX CIIMHOPHBIX BEJIMYUH, BXOJSIIUX B TOXKIecTBO bpruocku. O6HADYKEHBI IPYyII-
IIBI CHMMeTpuii, obpasytomue S u S° momMaOroo6pasus B 06IeM GUKBAIPATHOM CIIMHOPHOM
S®-MHOrOOGpa3MH.

B pesy/bTaTe moayHaoTcs ase roMoromudeckne rpymmst w3(S?) u w3(S?), KoTopbie MoryT
OTIMCBHIBATD JIEIITOHBI M GAPUOHBI COOTBETCTBEHHO. JJTst 9TMX MHOTrOOOpa3mit MOCTPOEHO 0bIIIee
BaKyyMHOE COCTOSTHHE, COXPAHSIIOIIEE JIMIIb OJIHY KOMIIOHEHTY B 00ouMX cjaydasix. B pe3yib-
TaTe MOJIy4aeTCs 8-CIIMHOPHAS MO/IEJIb, TIO3BOJISIONIAs €UHBIM 00pa30M ONKCATh OAPUOHBI U
JIETITOHBI.

KuroueBbie cjioBa: 8-CIIMHOP, TOMOJIOTUYECKU 3apsi]l, COTUTOHBI, TOMOTOIMMYIECKUE TPYII-
eI, ToKAecTBo Bbpuocku, monens Ckupma—Pasieesa, unuekc Xomda.
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