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Abstract

Relevance. The necessity of division of umbrella surfaces and surfaces of
umbrella type into two separated classes is explained in introduction. Earlier,
umbrella surfaces and surfaces of umbrella type were in the same class of surfaces
because they consist of the identical fragments lying on the surfaces of revolu-
tion. Umbrella surfaces are compound surfaces on the base surface of revolution
but umbrella-type surfaces are kinematic surfaces formed by continuous move-
ment of a changing curve and that is why taking into account the methods of
construction of these surfaces they were divided in two separate classes. The aim
of the work is a collection of main publications on all areas of the investigation
of umbrella-type shells. Methods. For the determination of principal results of
investigation of umbrella-type shells, it is necessary to know differential geome-
try of surfaces, structural mechanics of thin shells, and approaches used in ar-
chitecture of spatial structures. Results. In this article, the principal scientific
papers on geometry, strength analysis, and offers of applications of thin-walled
shells of umbrella type in building and of reflectors of umbrella type for space
apparatuses. The accurate parametric equations of some determined surfaces are
presented. The approximated computer models of middle surfaces of the real umbrel-
la shells but in the form of umbrella-type surfaces are given. The examples of
determination of stress-strain state of thin-walled shells of umbrella type without
dividing of the whole shell in identical fragments are shown. New information and
materials already known about shells of umbrella type give reasons to suppose that
the shells of this type will be claimed by engineers and architects.

Keywords: umbrella shell, shell of umbrella type, waving dome, reflector of
umbrella type for space apparatus, shell of radar installation, finite difference
energy method

Introduction

At present, the movement in the direction of in-
creasing of the interest for design of large-span struc-
tures begins to show. Interesting facts from the histo-
ry of building and design of thin-walled spatial struc-

tures and perspectives of their application in future are
presented in a review paper [ 1] where the authors insist
that “there are signs, however, that shells are attracting
interest among the new generation of architects and
engineers”. The modern architects’ views at the place
of shell structures in modern architecture of arbitrary
forms and in building are set forth in papers [2; 3].
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Consider the investigations on geometry, analy-
sis, and application of umbrella-type shells and show
up their advantages in comparison with umbrella
shells.
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The definitions of umbrella surfaces and umbrella-
type surfaces are given in a monograph [4] or in
an encyclopedia [5]. Adduce them almost word for
word.

“A cyclic symmetrical spatial structure formed
from several identical elements is called an umbrella
dome (Figure 1). Curves obtained as a result of the inter-

section of their middle surfaces are the generatrix curves
of any dome-shaped surface of revolution. A dome-
shaped surface of revolution, on which the contour
curves of the elements of a dome are placed, is called
a contour surface. The contour curves of the element
are the curves bounding the contour of the middle
surface of the element of the dome.”
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Figure 1. The formation of an umbrella dome with the opening at the top [6; 7]

In scientific and technical literature, the shells put
together from identical fragments of the hypar are also
called umbrella domes. F. Candela [4; 8] designed and
built the first umbrella shell in the form of four inter-
secting hypars that formed a covering of a restaurant
in Xochomilco, Mexico, in 1957.

“The cyclic symmetrical surfaces consisting from
several identical elements are called surfaces of um-
brella type. But unlike an umbrella surface, the whole
surface of umbrella type and all surfaces of the identical
elements forming the whole surface are determined by
one and the same explicit, implicit or parametrical equa-
tions. In popular scientific literature, the umbrella-type
shells are often called also waving or wave-shaped domes.”

Much useful information is presented in a manu-
script [9] where 240 individual solutions of different
domes are given and various classifications are pre-
sented. Some types of domes presented in this manu-
script can be reckoned among umbrella shells, for exam-
ple, wave-and-folded domes with folds of arched form
and segment domes.

The results of investigation

A review of researches on geometry of
umbrella-type surfaces

Firstly, umbrella-type surfaces were introduced
into practice in papers [10; 11] where fourteen surfaces
were proposed, their analytical formulas were given,
and Gaussian quantities of the first and second orders
in the theory of surfaces were obtained. Later, a part
of these surfaces was investigated with the help of
the MathCAD computer program in a work [12] where
changes of the surface form were examined depending
on constant parameters containing in analytical equa-
tions of surfaces of umbrella type.
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Two surfaces from fourteen surfaces presented in
works [10; 11] were offered by other authors. These are
the Skidan’s ruled surface [13] and the crossed
trough [14. P. 286]. V.N. Ivanov [15] offered a method
of forming of the umbrella-type surface in the shape of
Joachimsthal canal surface with a director circular sinu-
soid. This surface is formed by the rotation of the cir-
cle of variable radius with the common chord [16]
(Figure 2). The generatrix circles of canal surfaces are
lines of principal curvature. Cutting out from the common
surface the fragment with radii »; and R, one can obtain
an umbrella-type shell with the opening at the vertex.

< >~
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Figure 2. A surface of umbrella type on the base of
the canal surface of Joachimsthal [15]

Following after V.N. Ivanov’s method [16], his post-
graduate student Nasr Younis A. Abboushi [17] made
several models of Joachimsthal canal surfaces defining
three methods of their formation:

1) a surface is formed by the rotation of the circle
of variable radius R(u) so that a distance from the axis
of rotation till the point of contact with the generatrix
circle ¢ = (#* — R*)"? remains constant;

GEOMETRY OF MIDDLE SURFACES OF SHELLS
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2) a surface is formed by the rotation of the cir-
cle of variable radius R(u) around the common chord;

3) a surface is formed by the rotation of the circle
of variable radius R(u) around the common tangent,
i.e. ¢ =0, r = R. Here, r(u) is a distance from the axis
of rotation till the center of the generatrix circle.

The methods 2 (» < R) and 3 ( = R) give the op-
portunity to obtain umbrella-type surfaces.

A computer program in the AutoCAD system for
tracing of umbrella-type surfaces with parabolic gene-
ratrixes and with a circular opening at the vertex is
presented in a paper [18]. It gives the possibility to
consider a process of forming umbrella-type surfaces
in dynamic conditions by means of making mini-film.
Analogous program for another surface of umbrella
type is given in a paper [19] (Figure 3).

Figure 3. A forming surface with radial sinusoidal waves
damping in the central point and formed by the cubic parabolas

Umbrella-type surfaces with elliptic contour surfa-
ces and with the circular sinusoidal equator were taken
as a base of research of waving domes in a paper [20].
A vector equation of the waving ellipsoidal surface may
taken in the form

r(u,v) = a{[l + pcos(pu)]cosv-h(u) + ysinvk},
h(u) = icosu + jsinu, y = b/a, (1)

where a, b are the semi-axes of the ellipsoid of revo-
lution; u, v are the parameters at the interval [0, x];
i, j, k are the unit vectors;  is a ratio of the amplitude
of the sinusoid to the radius a of the circle; p is a
number of waves of the sinusoid. The waving ellip-
soidal surfaces were modeled under different parame-

ters vy, u, p.

Umbrella shells and umbrella-type shells
in architecture and technics
in the 20™ and 21* centuries

It should be noted, that umbrella shells are presented
in architecture of the 20™ century very widely [4; 21].
Real erections in the form of umbrella-type surfaces
were not found. But outward examination of some shells
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showed that their middle surfaces can be quite given
by analytical formulae, i.e. these shells can be number
among umbrella-type shells. For example, a covering
of a restaurant attached to a hotel “La Concha Hotel”,
San Juan, Puerto Rico [22], arch. Jose R. Marchand,
2009 [Available from: http://www.architecturaldigest.com/
homes/hotels/2009], can be approximated by a parabo-
loid of revolution with four radial waves [5. P. 388] or
by a surface with astroidal level lines that is generated
by biquadratic parabolas [5. P. 392].

A wave-shaped surface of the Marché Royan,
France, consisting of 13 reinforced sinusoidal para-
bolic fragments is well simulated by a paraboloid of
revolution with radial waves [5. P. 388], that has a pa-
rametrical form of definition:

x = x(u,v) = cucosv,
v =y(u,v) = cusinv,
z = z(u,v) = [asin(nv) + bJu?, 2)

where v is the angle read from the axis Ox in the di-
rection to the axis Oy; a = const is an amplitude of
a wave; n is a number of the vertexes of the waves;
b is a constant parameter of the datum paraboloid of
revolution, ¢ = const. W

When a = 0, a paraboloid of revolution with radi-
al waves degenerates into a paraboloid of revolution.
The real shell has a 100 mm thickness and a 50 m
span. It supports at 13 points along the outward pe-
rimeter (Figure 4). A market was built in 1956 and
now it is architectural and historical possessions of
the town.

Figure 4. Marché Royan, France, and its possible computer model

The three-tiered many-waved umbrella church in
the suburb of St. Louis (USA) designed by G. Obata
with participation of P.L. Nervi apparently was arranged
from fragments of cylindrical parabolic shells [22; 23].
Middle surfaces of these three tiers can be easily ap-
proximated by a paraboloid of revolution with radial
waves (Figure 5), i.e. by a surface of umbrella type (2)
a="b.
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Figure 5. Approximated two lower tiers
in the suburb of St. Louis, USA, 1966

Umbrella glass-fibre plastic dome of radar installa-
tion consist of fragments of the same type united be-
tween themselves by bolted joints (Figure 6, a) [24].
The joints are sealed by glass fabric on elastic special
mastic. Airports Domodedovo, Vnukovo, Sheremetyevo,
and other airports of Russia exploit the shells of this
type. The form of these domes is rather like surface of
a sphere with external cycloidal crimps (Figure 6, b)
which may be given by parametrical equations:

x =x(u,9) =[(R+7r)cosp—rcos(n+1)p|cosu,
y=y(u,9) =[(R+r)sing—rsin(n+1)¢]cosu,
z=z(u)= Rsinu,

where u is the angle read from the plane xOy in the
direction of the axis Oz; 0<z<R; 0<o¢<2m
0 <u <m/2. In the cross section of the surface in ques-

tion by the planes z = const, i.e., when u = up = const,
we have the epicycloids:

NS
2 W

x=x(¢) =[(R+r)cos o —rcos(n+1)p]cosu,,
y=y(0)= [(R +r)sin@—rsin(n+ l)(p] cosu,

with n = const, n is a number of the vertexes of
the epicycloid on the circular plane; n = R/r, 2r is
the maximum amplitude of the crimps at the base of
the surface; R is a radius of the equator of the sphere;
¢ is the angle read from the axis Ox in the direction of
the axis Oy.

In case of need, domes of radar installation can be
designed in the form of corrugated paraboloid of revo-
lution with external crimps (Figure 6, ¢) with a circu-
lar waving curve at the foot with the vertexes directed
out of the center of the circular base:

x=(R+a |cos n(p|) cos @,

v=(R+a |cos n(p|) sinp, z=0,

where n is a number of the vertexes of the sinusoid
on a circular plan; a is an amplitude of the crimps at
the foot of the surface; R is a radius of the base circle
of the corrugated paraboloid in the foot relative to
which, the circular sinusoid is constructed.

Parametrical of the definition of the corrugated
paraboloid of revolution with the external crimps:

ar|cos n(p|
x=x(r,p)=r 1+R— cos @,

2

ar|cosn(p| )
y=y(r,9)=r 1+T sin @,

z=2z(r)= h(l - F}

where # is the height of a corrugated paraboloid of
revolution, 0<z<h; 0<@<2m; 0<r<R.

W\

4
v AN
7 mn ‘\
‘s

Figure 6. An umbrella dome (a) and computer models of the umbrella-type shells (b, ¢):
a — the composite shell of radar installation (OAO “Avangard”); b — a sphere with external cycloidal crimps (rn = 12);
¢ — a corrugated paraboloid of revolution with external crimps
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Figure 7. A form of a parabolic reflector
of umbrella type

One can find several works devoted to design of
parabolic reflectors of antennas of space apparatus of
umbrella type. In a paper [25], a review of results of
modeling of parabolic reflectors the structure of which
consist of parabolic spokes and a form of the reflecting
surface is created by metal mesh cloth. The initial form
of the spokes coincides with contour curves on a theo-
retical paraboloid. Having assumed an edge of a reflec-
tor in the form of a hypocycloid one may create a surface
of umbrella type with the parabolic generatrixes and
the round opening at the vertex [5. P. 389] (Figure 7).
In any cross section of the surface by a plane passing
through the central axis, the parabola would be placed.
Suitableness of the proposed surface for the reflectors with
taking into account distortion of the reflecting surface
one can corroborate only by experimental measurements.

Designers offer enormous choice of tent umbrella
structures for sheltering from the sun and rain. For these
purposes, it is possible to use existing surfaces of um-
brella type. For example, architectural street umbrellas
“Edelveis” designed by specialists of the firm “TeniRadi”
are unique durable umbrella structures for using at
the grounds with large wind loads (Figure 8, a). They
have built-in drainage system. In Figure 8, b, two pos-
sible forms for approximation of a surface of an um-
brella shown in Figure 8, a are presented. The upper
surface is a surface of umbrella type on the cycloidal
plan formed by semi-cubic parabolas, the lower sur-
face is a waving surface formed by semi-cubic parabo-
las with the waving foot line [10; 11].

The works on strength analysis of
umbrella-type shells

At the middle of the 20™ century, some principles
of forming surfaces of umbrella and umbrella-type
domes and methods of their strength analysis were ab-
sent and that is why architectural and technical con-
ceptions were bound [26]. But attempts of building of
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Figure 8. The tent umbrella structure and its proposed computer models

umbrella domes were undertaken by different architects
and builders. Simplified methods of strength analysis
were offered. For example, every fragment of the cove-
ring of the market in Royan (Figure 4) was considered
as a beam on two hinges: at the foot and at the vertex
of the dome. Taking into account that the covering
works already 60 years, an analysis circuit was chosen
successfully and can be recommended for preliminary
calculation of umbrella-type shells at present time.

As it was noted before, middle surfaces of um-
brella-type shells are defined by one analytical equa-
tion and it gives the opportunity to use the standard
computer programs and to derive author’s programs
for static and dynamic analysis of considered shells
on diverse types of loading.

For example, a thin shell shown in Figure 2 was
examined on action of dead load with the help of finite
difference energy method [15]. This method was used
also for strength analysis of two types of umbrella-type
shells with middle surfaces in the form of Joachim-
sthal canal surfaces. They were subjected to action of
their own weight [27].

Figure 9. A corrugated sphere

A finite element analysis of stress-strain state of
a reinforced concrete shell of umbrella type with an el-
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liptic contour surface (1) was realized in a work [20].
The analysis was fulfilled on action of the own weight
when y = 1 and the shell has the hinged supports. A pro-
gram complex LIRA SAPR 2013 was applied. It was
established on the example of a shell with the sphere
contour surface (Figure 9) that a waving shell has
more rigidity but in the comparison with the smooth
shell, torque internal moments appear. Considerable
reduction of strength characteristics when a spherical
contour middle surface of the shell is substituted for
the elliptic surface is not observed. We can increase
rigidity of the shell if we shall increase the vertical
semi-axis of the ellipse.

Conclusion

Builders began to erect umbrella stone domes se-
veral hundred years ago but thin-walled umbrella shells
appeared only in the middle of the 20" century. At that
time, geometrical science could not give a strict defi-
nition of umbrella surface. A shell divided into identi-
cal segments and analysis fulfilled for one fragment
but the results applied to all shell.

At the beginning of 21* century, analytical umbrella-
type surfaces were singled out of a class of umbrella
surfaces into the separate class. More than two tens of
new surfaces were introduced into practice. Scientific
papers devoted to the determination of stress-strain
state of umbrella-type shells and suggestions on their
application began to appear. At present, only numeri-
cal methods of analysis are applied.

Real umbrella-type shells were not used else. But
the author agrees with V.A. Lebedev [26] that “revival
of highly artistic umbrella form in modern dome buil-
ding is possible only in the shape of thin-walled struc-
tures. <...> These forms undoubtedly must find the wide
application in building”.
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Annomayus

B craTbe 00bsCHSIETCA aKmyanbHoCmb pa3eneHns 3S0HTHYHBIX TTOBEPXHOCTEH
Y TIOBEPXHOCTEH 30HTUYHOTO THIIA HA JIBA Pa3HBIX Kilacca. PaHblle 30HTHYHBIC TTO-
BEPXHOCTH M MOBEPXHOCTH 30HTHMYHOT'O THIIA BXOJMIN B OJIMH KJIacC ITOBEPXHO-
CTEl, TaK KaK COCTOST U3 TOXKACCTBEHHBIX (PparMEHTOB, JICKAIIUX Ha TTOBEPXHOCTH
BpalleHHs. YUYHUTBIBAs CIIOCOO MOCTPOSHHS ITHUX MTOBEPXHOCTEH, & UMEHHO TO, YTO
30HTHYHBIC TTOBEPXHOCTH — COCTaBHBIC MMOBEPXHOCTH Ha 0a30BOil MOBEPXHOCTH
BpAILlCHHs, a TOBEPXHOCTH 30HTHUYHOTO TUIA — KUHEMATH4YEeCKUEe IIOBEPXHOCTH,
00pa30BaHHbIC HEMPEPHIBHBIM JBHKCHUEM U3MEHSIIOIIECHCS] KPUBOM, OHHM OBLTH pa3-
JIeJICHBI Ha J1Ba OT/AENbHBIX Kiacca. Ilens cmamopu — coOpaTh BOSJUHO OCHOBHBIE
myOJMKaIMK 110 BCEM pas3jiesiaM MCCIeI0BaHUI 000JI0YeK 30HTHYHOTO THIA.
Memoowt. J1n1s1 oy4eHUs] OCHOBHBIX PE3YJIbTaTOB HCCIENOBaHUN 000JIOUEK 30H-
THYHOTO THIA OBUIM M3yuYeHBI CBeeHHs O AuddepeHnantsHOl reoMeTpun mo-
BEPXHOCTEH, CTPOUTEILHOW MEXaHWKE 000JI0UEK U MOJIX0/aX, UCIOJIb3yEMbIX B
ApXUTEKTYpe MPOCTPAHCTBEHHBIX CTPYKTYp. Pesynvmamet. Ilpencrasiensl oc-
HOBHBIC Hay4yHbIC PabOTHI 10 TEOMETPHH, PACUETY U MPEUIOKEHHUSM I10 MTpUMe-
HEHHIO TOHKOCTEHHBIX 000JI0YEK 30HTHYHOI'O THIIA B CTPOMTEIBCTBE M VIS pe-
(hJIeKTOPOB 30HTUYHOIO THIIA KOCMHUYECKUX armnaparoB. [[puBeIcHbl yTOUHEHHbBIE
rapaMeTPHUECKUE YPaBHEHHS HEKOTOPBIX pacCMaTpPUBAeMBbIX MoBepxHocTel. [Tpo-
JEMOHCTPUPOBaHbl ANNPOKCUMAIIMOHHBIE KOMIBIOTEPHBIE MOJAEIH CPEIUHHBIX
MMOBEPXHOCTEH CYIIECTBYIOLIMX 30HTHYHBIX 000JI04EK, HO B (POpME MOBEPXHOCTEH
30HTHYHOrO THIA. [ToKa3aHbl IPUMEpBI OMPE/IETICHUS HAPSHKEHHO-AEeOPMUPYEMOTO

COCTOSIHHSI TOHKOCTEHHBIX 000J0YeK 30HTUYHOTO THIA Oe3 pa3OmeHws memnoit 00o-
JIOUKH Ha TOXAECTBEHHBIE (hparMeHTHI. [loydyeHHbIe HOBBIE U YK€ HU3BECTHBIC
cBemeHHs 00 000I0UYKaX 30HTHYHOTO THIA JAIOT OCHOBAHUS MPEAIONaraTh, 9YTo
000JI0YKH TOro THIa OyAYT BOCTPEOOBAHBI HHXKEHEPAMU U apXUTEKTOPaMHU.

s yumuposanus

Krivoshapko S.N. The opportunities of
umbrella-type shells // Ctpoutenbnas me-
XaHUKa MHXEHEPHBIX KOHCTPYKIHHA U CO-
opyxennit. 2020. T. 16. Ne 4. C. 271-278.
http://dx.doi.org/10.22363/1815-5235-
2020-16-4-271-278

Kuroueswvie crosa: 30HTHYHAs 0007109Ka, 000710YKa 30HTUYHOTO THIIA, BOJI-
HUCTBIA KymoJi, peIeKTOpbl 30HTHYHOIO THUIA KOCMHYECKUX armnapaTtoB, 000-
JIOYKa PaIMOJIOKAIIMOHHON CTaHIINH, BAPHUAIIIOHHO-Pa3HOCTHBIA METO]] pacyera

Kpusowanko Cepzeit Hukonaesuu, npodeccop nenapraMeHTa CTpouTebeTBa MHKeHepHOW akaaeMuu, TOKTop TexHuueckux Hayk, eLIBRARY SPIN-kox:
2021-6966, ORCID iD: https://orcid.org/0000-0002-9385-3699

EOMETPUS CPEUHHbBIX NMOBEPXHOCTEW OBONOYEK 277



Krivoshapko S.N. Structural Mechanics of Engineering Constructions and Buildings, 2020, 16(4), 271-278

Cnucok JauTepaTypsbl

1. Bradshaw R., Campbell D., Gargari M., Mirmiran A.,
Tripeny P. Special structures. Past, present, and future //
Journal of Structural Engineering. 2002, June. Pp. 691-701.

2. Kpusowanko C.H. O BO3MOKHOCTSIX 000JI0YEUHBIX
COOPY’KEHUI B COBPEMEHHOM ApXUTEKTYpPE U CTPOUTEINb-
ctBe // CTpouTesbHas MEXaHHKA WHXXEHEPHBIX KOHCTPYK-
it u coopyxenmid. 2013. Ne 1. C. 51-56.

3. Kpusowanxo C.H. O00N0YKH M CTEP)KHEBBIE CTPYK-
TYpbI B pOpME aHAINTUYECKH HE3aaBaCMBbIX ITOBEPXHOCTEH
B COBpeMEeHHOI1 apxutekrype // CTpOUTENILCTBO U PEKOH-
crpyknus. 2020. Ne 3. C. 20-30.

4. Kpusowanxo C.H., Mamuesa HU.A. Ananutuueckue
MIOBEPXHOCTH B apXHTEKTYpEe 34aHHH, KOHCTPYKLMH U H3-
nemumit: MoHorpadus. M.: IMBPOKOM, 2012. 328 c.

5. Kpusowanxo C.H., Heanos B.H. DHUumKIONEIUS
aHanmuTHdeckux mosepxHocted. M.: JIMBPOKOM, 2010.
560 c.

6. Usanos B.H., Kpusowanko C.H. KorctpynpoBanue
30HTUYHBIX 000JIOUEK M3 OTCEKOB IIMKIMYECKUX 000JI0UeK
nepenoca // CTpouTenbHas MEXaHHKA HWHXXCHEPHBIX KOH-
CTpyKIuii u coopyxenuit. 2011. Ne 1. C. 3-7.

7. Bock Hyeng Ch.A., Krivoshapko S.N. Umbrella-
Type Surfaces in Architecture of Spatial Structures // IOSR
Journal of Engineering (IOSRJEN). 2013. Vol. 3. Issue 3.
Pp. 43-53.

8. Draper P., Garlock M.E.M., Billington D.P. Struc-
tural optimization of Félix Candela’s hypar umbrella shells //
Journal of the International Association for Shells and Spa-
tial Structures. 2012. Vol. 51. No. 1. Pp. 59-66.

9. l{euneman I A. OCHOBHBIE THITBI KYTIOJIOB, UX KOH-
cTpykuus u apxurekrypa // [IpobGnembl apXUTEKTyphI: cO.
marepuasioB: B 2 1. T. 1. Ku. 2 / mon pexn. A.Sl. Anekcan-
npoBa. M.: U3n-Bo Beecoro3noil AkageMun apXUTEKTYypHI,
1936. C. 25-385.

10. Kpusowanxo C.H. I'eomerpuueckue Hcclaen0Ba-
HUS TTOBEPXHOCTEH 30HTHYHOTO THMa // CTpouTenbHas Me-
XaHWKa WHXCHEPHBIX KOHCTPYKIHU U coopyxeHuit. 2005.
Ne1.C. 11-17.

11. Kpusowanxo C.H. HoBble ipuMepbl IOBEPXHOCTEH
30HTHYHOTO THIIA M UX KOI(G(PUIMEHTH OCHOBHBIX KBaJpa-
TH4HbIX (hopm // CTpouTenbHas MEXaHUKA HH)KCHEPHBIX KOH-
CTpyKIMi U coopykeHud. 2005. Ne 2. C. 6-14.

12. Apuapckuui O.E., Illazanosa U.B., Kpasuenxo T.B.,
Kynaxosa E.A. ®opmoobOpazoBaHue 30HTUYHBIX 000JIOYEK
1 X NIpUMEHeHne B apxutekType u qu3aiine // [pami THATY.
2011. T. 49. Bum. 4. C. 178-190.

13. Skidan I. General analytical theory of applied for-
mation // The 10" International Conference on Geometry
and Graphics (July 28 —August 2, 2002, Kyiv, Ukraine):
in 2 vols. Vol. 1. Kyiv, 2002. Pp. 104-107.

14. Von Seggern D.H. CRC Standard Curves and Surfa-
ces. Boca Raton, FL: CRC Press, 1993. 388 p.

278

15. Usarnose B.H. Pacuer HanpspkeHHO-1e(hOPMHUPOBAHHO-
TO COCTOSIHHS TTOKPBITHSL TOPTOBOTO IIEHTpa B hopme 000-
JIOYKH 30HTHYHOI'O0 THIIa BapUALIMOHHO-PA3HOCTHBIM MECTO-
oM // CrpouTenbHas MeXaHHWKa MHXEHEPHBIX KOHCTPYK-
it u coopyxenwmii. 2008. Ne 4. C. 86-89.

16. Hsanoe B.H. KananoBsle noBepxHocTy Moaxumcrans
C IUTIOCKOM JIMHKEH LeHTPOB // VIccrienoBanms mpoCTpaHCTBEH-
HBIX CHCTEM: MaTepHaJIbl CEMUHApa Ka(erpbl CONPOTHBICHUS
marepuanos PYJIH. M.: U3x-Bo PY/IH, 1996. C. 32-36.

17. A66ywu H.IO.A. BonHooOpa3ubie kymnona // Ctpou-
TeJIbHasi MEXaHWKa MHKEHEPHBIX KOHCTPYKLUHA U COOpYKe-
HUIA: MeXBY3. 0. Hay4. TpynoB. B 11. M.: U3n-Bo ACB,
2002. C. 49-58.

18. Pomarosa B.A. Buzyanmm3anus 00pa3oBaHHUS TOBEPX-
HocTel 30HTHYHOro THna // CTpouTeNnbHas MexaHWKa WHKe-
HEPHBIX KOHCTPYKIMiA 1 coopyxeruit. 2014. Ne 3. C. 19-22.

19. Pomanosa B.A. Busyamm3anus oOpa3oBaHUS 30H-
THYHBIX HOBerHOCTeﬁ )41 HOBerHOCTeﬂ 30HTUYHOI'O THUIIa
C pagualbHBIMH BOJHAMH, 3aTyXaIOUIMMHU B LEHTPAIbHON
Touke // CTpouTenbHAs MEXaHUKa WHXEHEPHBIX KOHCTPYK-
1uit u coopyxenui. 2015. Ne 3. C. 4-8.

20. Yenypnenxo A.C., Kouypa B.I'., Caiibers A.B. Ko-
HEYHO-3JIEMEHTHBIN aHAIN3 HAPSHKECHHO-Ie(OPMUPOBAHHOTO
COCTOSIHHSI BOJIHUCTBIX 000s0ouek // CTpOUTENBCTBO U TEX-
HoreHHast 6e3omacuocts. 2018. Ne 11 (63). C. 27-31.

21. Kpusowanko C.H., Anboposa JI.A. YHUKaIBHEIE CO-
opyxeHus B (hopMe JIMHEHYATBIX, 30HTUYHBIX TOBEPXHOCTEH,
MoBepxXHOCTeH BpaieHuss u nepeHoca. M.: BHUMHTIIN,
2008. 42 c. (CrpourenncTBo U apxutekTypa. Bemt. 2. Ctpon-
TeJIbHbIE KOHCTPYKIIMM U MaTEPUAIIBI).

22. Kpusowanxo C.H., Mamuesa H.A. 30HTUYHBIE TIO-
BEPXHOCTH U TIOBEPXHOCTH 30HTHYHOTO THUIIA B apXUTEKType //
[poMBIIIICHHOE U MPKIAHCKOE CTPOUTEIhCTBO. 2011, No 7 (1).
C. 27-31.

23. Maan H. Jawad. Design of Plate & Shell Structures.
ASME PRESS, NY, 2004. 476 p.

24. Krivoshapko S.N. The perspectives of application
of thin-walled plastic and composite polymer shells in civil
and industrial architecture // Journal of Reinforced Plastics
and Composites. 2018. Vol. 37. Issue 4. Pp. 217-229. doi:
10.1177/0731684417740770.

25. Honomapes C.B. Tpancopmupyembie pediekro-
PBI aHTEHH KOCMUYECKHX armaparoB // Bectauk ToMckoro
rocyaapcrBeHHoro yHuBepeutera. 2011. Ne 4 (16). C. 110-119.

26. Jlebedes B.A. ToHKOCTEHHbIE 30HTHYHBIE 000JI0Y-
ku. JI.: T'ocerpoiinznart, 1958. 172 c.

27. A6oywm H.FO.A. UnciaeHHbIH aHaIn3 KaHAJIOBBIX IIO-
BepxHocTel Moaxumcrasst Ha COOCTBEHHBIH BeC BapHAIMOHHO-
Pa3HOCTHBIM METOAOM // ApXUTeKTypa 000JOYEK W HpOY-
HOCTHOM pacyeT TOHKOCTECHHBIX CTPOUTENBHBIX W MAIIHHO-
CTPOUTEIIBHBIX KOHCTPYKIIMI CIIOXHOM QOpMBI: TPy bl Mex-
JIyHaponHOW HaydHOW KoH(epeHnnu (MockBa, 4—8 WiOHS
2001 r.). M.: M3n-Bo PY/IH, 2001. C. 297-306.

GEOMETRY OF MIDDLE SURFACES OF SHELLS



