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The paper is devoted to investigation of the class of linear and quasi-linear systems of
ordinary differential equations, the matrix of which can be characterized as polynomially
periodic. The main aim of this article is to generate a new algorithm of their splitting in order
to create equivalent sets with almost diagonal matrix that are simpler to analyze. Another
objective is formulating and proving of sufficient stability conditions or asymptotic stability
of their trivial decision. The question is topical since the analysis of a considered class of non-
autonomous systems with the use of known methods (for example, the method of functions of
Lyapunov) is complicated. In addition, the usage of spectral and other methods while solving
non-uniform sets might cause extra difficulties. The authors of the paper develop an analytical
method which appears to be a summary of known classical theorems. At the heart of the
offered algorithm of reducibility lies one of options of splitting method, which is conducted
by a spectrum of a defining matrix in studied non-autonomous system (taking into account
its splitting on diagonal and non-diagonal part) lies. The present article shows possibilities of
reducibility of sets of the specified class depending on structure of a matrix spectrum. This
simplifies the analysis of questions of stability. Theorems of stability or asymptotic stability
of the trivial decision of the transformed equivalent systems and the relevant initial systems
that is development and generalization of a spectral method of research of stability for the
class of non-autonomous systems considered in work are proved.
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matrix, splitting method, stability.

1. Introduction

A big class of ordinary differential equations (ODE) sets with a polynomially pe-
riodic matrix, that arise at the description of various physical systems or technical
processes, is discovered in the article. The usage of prominent methods [1,2] in study-
ing stability of sets appears to be either fundamentally impossible, or slightly effective.

Let us consider the non-linear inhomogeneous set of ODE:

& =1"A@)z + f(x, t);  x(to) = o,

1

z, fER™, m=>=0 ty>1; f(0,t)=0, (1)
for which matrix A(t) is polynomially periodic and can be presented in the form of
series

A =3 Ay,
k=0

where Ay (t) — are rather smooth in some area Q = {|z| < R, t > 0} T-periodical
square matrices.

The problem of search of conditions, that are imposed on the matrix spectrum
Ap(t)0 is imposed, by which with the help of a certain algorithm it is possible to
transform the system od ODE (1) to a system of differential matrix equation of a
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simpler type, that enables us to formulate constructive conditions of stability or as-
ymptotic stability of an isolated trivial solution of the system (1).

The paper contains the generalized splitting method [3,4], for the sake of conve-
nance let us represent any square matrix

a1 a2 N A1n

a1 aso e aon
A=

an1 Ap2 .. Apn

in the form of a sum of a diagonal and without-diagonal matrices:

ajy 0 0
. 0 aszs ... 0 = —
A= = diag{ai1,... ,ann}, A=A—-A
0 0 ... apn

2. About Reducibility of Quasi-Linear Non-Autonomous
Inhomogeneous Systems with a Polynomially Periodic Matrix

Let us firstly consider the case m > 1.

Theorem 1. Let for a non-autonomous quasi-linear set of ODE

T = th(t)LL' + f(.’l?, t); Cli‘(to) = Xy,

2
x, feER™, m>=1; ty>1; f(0,t)=0, 2)

the following conditions are met:

oo
1) matriz series A(t) = . Ap(t)t=* of T-periodical and rather smooth square matri-
k=0

ces Ag(t) converges by_t >ty >1;
2) the spectrum {Xo;(t)}7 of matriz Ay(t) satisfies inequalities:

U]k(t)EAOJ(t)_AOk(t)#O jvkzlv 27 » 13 ]#ka t>t0>1a (3)

i.e. matriz Ag(t) has a stable aliquant spectrum.

Then the set (2) with the help of substitution, which is non-degenerate by rather
high t >ty > 1,
z = So(t)H(n)(t)z,

S5 () Ao(t)So(t) = Ao(t) = diag {Ao1 (), Aon(D)},  Howy(8) = E+ S Hy(t)t ™

k=1
becomes a non-autonomous set:
2=1t"Q(t)z +g(z, t); =2(to) = 20,
N
Q) = Ay () +t VN Gvany (), Ay () =D Ae()t; (4)

k=0
IGaven®I <C. N>m.
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By all that diagonal Ak (t) and “without-diagonal” ﬁk(t) T-periodical matrices (k =
1, 2,...,N) are unambiguously defined by an iterative method.

Proof. Let us consistently make two replacements. At the beginning after a non-
degenerate T-periodical substitute x = Sy(t)y we will get a set

y=t"B(t)y+h(y, t); y(to) = vo,
B(t) = Ao(t ZBk t=%, By = Sy'A4.80.

Then we will get a set (4) after a non-degenerate by rather high ¢ > t; > 1 polynomially
periodical substitution y = Hy)(t)z. This is possible, if matrices B(t), Q(t) and
H () satisfy the following differential matrix equation:

Hny =t" (B(t)Hn)(t) — Hony(H)Q(1)) -

Making coefficients by the same power equal ¢, we will get matrix equations:

"R No()H(t) — Hi(W)Ao(t) = Ap(t) — Pi(t); k=1,...,N;

k—1

P(t) = Bi(t); Pu=Bi(t)+ Y (Bj(t)ﬁk_j (t) — E_j(t)Aj(t)) . k=2,...,N;
5 Ao Homk(t) = Hom k() Ao(t) = A (t) = Pro i (8);
m—+k—1 - - . .
Poret = Buea) 4 D (By(O0 ey (1) = Hrnies (0A5() = Hit) + K (0);

k=1,... ,N —m.
We can unambiguously define all T-periodical diagonal matrices out of these linear
algebraic matrix equations Ay (t) and “without-diagonal” matrices H(t) following the

algorithm: B
Ak(t) :Fk(t>; Fk( ) {huk( }

Pe =Apijr(t)}; hiji(t) = —pize(t)/os(t), i#j; 4,j=1,...,n; k=1,... N

The theorem is proved. 0
Let us consider the next case m = 0.
Theorem 2. Let for a non-autonomous quasi-linear system of ODE

z=A(t)x+ f(z, t); x(to) = zo, )
x, fER™, t>ty>1; f(0,t)=0,

the following conditions are fulfilled:

1) matriz series A(t) = Ap+ i Ap(t)t=* of T-periodical and rather smooth matrices
Ag(t) converges by t > to izll;

2) spectrum {Xo; }1 of matriz Ay satisfies inequations:

P
Gin= Aoy — Aok At Gk=1,2,....n j#k g¢=0%+1,%2 ... (6)

T )
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Then the system (5) with the help of polynomially periodical non-degenerate by rather
high t >ty > 1 substitute
r = SoHn)(t)z,

N
So ' AoSo = Ag = diag {Ao1, ... , don}, Hwy(t) = E+ ZHk(t)t_k
k=1

becomes a non-autonomous system with an almost diagonal polynomial matrix:
2=Q(t)z + 9(z, t); Z(to) = 20,

N (7)
Q) = Any(t) +t NG viny(t),  Awvy(t) ZAkt IGvan (@) < C,

where A — constant diagonal matrices, H(t) — T-periodical matrices, which are
unambiguously defined by an iterative method.

Proof. Under theorem conditions after the substitute z = Spy we will get a system
=By +hy t); ylto) =yo, Bt) =R+ Bult)

and after a non-degenerate by rather high ¢t > t; > 1 polynomially periodical substitute
y = H(nyz we get a set (7), if matrices B(t), Q(t) and Hy)(t) satisfy the differential
matrix equation

Howy = BO)H ) (1) — Ho (Q(). ®)

Equaling in (8) the coefficients by the same powers t, we become the following
differential equations

Hy, = AoHp(t) — He()Ao + Pe(t) — Ay, (9)
Pyi(t) = Bi(t);
= By(t) + Z (0 Hy—j(t) — Hi—; (0)A;) + (b — 1) Hp—1(2);

k=23,...,N.

We should emphasize, that in (9) the matrix R(t) = AgHr(t) — H(t)Ao is always
non-diagonal and has a simple spectrum owing to condition (6). Let us factorize the
equation (9) to diagonal and without-diagonal components, i.e. to two differential
matrix equations:

Hy, = Py(t) - Ay (10)
and .
Hy = NoHy(t) — Hy(t)Ao + Py(t). (11)

This equation (10) has the only T-periodical solution Hy(t) = fot (Pr(s) — Ag) ds,
if for every diagonal matrix
T
/ —1,2,...,N.
0

M| = \
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Equation (11) breaks into (n? — n) scalar differential equations:

hijr = 0ijhijr(t) + pijr(t),
each of them with consideration of (6) has the only T — periodical solution [2]

t+T
hijie(t) = exp (o3 (t + T)) (1 = exp (03,T)) - / exp (=0i;8) pijr(s)ds.

&

Theorem is proved. O

3. About Stability of Solutions with a Polynomially
Periodical Matrix

Theorem 3. Let under conditions of the first theorem for the set

T =t"A(t)x + f(z, t); x(to) = zo,

12
x, feR", m>=1; ty>1; f(0,t)=0, (12)

the following conditions are fulfilled:

m—1
1) spectrum {\;(t)}7 of matriz t™ Y Ak(t)t™" satisfies inequations:
k=0

t
Re)j(t) < —ooti+o(t); j=1,2....m ¢=0,1,....,m; op>0; /so(s><c;

to
2) for rather smooth function f(x, t) the estimation is true:
|f(33, t)|<00‘$|1+a7 Oé>0, CO>07 |Jf|<R, t>t0

Then the trivial solution of a inhomogeneous set (12) is asymptotically stable.
For the corresponding homogeneous set (f(z, t) = 0) under conditions

t
ReX;(t) <o(t); j=1,2,...,m /(p(s)gC; t > to,
to

the trivial solution is stable.

Proof. Let us fix the differential inequation for a square norm of the set (4) solu-
tion in case Re \j(t) < —oot? + ¢(t),

1d]e?

e t"Re (2*Any(t)2) +tRe (2*G(n41)(t)z) + Re (2%, g(z, 1)) <

n
<Y N 157 + 17201 |2 + Ca 2T < (ot + 7201 + Ca|2|) |21 <
1

< (=019 |2]*; 0 < oy < oo.
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We come to estimation: |z(t)| < |zo| exp <01(thrl — 1t ] =0, (t = +00).
q

+1
In second case, when Re \;(t) < ¢(t), a stability of the trivial solution of homogeneous
set (f =0) follows from:

1d]z?
= <
2 dt

(cp(t) + t_QCl) |z|2 .

We get the following: |z(t)| < |z0|exp (b(t) + C1 (tg" —t71)) < Ca|zo|. Theorem is

proved. 0
Theorem 4. Let under conditions of the second theorem for the set

T = A(t)$ + f(.’L’, t); .’L’(to) = Xy,

13
x, fER™, m=0; to,>1; f(0,t)=0, (13)

the following conditions are fulfilled:
1) spectrum of an auziliary matriz {\;(t)}7 Ay = Ao + Ait™! satisfies inequalities:
Rej(t) < —o0 <0; j=1,2,...,m
2) for a rather smooth function f(x, t) the estimation is true:
[f(z, ] < Cola ™™, a>0, Co>0, |2| <R, t>to.
Then the trivial solution of a inhomogeneous system (13) is asymptotically stable.
A trivial solution of a corresponding homogeneous set will be stable, if the following
inequality for the matriz spectrum is fulfilled: Re A\;(t) <0, 7=1,2,..., n.
Proof. Let us estimate the norm of set (13) solution:

1d]z?
2 dt

(Z*Q(t)z) + Re (z*g(z, t)) <
Re (2*A(1)(t)z) + t7°Re (2*G(n11)(t)2) + Re (2*g(z, 1)) <
< (— oo+ Cit ™2+ Cy |z|a) \2\2 < -0 |z|2; (0 <o < 00).

= Re
<

We get the following: |z(t)| < Cslz0|exp ( — o1(t — to)) — 0, (¢t — +o0), which
proves an asymptotical stability of the trivial solution of inhomogeneous set (13), that
is equivalent to the set (12).

For the case of homogenous system, when \;(¢) < 0, we can write down another
estimation:

1d |Z’2 —21,2

= < Oyt :

2 dt it 2]
From this inequation follows: |2(t)| < |20] exp (Cy (5" —t7')) < Ca|20|, which proves
the stability of the trivial solution of homogeneous set (12). o

4. Conclusion

The results of this paper, that relate to the Reducibility theorem, develops the
splitting method and enables us to get simpler and more convenient for further study-
ing classes of sets of ordinary differential equations. Sufficient non-trivial criterion of
stability or asymptotical stability (Theorem 3, 4) can be considered as a summery of
the classical Lyapunov theorem about asymptotical stability at a first approximation.
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AnroputmM TpUBOAMMOCTHA HEOJHOPOIHBIX CUCTEM C
MNOJINHOMUAJIbHO IMEPUOAMNYIECKOIl MaTpUIleil HA OCHOBE
CIIEKTPAJIbHOI'O MeToJa

FO. A. Konsesp*, A. ®. Canumosa’, Hryen Brer Xoa*
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N3yuen kiacc JIMHERHBIX U KBa3WJIMHEHHBIX HEOIHOPOIHBIX CUCTEM OOBIKHOBEHHBIX Jiud de-
PEHIMAJBHBIX YPABHEHHI C IIOJIMHOMAAJILHO IEPUOAMIECKON MAaTPUIIEH IIPH HAJIMYIHY OIIPE 16~
JISTOTIIEH MATPHUIIBI PA3INIHON (DUKCUPOBAHHON >KOP/IaHOBOM CTPYKTYpbl. CTaBUTCA 3a1a9a
JIJIsT TOrO HOBOI'O KJIACCa CHUCTEM pa3paboTaTh AJTOPUTM HMX MIPUBOIUMOCTH K OoJiee mpo-
CTBIM JIJIsT aHAJIN3a SKBUBAJIEHTHBIM CHCTEMAM C TOYTH JAUATOHAJBHON MATPHUIEi, a TaK»Ke
chopMynmpoBaTh 1 000CHOBATH JIOCTATOYHBIE YCIOBUST YCTONINBOCTH UM ACUMITOTHICCKOMN
YCTOWYMBOCTH UX TPUBUAJIBHOIO PEIIeHUsI. DTa 3a/1a9a aKTyaJbHa, TaK KAK aHAJIIM3 paccMaT-
PHBAEMOr0 KJIACCA HEABTOHOMHBIX CUCTEM M3BECTHBIMU MeTOJaMu (Hampumep, MeTol dbyHK-
muit JIsamyHoBa) 3arpyaHéH. Kpome aToro, paccMOTpeHne HEOIHOPOIHBIX CHCTEM C ITOMOIIBIO
CIIEKTPAJIBHBIX M JPYTUX METOJOB BBI3BIBAET JOMOJHUTEIbHBbIE TPyaHocTh. llocTaBiennast
3a/ada pelreHa ¢ IOMOIIbIO0 Pa3paboTaHHOIO0 aBTOPAMHU AHAJUTHIECKOIO METOJA, sABJISIOIIe-
rocsi 0600IIIEHNEM U3BECTHBIX KJIACCUIECKUX TeOopeM. B OCHOBE MpEeJIOXKEHHOTO aJITOPUTMA,
MIPUBOIMMOCTH JIEXKUT OJMH U3 BAPUAHTOB METOa PACIIENJICHUS [T0 CIEKTPY OMPE eSOt
MATPUIBI B M3y4aeMOil HEABTOHOMHON cucTeMe (C yu€TOM €€ PACIIEIUIeHHs] Ha JUATOHAJIb-
HYIO ¥ 6e3/MaroHaJIbHyI0 9acTh). [JokazaHa BO3BMOXKXHOCTH IPUBOJMMOCTH CHUCTEM YKA3aHHO-
0o KJIacCa B 3aBUCUMOCTU OT CTPYKTYPBI CIHEKTPa OIMPEIESISIONEl MATPUIIBI K CUCTEMAM C
[IOYTH JIMATOHAJBHOW MATPHUIEH, 9TO YIPOINAaeT aHAJJU3 BOIPOCOB ycToiduBocTH. JloKaza-
HBI TEOPEMBI 00 YCTONIMBOCTH WU ACUMIITOTUYECKON YCTOWINBOCTH TPUBUAIBLHOTO PEIIIEHUST
MpeobPa30BAHHBIX YKBUBAJEHTHBIX CHCTEM M COOTBETCTBYIOIUX MCXOMHBIX CHCTEM, UTO $sIB-
JISIeTCS Pa3BUTHEM M OOOOIIEHHEM CIIEKTPAJIBLHOIO METOA HUCCIEJOBAHUS YCTONYIUBOCTH JIJIs
PacCMOTPEHHOTO B paboTe KJlacCa HEABTOHOMHBIX CHCTEM.

KiroueBble ciioBa: KBasujnHEHAs CHCTEMA, CIEKTPAJbHBIA METOJ, MOJUHOMHUAJIHHO
rnepuogrveckas MaTpHUIa, METOM, PACIICIICHUs, YCTORIUBOCTD.





