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Surface electromagnetic waves (Dyakonov waves) propagating along a plane in-
terface between an isotropic substance with a constant dielectric constant and an
anisotropic crystal, whose dielectric tensor has a symmetry axis directed along the
interface, are considered. It is well known that the question of the existence of such
surface waves is reduced to the question of the existence of a solution to a certain
system of algebraic equations and inequalities. In the present work, this system is
investigated in the Sage computer algebra system.

The built-in technique of exceptional ideals in Sage made it possible to describe the
solution of a system of algebraic equations parametrically using a single parameter,
with all the original quantities expressed in terms of this parameter using radicals. The
remaining inequalities were only partially investigated analytically. For a complete
study of the solvability of the system of equations and inequalities, a symbolic-
numerical algorithm is proposed and implemented in Sage, and the results of computer
experiments are presented. Based on these results, conclusions were drawn that
require further theoretical substantiation.

Key words and phrases: surface waves, Dyakonov waves, electromagnetic waves,
computer algebra, Sage

1. Introduction

In the 1980s, a special class of solutions to Maxwell’s equations was theoret-
ically discovered, namely, electromagnetic waves traveling along the interface
between two dielectrics, the intensity of which rapidly decreases with distance
from the interface [1]-[6]. These waves are called Dyakonov surface waves.
Experimental observation of surface waves was carried out quite recently [7],
[8]. In theoretical works, as in the work of Dyakonov itself [2], the question of
the existence of surface waves was reduced to the question of the existence
of a solution to a certain system of algebraic equations and inequalities that
cannot be solved analytically, which hinders further research. In this paper,
it will be shown what computer algebra systems can give for these systems.
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2. Surface waves

We investigate the classical problem of waves propagating along the interface
of an anisotropic medium with permittivity

e = diag(e,, €,, €,)

07 0’ ~e

and isotropic medium with constant permittivity €. For definiteness, let the
plane x = 0 serve as an interface. The field in the anisotropic medium (z < 0)
is sought in the form

E = (aOEOepom + aeEeepew) 6zkyy+zkzz—zwt,

. q o ik it
H = (aoHoepox —|—aeH€epe"3> e iyt zmIwt

Here w is the circular frequency of the wave, k, = w/c is the wave number,
k, = (0,k,,k,) is its wave vector, a,, a, are the amplitudes of two partial

waves, and positive numbers p_, p, characterize the rate of wave decay in the
anisotropic medium. Maxwell’s equations give

o = ky + k2 — €.k,
€ 1
P = I R — e (1)

o

—

and for the vectors EO, v H

., explicit expressions are obtained, which we
will not present here.

For the isotropic medium (z > 0) the field is described by similar formulas
E — (bOE(/) + beEé> efpmeik:nyrik:zzfiwt’
H — (boﬁ; + beﬁé> e—pmeikyy—kikzz—iwt’

but now the constant p, which characterizes the field decrease in the isotropic
medium, turns out to be the same:

2 k24 k2 — e, 2)

The conditions for matching electromagnetic fields at the interface lead

to a system of homogeneous linear equations for the amplitudes a,,a,.,b,,b..

The condition of zero determinant of this system gives the equatlon

(k2 — ekd)p, + (k2 — €,k5)p) (k2 — ekg)e,p, + (k2 — € k)ep) =
= (e, — €)*kykZkg. (3)

If real parameters k,, k., p,, p, and p satisfy four algebraic equations (1),
(2) and (3), then we get a solution to Maxwell’s equations in the integral
form defined in the entire space. These solutions exponentially decrease at
|z| — oo, if the solution is in the domain
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P, >0, p.,>0, p>0 (4)
of five-dimensional space k k,p,p.p.

The existence of solution to this system does not ensure that the resulting
field is not identically zero, an example will be given below. This issue requires
additional check.

3. Investigation of the system of algebraic equations

Consider in more detail the above system of four algebraic equations (1),
(2), and (3).
It is possible to eliminate k; from this system by assuming

p=koq, Do =kod,, Pe= ko

and k, = ko3, k, = ky.
Then the system of equations is written in the form

=5+ —e,

g = B* + 2—272 —€er

<q2=62+’y2—6, (5)
(7 = )40+ (7° = €)0) (V2 — o + (7 — €,)eq) =

[ = (Eo . 6)2/82’)/2.

This is a system of 4 equations for 5 unknowns, so you can exclude 3
unknowns from it and find a connection between the remaining two. Since

for applications the direction of the vector k |, that is, the ratio of g and 7,
is most interesting, it is quite natural to try to exclude the quantities g, ¢q,,
q., which characterize the rate of decay of the solution with distance from
surface x = 0. However, in this way, a very complex equation is obtained,
which then has to be investigated numerically.

However, it is easy to see that the unknowns 3 and  enter the system
only as squares, so it is convenient to exclude them. We did not do it by
hand, but used the technique of exceptional ideals [9], implemented in the
Sage computer algebra system Sage. We have eliminated the unknowns /3,
7, ¢, and obtained an equation of the form F(q,,q.) = 0, whose coefficients
depend only on permittivities. The right-hand side of this equation can be
represented as a product of three factors. Consider each of them separately.

First, system (5) has a solution with ¢, = ¢,. Then the difference of the
first two equations of system (5) yields

66_6072—(66—60) =0

)

or 7% =e,.
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Such a solution really exists, but on it k2 — e k3 = 0, so that b, = b, = 0

(the field in the isotropic medium is zero) and E, and E, become linearly
dependent. Therefore, even at nonzero a,, a, the field in the anisotropic
medium can be zero. From general considerations it is obvious that it is just
so in the case considered: the field cannot flow from the anisotropic medium.

The second factor yields
(22 — 42)€, = (€ — €5) (e — €,)-
The difference of first two equations of system (5) yields
(@2 —g5)eo = (e =€) (7" —€,)-
Therefore, 72 = e. This is the second trivial case: now a, = a, = 0 and the

field is absent in the anisotropic medium.

Ignoring trivial fields, we see that system (5) has a solution if and only if
the third factor turns into zero:

— he® —2q3q.€% — q2qie* — 2q2q7ee, — 2q,q>€e, + qoqies — qheat

+ 2q§€€e + 2nge€€e + 2QZ)Qe€o€e + 2ngg€o€e_
_22_|_ 23_2 +2 2 _22+2 2:0 (6)
gc €, qc€o o4 €€5¢€, 4o4c€6€e q,€€Ce d5€0€c .

This expression is somewhat cumbersome, however, its structure is easily
seen

Fy(qy,9.) + F5(q,,4.) = 0,

where F, F,, are homogeneous functions of the 4-th and 2-nd order ¢, = tq,,
so that we rewrite this equation as

q§F4<17t> + FQ(lat) =0.

Hence

where t can take any values.
The theory of exclusive ideals applied above yields an equation

F(q,,9.) =0

as a necessary and sufficient condition for the existence of a solution to system
(5), but this solution can be complex and infinitely large [9]. In this case
one can express the solution in terms of parameter t in radicals. Thus, the
investigation of solvability of the system of algebraic equations reduced to an
investigation of one equation solved in radicals.

Quantities g, and ¢ are rather simply expressed via t and ¢,: by definition

4. = 1q,,
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and due to the first and the third equation of system (5)
¢®=q;+e, ¢ (7)

The quantities 32, 42 can be reconstructed by solving the system of equa-
tions linear with respect to 52, v2

B2+~ =g +e,,
6062 + 66/72 = Goqg + 6066

formed by the first and the second equation of system (5). Solving it we get

(66 B EotQ)Q?)

2 _
= €, — €, ®
" (o =y~ 1)
€,(€c — €, + (7 —1)g?
v’ = p— : (9)

The issue of extracting radicals is not trivial here. From the general theory,
we know that at least one choice of the root branch should result in a solution.
Since only squares of (3, v enter system (5), the solution will be obtained for
any choice of signs before the radicals. However, ¢ enters the system in the
first power, so that the solution of system (5) can and as we will see below
will be obtained for the only choice of the branch choice for the root when
calculating the value of ¢ from (7).

4. Investigation of the system of algebraic equations
and inequalities

As was noted in [2], for the existence of surface waves the fulfillment of

condition
0<e, <e<e, (10)

is necessary. To avoid special consideration of the cases when there are
deliberately no surface waves, we present here an analysis of the issue of
fulfilment of inequalities

% >0, ¢>0, ¢>0 (11)

only for the Dyakonov case (10). If the first two inequalities are satisfied, then
t = q./q, is positive. Therefore, below we restrict ourselves by considering
only positive values of parameter ¢.

So, let ¢ have a positive value, and a solution of system (5) has been
constructed using the formulas of the previous section. In order ¢, be positive,
the fulfillment of the following inequality is necessary and sufficient:

—F,(1,¢)

mn " (12)
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This value itself can be found from

F2(1 t)
o=\ FR 0y

In this case, g, = tq, also has a positive value.
Since Fy(q,,q.) and F,(q,,q.) are terms of the second and fourth order in
expression (6), we can write the radicand explicitly:

F2(17t) = —(60t + Ee)2<6 o 60)7
and
Fy(1,8) = —(e,t> + (e —€,)t + € — 2¢,. ) (e,t +€)(t + 1).

This means that in the Dyakonov case —F}, > 0 and the sign of ratio F,/F),
is determined by the sign of factor

€2+ (e —€,)t +€— 2¢,.
The discriminant of this quadratic trinomial equals
D= e+ €%+ 2¢,(4e, — 3¢€) > 0,

therefore, its roots are real. Since e —2¢, < 0, these roots have different signs.
Let us denote the positive root as

60—€+\/5

b= 2€

o

The expression —F, /F, will be positive if and only if
0<t<ty. (13)

For the square of quantity 3, calculated from (8) to be positive, it is
necessary and sufficient that
€
t< /=

€

was valid. For the square of quantity ¢, calculated from (7) to be positive, it
is necessary and sufficient that the condition

qg>6_€o

o —Fy(1,1)
2 9

— 14
Ty T (14)

was satisfied.
In the Dyakonov case —F, > 0 and provided that the inequality (13) is
fulfilled, the expression F, > 0, therefore inequality (14) can be rewritten as

—E5(1,1) > (e —€,)Fy(1,1)
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. (egt + €)% > —(€e,t% + (e —€,)t + € —2¢.) (et +€)(t+1). (15)

For the square of the value v calculated by the formulas (9) to be positive,
it is necessary and sufficient that

(1—t*)g% >e€, —¢,
or
(1—1t2) (et + €)% > —(€,t2 + (e — €, )t +€—2¢.) (et +€)(t+1). (16)

To summarize what has been said: the solution of system (5) obtained by
the parametric formulas written out falls into the region (11) if and only if
1) the parameter ¢ belongs to the interval

0 <t < min <t1,1/2—e>; (17)

2) two inequalities (15) and (16) are satisfied, and

3) the last equation of system (5) is valid for the choice of the radical
principal value.

The fulfillment of these conditions can be checked in the Sage system.

Example. Let ¢, = 2, ¢ = 3, ¢, = 5. Figure 1 presents a plot of g,
(black line) at the values of parameter ¢, taken from the interval (17), dash
lines indicate the boundaries of the domain of ¢, g, variation, determined by
inequalities (15) and (16). The restrictions of ¢ are seen to automatically
provide the fulfillment of conditions for ¢,. There is the only point t = 1/2,
where the plot touches the lower boundary. Just at this point the expression
for g changes its sign. Figure 2 presents the plot of the right-hand side of the
last equation for the chosen sign +’: up to the point ¢ = 1/2 we get a solution,
and after this point not. Therefore, the solution satisfies the condition ¢ > 0
only at 0 <t < 1/2.

For these values § and « were calculated which appeared to be real-valued.
For clarity, figure 3 presents a plot of dependence of ¢t on the angle u, ex-
pressed as

zz—z:tanu.

Bk
It turns out that the surface wave arises only in the directions

k= (0,k,, k)7,
within a narrow range of angles 38—45°.

This example shows that 1) inequalities (15) and (16) are fulfilled in the
entire considered interval of parameter ¢ variation, and 2) upon the choice of
principal value for the radical our explicit formulae yield a solution to system
(5) only up to the point where the plot of ¢, touches the lower boundary of its
corridor. We believe that these assertions can be proved in a purely algebraic
way.
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Figure 1. Plot of g, (black line), dash lines indicate the boundaries of the domain
of t, q, variation

0.2 0.4 0.6 0.8

=
=
8]
=
+a
=
o

Figure 2. Plot of the left-hand side of the last of equations (5)

5. Results of computer experiments

We conducted a series of computer experiments, the results of which are
given in the table 1. Based on them, we can draw the following conclusions:

1) the greater the difference between e and €, and the smaller it is between
the values €, and €, the greater the half-width of the interval for changing
the angle u (see the table 1 cases numbered 12 and 13);

2) the smaller the difference between e and ¢, and the larger it is between
the values €, and €., the smaller the half-interval of the angle u (see the
table 1 cases numbered 14 and 15);
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Figure 3. Plot of u, the angle is in degrees

3) if the difference between the values €,, €, €, remains constant, and the
values themselves increase, then the half-interval of the angle u variation,
in which surface waves exist, decreases (see the table 1, cases numbered 4,
16, 17, 18);

4) if the difference between the values of €,, €, €, is increased by the same
amount, the half-interval of u variation is practically unchanged (see the
table 1, cases 19-21).

These conclusions are awaiting theoretical substantiation.

We failed to find a simple relationship between the position of the mean
angle u and the values of €,, €, €., while the position of the mean angle u
itself changes quite noticeably.

To test our approach, we looked at several non-Dyakonov cases where one
of the (10) inequalities is violated. As expected, no solutions were found in
these cases.

6. Conclusion

Investigation of the region of existence of the Dyakonov surface wave at the
isotropic-anisotropic interface is reduced to a system of algebraic equations
and inequalities. We managed to solve this system of equations in radicals in
the Sage computer algebra system. At the same time, the inequalities were
only partially investigated analytically. On this basis, it was possible to carry
out a series of computer experiments clarifying further directions of research.
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Table 1
Results of computer experiments
No. €, € €. | Mean angle u, deg. | Half-interval of
angle w varia-
tion, deg.
1 1 2 3 27 - 34 3.5
2 2 3 5 38 — 45 3.5
3 2.5 3.5 5.5 | 40.5 —47 3.25
4 3 4 6 42.4 — 48.5 3.05
5 3 4 10 | 45.6 — 53.8 4.1
6 | 3.0001 | 3.001 | 3.01 | 72.426 — 72.455 0.0145
7 3 3.01 | 3.02 | 44.911 - 45 0.0445
8 3 4 4.001 | 1.57 - 1.76 0.095
9 3.9 4 4.1 | 44.299 - 44.96 0.3305
10 3.9 4 4.001 | 5.649 - 5.71 0.0305
11 | 3.99 4 4.001 | 17.522 — 17.548 0.013
12 2 7 55 | 13.2-19.2 3
13 2 2.1 80 | 45.47 - 56 5.265
14 2 54 55 | 1.5 —2.22 0.36
15 2 79.9 80 | 0.3275 — 0.4825 0.155
16 13 14 16 | 51.5 - 53.58 1.04
17 33 34 36 | 53.59 — 54.46 0.435
18 133 134 | 136 | 54.446 — 54.78 0.167
19 20 40 60 |27 34 3.5
20 20 50 80 |23-30 3.5
21 20 60 100 | 20.2 - 27.2 3.5
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HNccnenoBanue obJsiacTu CymnieCTBOBaHUSI MOBEPXHOCTHBIX
BOJIH /IbsIKOHOBa B cuUcTeMe KOMIbIOTEPHOI aJireopbl Sage

0. K. Kpoiitop

Poccutickuti ynusepcumem dpyorcbv, Hapodos
ya. Muxayzo-Maxaas, 0. 6, Mockea, 117198, Poccus

PaccMoTpenbl TOBEPXHOCTHBIE 3JIEKTPOMATHUTHBIE BOJIHBI (BOTHBI JIbsikoHOBA),
PACIIPOCTPAHSIIONIUECS] BIIOJIh IJIOCKON I'PAHUIIBI Pa3/esia H30TPOITHOTO BEIIEeCTBA ¢ TO-
CTOSTHHOW JTU3JIEKTPUIECKON ITPOHUIIAEMOCTBIO, U aHU30TPOITHOIO KPUCTAJLIA, TEH30D
JRJIEKTPUIECKON MPOHUIIAEMOCTA KOTOPOrO UMeeT OCh CUMMETPHHM, HAIIPABJIEHHYO
BJIOJIb T'PAHUIIBI Pa3iesa. XOpOoIlo U3BECTHO, YTO BOIPOC O CYIIECTBOBAHUM TAKUX
ITOBEPXHOCTHBIX BOJIH CBOAUTCA K BOIIPOCY O CyHI€CTBOBAHUU DEIICHUA HeKOTOpOfI Ccu-
cTeMbl ajredpanvecKux ypaBHEHUI W HepaBeHCTB. B HacToseil padore sTa cucrema
HCCJIEIOBAHA B CUCTEME KOMITBLIOTEPHO! aJiredpbl Sage.

TexHuKa UCKIIOIUTENBHBIX UJI€AJI0B, BCTDOEHHAs] B Sage, MO3BOJIMIA OMKUCATH pe-
IIMeHne CuCTeMbL aﬂre6paI/I‘IeCKHX ypaBHeHI/Iﬁ ImapaMeTpuvIeCKH IIpu IIOMOIIN OJHOI'O
mapaMeTpa, NpUIéM BCe UCXOQHBIE BEJUIUHBI BHIPAXKAIOTCS Y€Pe3 3TOT IMapaMeTp Ipu
omoru pajukajos. Ocrasiimecss HEPABEHCTBA YIAJI0Ch UCCIIEI0BATh AHAJUTHIECKU
JINITHh 9aCTUYHO. ILHH IIOJTHOT'O UCCJIeJOBaAHMUA PASPEIINMOCTU CUCTEMBbI ypa.BHeHI/Iﬁ
1 HEPABEHCTB IPEJIOKEH U Peaii30BaH B Sage CUMBOJIBHO-YUCIEHHBINH aJrOPUTM,
[IPEJICTaBJIEHbI PE3YJIbTAaThl KOMIIbIOTEPHBIX dKcIiepuMeHTOB. Ha ocHOBe pesysbraroB
9KCIIEPUMEHTOB OBLIU CIEJIAHBI BBIBOJIBI, KOTOPHIE TPEOYIOT JTAJTHLHEHINIEIO TeopeTuye-
CKOTO ODOCHOBAHWSI.

KuaroueBble coBa: IOBEPXHOCTHBIE BOJIHBI, BOJHBI JIbSIKOHOBA, 3JIEKTPOMATHUTHBIE

BOJIHBI, KOMITbIOTEpHAS ajredpa, Sage



