UDC 517:519.6, 535+537.8:621.37
The Derivation of the Dispersion Equations of Adiabatic
Waveguide Modes in the Thin-Film Waveguide Luneburg Lens
in the Form of Non-Linear Partial Differential Equation of the
First Order

M. 1. Zuev*, E. A. Ayryan*, J. Busa', V. V. Ivanov*,

L. A. Sevastianov?, O. I. Streltsova*

* Laboratory of Information Technologies
Joint Institute for Nuclear Research
Joliot-Curie 6, 141980 Dubna, Moscow region, Russia
¥ Technical University in Kosice
Letna 9, 04001, Kosice, Slovak Republic
¥ Telecommunication System Department
Peoples’ Friendship University of Russia
Miklukho-Maklaya str. 6, 117198 Moscow, Russia

This paper presents a derivation of the dispersion equation for a three-layer integrated-
optical Luneburg lens based on the method of adiabatic waveguide modes. From this equation
there follows the relationship between the coefficient of phase deceleration and function,
which determines the thickness of the irregular waveguide layer. The dispersion equation
is represented in the form of non-linear partial differential equation of the first order with
coefficients, depending on parameters. Among these parameters are regular waveguide layer
thickness and optical parameters of the pending Luneburg lens. To represent the dispersion
equation in the form of differential equations in partial derivatives, it is necessary to calculate
a symbolic form the determinant of a matrix of 12th order, which determines the solubility of
the system of linear algebraic equations, resulting from the boundary conditions. To calculate
this determinant in analytical form a procedure of reduction of the system of linear algebraic
equations with the use of the computer algebra system Maple is proposed.
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1. Introduction

The waveguide Luneburg lens is an important functional element of integrated
optical devices, such as microwave, RF-devices, in particular RF spectrum analyzer
[1,2]. The task of designing such devices puts higher demands on the accuracy of
calculating the parameters of the lens. One of the most promising methods used
in the modeling of the waveguide propagation of radiation with the exact tangential
boundary conditions, is the method of adiabatic waveguide modes. Description of the
method and the results of its application are presented in the papers [3-7].

The overall objective of modeling smoothly irregular longitudinally integrated op-
tical waveguides includes the task of finding the irregular surface of the waveguide
layer by solving the dispersion equation. In the papers [3-7] computational scheme
for solving this problem has been proposed. However, to develop a software module
that allows to increase significantly the speed of the design of optical devices, it is
proposed to build a computational solution scheme of the dispersion equation based
on the continuous analog of Newton’s method [8,9]. To implement such an iterative
scheme, it was necessary to present the dispersion relation in an explicit analytic form
of a nonlinear differential equation of the first order. This equation can be written as a
polynomial in the partial derivatives of the function describing the shape of the irreg-
ular surface of the waveguide layer, with coefficients expressed in terms of geometric
and optical properties of the waveguide.

Received 9" September, 2013.
The work is partially supported by RFBR grants Ne11-01-00278, Ne13-01-00595, and JINR grant
Ne13-603-02. The authors thank Shushanik Torosyan for useful advices.



Zuev M.I. u gp. The Derivation of the Dispersion Equations of Adiabatic. .. 123

The present work is devoted to obtaining explicit analytic form of the dispersion
equation using computer algebra system Maple [10].

2. Method of Adiabatic Modes

In this section, we briefly outline the basics of the method of adiabatic waveguide
modes [3-7].

The scattering of polarized light along smoothly irregular integrated optical is
described by Maxwell’s equations without external charges and currents:
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with the coupling equations
D=¢E, B=uH; (2)
and the boundary conditions
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Here a; are coordinates of the boundary surfaces, 5, E electric displacement vector
and vector of the electric fields, B, H are vectors of magnetic induction and magnetic
field in an electromagnetic wave; €, u are perm1tt1v1ty and permeablhty of environment.

The index 7 marked tangential field components E and H.
We look for solutions of Maxwell’s equations in the form of adiabatic waveguide
modes [3,4]:
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where w, ¢ are the frequency and phase of the wave, 3 = /52 + 32, 8, = (9¢/0dy)/ko,

B, = (0p/0z)/ko is phase deceleration, kg = w/c is wave number. Substituting (4) in
(1) and taking into account that the wave propagates in the direction of the axis of
Oz, for z-components of the electric and magnetic fields, we get the following ordinary
differential equation of second order
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However, the other components of the electromagnetic field E, (z;y, z), Hy(z;y, 2),
Hy(z;y, 2), Eyx(x;y, 2) are expressed in terms of E,, H, and their derivatives:

1 dE, . 1 dH, .
E, = ? pza - ZkOMPsz} , Hp= F [pzdx + ikoepy E- | (7)

z z
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For many smoothly irregular integrated optical waveguides, including thin-film
waveguide Luneburg lens (TWL), the condition [3] is executed

(8)

=01, (9)

Fulfillment of this condition allows to use the method of asymptotic expansions
on § solutions of the system of relations (5)—(8). In the zero-order approximation of
the asymptotic expansion from the equations (5)—(6) and relations (7)—-(8), we get the
system of equations
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For guided modes of TWL Luneburg at the layer interfaces (except the horizontal
boundary conditions) for the tangential components of the electromagnetic field E7,
HT™, boundary conditions on non-horizontal tangent planes

—

T — T , 7T — HT , (15)
h(y,z)—0 h(y,z)+0 h(y,z)—0 h(y,z)+0
and the asymptotic conditions at infinity
’ET < 400, ‘I;V < 400 (16)
r—+oo r—+o0o

are also performed.
In this paper we consider TWL Luneburg with four dielectric layers (finite and

semi-infinite thickness) with three boundary surfaces. For schematic view of the con-
sidered TWL Luneburg see Figure 1.

3. The Derivation of the Dispersion Equation of the
Adiabatic Waveguide Modes with the Use of Computer
Algebra System Maple

Since TWL Luneburg contains four dielectric layers with three boundary surface,
the general solutions of equations (10) and relations (11)—(14), recorded in each of
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Figure 1. The cross section of the considered integrated-optical structures

the layers through some fundamental system of solutions with 12-th undetermined
coefficients Ag, Ajjf, Ali, A, and B,, B}jf, Bli, B,, define the solution in the whole

space in the case of satisfying the boundary conditions of the form of a homogeneous
system of linear algebraic equations [4-7]

M(B)(A, B) = 0. (17)

We represent the matrix of the system (17) in a form, suitable for further trans-
formations:

1 0 —1 0 —1 0 0 0 0 0 0 0

0 1 0 -1 0 -1 0 0 0 0 0 0

0 0 ms3,3 0 ms3,5 0 —1 -1 0 0 0 0

0 0 0 mM4,4 0 m4,6 0 0 -1 —1 0 0
ms1  Ms2 Ms53 M54 Ms5  Ms6 0 0 0 0 0 0
me1  Me2 Me3 Med M5 M6,6 0 0 0 0 0 0

0 0 mz73  M7a4  M75 Mre  M77 mz.s mz.9 mz7 10 0 0

0 0 mg3  Mg4  Mgs5 Mge M7 msg.s ms 9 msg, 10 0 0

0 0 0 0 0 0 my,7 mg,s mg. 9 mog, 10 mg 11 mg 12

0 0 0 0 0 0 mio,7 ™Mi0,8 MM10,9 Mi0,10 M10,11 MM10,12

0 0 0 0 0 0 mi1,7  Mi1,8  Mi11,9  Mi11,10 M11,11  MM11,12

0 0 0 0 0 0 mi2,7  Mi2,8 Mi2,9 Mi2,10 M12,11 M12,12

Here m; ; identify non-zero symbolic elements, which are detailed in Appendix.

only,2) 4 9Ny, 2)
dy 0z
the fact that the irregular surface of the section thickness of the waveguide layer has
irregular width, and the coating layer thickness and irregular nonplanar waveguide
layer h(y, z) vary from point (y, z) to the point, the boundary conditions (15) consist

only,z) 4 Oh(y.2)

dy 0z

By the homogeneity of linear algebraic equation (17), it is non-trivial solvable
provided that

Note that the matrix elements of M;;(3) contain . Due to

of the terms with factors

det(M(B)) =0, (18)
which has the form

F(0h/0y,0h/0z, h, By, B-,ng,nf, 1) =0 (19)
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of nonlinear partial differential equation of first order with respect to h(y, z) defined
by (approximately) 3,(y, z) and 3. (y, 2).
The vector field (3, BZ)T (y, z) defines a flat projection of TWL Luneburg rays,

focusing plane wave front (in the two-dimensional area) at the focal point, located on
the other side of the lens. The projection rays satisfy the equations

d dy\ 08 d dz\ 98
5 waY) =Fwa 5 (eaT)=Fua e

with a coefficient of phase deceleration S(y, z), which satisfy the relations

B(BT) =exp [w(p, F)], wherep= w, w(p, F) = 1 [arcsin(z/F)

(r
B T /22 — p2

The determinant of the matrix has been using the computer algebra system Maple.
It should be noted that the calculation of the determinant of the matrix with rank
above 10-th in the symbolic form requires using of a large number of computing re-
sources; therefore, we have developed the following algorithm for reducing a matrix:

de.  (21)

1) by elementary transformations on the rows and columns the matrix can be reduced
to a form where we can select blocks, in which determinant at any parameter value
is not vanishing, which are will not participate in further calculations. These rows
correspond to the boundary conditions at the regular layers of the waveguide;

2) determinant of the reduced matrix has been calculated on the basis of the Laplace
theorem [11].

By applying the algorithm to the above matrix, we obtain the following matrix
structure

Thereafter, by elementary transformations on rows and columns we lead unit My
to upper-triangular forms. The value of the determinant of this block is the product
of the diagonal elements. The determinant of the block Mg is calculated by Laplace
theorem, choosing minor of the second order (pairwise combining the first four rows of
the matrix) and the corresponding cofactors of order 6, which, in turn, will also rely
on the Laplace theorem, choosing a minor 2nd order by combining the last four rows
in pairs, and the cofactors of the 4th order.

Thus, we obtain the equations for finding h(y, 2):
det(Vls(8)) = 0. (22)

Testing transformations. Since finding the determinants of the 12-th order for
numeric matrices does not involve any computational complexity, after each stage of

symbolic transformations on an arbitrary set of values of the parameters 3 there have
been made comparisons between the primary determinant of the matrix det(M2(5))
and the determinant of the transformed det(My(5)) x det(Ms(B)).

The resulting equation (22) is factorized through indecomposable factors, each of
which contain the lowest common denominator (over the field of rational functions),
which determines the differential equation in partial derivatives relative to h(y, z).
After applying the Maple procedures to simplify this expression (collect, combine [10]),
solvability condition (19) is reduced to the following form:
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where a;, i = 1,2,...,39 are coefficients in symbolic representation, depending on
the functions 8, (y, 2), B.(y, 2), B(y, z) and geometrical and optical parameters of the
waveguide ai, a2, Xi, Xf, Vs> Ya> s Ess Efs €1, €a, and the dependence on h(y, z) is a
linear combination of expressions of the form exp [ia i (y, 2)h(y, 2)].

The dispersion relation (23) can be written as:

F(h(y,2) = 3 ari (9, 2, h(y, 2)) <gz>k <g’;)l _y (24)

k.l

where 0 < k4 [ < 8. This representation is convenient for the further numerical
investigation.

4. Conclusion

In this paper, on the base of the method of adiabatic waveguide modes, we have
received an analytical expression for the dispersion equation of adiabatic waveguide
modes of TWL Luneburg, representing a non-linear partial differential equations of
the first order. Using the above procedure we obtained a dispersion equation form
(24) for a lens (proposed in [2]), that contains five dielectric layers with four boundary
surfaces, for which a system of equations of 16-th order is obtained.

In conclusion, we note that modeling of smoothly irregular integrated optical de-
vices is a complex computational problem. This has enhanced the importance of
having a set of programs for the design of such devices with the desired properties.
In particular, this complex must consist of calculation modules, a module comprising
geometrical and optical parameters of the device, the module for calculating the coeffi-
cients of the phase decelerations in the form of network functions [5,7] and developing
computational module of the irregular waveguide layer surface form based on the so-
lution of the dispersion equation. For the convenience of the numerical realization,
there is a need for the presentation of a numerical implementation of the dispersion
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equation in the form of non-linear differential equation of first order as a polynomial
in the partial derivatives of the desired shape of the surface with coefficients having
an explicit analytical expression in terms of geometric and optical properties of the
waveguide.

The result of this work is creating a routine for calculating the coefficients of the
dispersion equation, which is the basis for the calculation module of the irregular form
of the surface of the waveguide layer.

The next article will present a computational scheme and its implementation for
solving these equations of the form (24) based on the continuous analogue of Newton’s
method [8,9].

Appendix
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Texnuueckuti ynusepcumem 2. Kowuue
ya. Jlemmna, 0.9, 04001, Kowuue, Crosaykas Pecnybaiuxa
Y Kagedpa cucmem meaexommyrurkayu
Poccutickuti ynusepcumem dpyotcovl 1apodos
ya. Muxayzxo-Maxaas, 0.6, Mocksa, 117198, Poccus

B pabore npencrasiieH BbIBOJ, JUCIEPCUOHHOIO YPABHEHUSI JJISI TPEXCIORHON HHTErPaJIb-
HO-OIITUYECKOM JIMH3BI JIfoHebepra Ha OCHOBE MeTo/a ainabaTUuIeCKuX BOJTHOBOJIHBIX MOJI. 13
9TOr0 ypaBHEHUsI CJIEAYET CBA3b MEXKIY KOIMDMUIIMEHTOM (ha30BOro 3aMejIeHust U PyHKIH-
i, OTIPeIeISIONIEH TOMIUHY HEPETYITPHOTO BOJTHOBOIHOTO cJios. Jlucnepcuonnoe ypaBHeHue
NPEJICTABJIAETCS B BUJE HEJIMHEHHOro nuddepeHnralibHOr0 YypaBHEHUS B YACTHBIX ITPOU3-
BOJHBIX TIEPBOTO TOPSIIKa ¢ KO MUIIMEHTaAMU, 3aBUCAIIIAMA OT ITapaMeTpoB. B umcyio Takux
mapaMeTpoB BXOIST KaK TOJIIUHBI PETrYSPHBIX BOJTHOBOJHBIX CJIOEB, TAK W ONTHYECKHE Ta-
paMeTpbl paccMaTpuBaeMoit JTnH3bI JItoneGepra. Jjist ipeicTaB/ieHusT JUCIIEPCUOHHOTO YPaB-
HeHUsT B BUJE JUMOEPEHINATLHONO YPABHEHUsI B YACTHBIX MPOU3BOJIHBIX BO3HUKAET HEOD-
XOJIMMOCTh BBIYUCJIEHNSI B CUMBOJIBHOM BHJIE OIPEJEIUTENs] MaTPUIIBI 12-r0 TOpsiaKa, OIpe-
JICJIAIONIEr0 PA3PENINMOCTh CUCTEMbBI JIMHEAHBIX aarebpandecKux ypaBHEHUH, CJIEIYIONNX U3
TPAHUYHBIX yCIOBUiA. JI71s1 BBIYUC/IEHNST TAHHOTO OIPEIE/IUTENSI B AHAJTUTUIECKON BUIE TIPEI-
JIaraeTCsl TPOIEIypa PELyIIUPOBAHUST CUCTEMbBI JJUHEHHBIX aJirebpandecKuxX ypaBHEHUI ¢ TIpu-
MEHEHHEM CUCTEMbI KOMITbIoTepHOI aJjirebpur Maple.

KurroueBblie cjI0Ba: HEPETYJISIPHBIN HHTErPaIbHO-ONTHIECKUI BOJTHOBOI, MeTO/, aanaba-
TUYIECKUX MOJ], CHCTEMBI KOMIIBIOTEPHOI aJIreOphI.





