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In recent years spinor field is being used by many authors to address some burning
issues of modern cosmology. The motive behind using the spinor field as a source
for gravitational field lies on the fact that the spinor field not only can describe
the different era of the evolution but also can simulate different substances such
as perfect fluid and dark energy. Moreover, the spinor field is very sensitive to the
gravitational one and depending on the gravitational field the spinor field can react
differently and change the spacetime geometry and the spinor field itself differently.
This paper provides a brief description of the nonlinear spinor field in the Friedmann-
Lemaitre-Robertson-Walker (FLRW) model. The results are compared in Cartesian
and spherical coordinates. It is shown that during the transition from Cartesian
coordinates to spherical ones, the energy-momentum tensor acquires additional non-
zero non-diagonal components that can impose restrictions on either spinor functions
or metric ones.

Key words and phrases: spinor field, FLRW model, Cartesian coordinates, spheri-
cal coordinates

1. Introduction

In 1998, it was found that the universe is not just expanding, but doing so
with acceleration. Many hypotheses are proposed to explain this phenomenon.
The most significant of them is the hypothesis of the existence of dark energy,
which evenly fills the entire Universe and has a negative pressure. Some
perfect liquid or scalar field is used to describe dark energy.
But there is another approach. Using the spinor field as a source of

gravity. In recent years it was shown that the spinor field can give rise to
a singularity-free Universe [1]–[5]. Beside this the spinor field can accelerate
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the isotropization process of the initially anisotropic spacetime [3], [4], [6], [7].
Finally, the spinor field can be considered as an alternative model for dark
energy [7]–[17].

Moreover, it was shown that spinor field is very sensitive to gravitational
one [18] and its specific behavior in presence of the gravitational field can
alter the geometry of the spacetime as well as the components of the spinor
field itself [19].

This is possible due to the specific behavior of the spinor field in the
presence of a gravitational field. The spinor field in cosmological models has
already been considered in [3], [9], [20]. But in all these works, the spinor field
is considered in Cartesian coordinates. A spinor field in spherically symmetric
spaces was considered in [21]–[23].

As can be seen from all these works, non-diagonal components of the
energy-momentum tensor can impose additional restrictions on either metric
functions or spinor functions. In this paper we consider the spinor field in
the framework of a spherically symmetric FLRW model. The results are
compared with those obtained in Cartesian coordinates.

2. Basic equations

The action for a gravitational field and a nonlinear spinor field can be
written as follows:

𝑆(𝑔, 𝜓, 𝜓) = ∫ ( 𝑅
2𝜘

+ 𝐿𝑠𝑝) 𝑑Ω, (1)

where 𝑅 is a Ricci scalar, 𝜘 = 8𝜋𝐺, 𝐺 is a gravitational constant, 𝐿𝑠𝑝 is

a Lagrangian for a nonlinear spinor field, which looks like this:

𝐿𝑠𝑝 = 𝑖
2

(𝜓𝛾𝜇∇𝜇𝜓 − ∇𝜇𝜓𝛾𝜇𝜓) − 𝑚𝜓𝜓 − 𝐹, (2)

where 𝑚 is the mass, 𝐹 = 𝐹(𝐾) is the nonlinear term. The 𝐾 parameter

takes one of 4 values: 𝐼, 𝐽, 𝐼 + 𝐽, 𝐼 − 𝐽. Here 𝐼 = 𝑆2 = (𝜓𝜓)2 and

𝐽 = 𝑃 2 = (𝜓𝛾5𝜓)2.

From the expression (2), we can get the equations for the spinor field:

𝑖𝛾𝜇∇𝜇𝜓 − 𝑚𝜓 − 𝐷𝜓 − 𝑖Υ𝛾5𝜓 = 0, (3)

𝑖∇𝜇𝜓𝛾𝜇 + 𝑚𝜓 + 𝐷𝜓 + 𝑖Υ𝜓𝛾5 = 0, (4)

where the following symbols are entered:

𝐷 = 2𝑆𝐹𝐾𝐾𝐼 = 2𝑆 𝑑𝐹
𝑑𝐾

𝑑𝐾
𝑑𝐼

,

Υ = 2𝑃 𝐹𝐾𝐾𝐽 = 2𝑃 𝑑𝐹
𝑑𝐾

𝑑𝐾
𝑑𝐽

.
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From (2), (3) and (4) an alternative form of the Lagrangian can be obtained:

𝐿 = 2𝐾 𝑑𝐹
𝑑𝐾

− 𝐹(𝐾). (5)

The covariant derivatives ∇𝜇 are defined as follows:

∇𝜇𝜓 = 𝜕𝜇𝜓 − Γ𝜇𝜓, (6)

∇𝜇𝜓 = 𝜕𝜇𝜓 + 𝜓Γ𝜇, (7)

where Γ𝜇 is a spinor affine connection that is defined as follows:

Γ𝜇 = 1
4

𝑔𝜌𝛿 (𝜕𝑒(𝑏)
𝜎

𝜕𝑥𝜇 𝑒𝜌
(𝑏) − Γ𝜌

𝜇𝜎) 𝛾𝛿𝛾𝜎, (8)

where 𝑒(𝑏)
𝜎 is a system of orthogonal 4-vectors that obey the following expres-

sions:

𝑒(𝑎)
𝜇 𝑒𝜈

(𝑎) = 𝛿𝜈
𝜇, 𝑒(𝑎)

𝜇 𝑒𝜇
(𝑏) = 𝛿𝑎

𝑏 , (9)

𝑔𝜇𝜈(𝑥) = 𝑒𝑎
𝜇(𝑥)𝑒𝑏

𝜈(𝑥)𝜂𝑎𝑏. (10)

The expression for the energy-momentum tensor is as follows:

𝑇 𝜌
𝜇 = 𝑔𝜌𝜈𝑇𝜈𝜇 − 𝑔𝜌𝜈 ̃𝑇𝜈𝜇 − 𝛿𝜌

𝜇[2𝐾𝐹𝐾 − 𝐹(𝐾)], (11)

where the following symbols are used:

𝑇𝜈𝜇 = 𝑖
4

(𝜓𝛾𝜇𝜕𝜈𝜓 + 𝜓𝛾𝜈𝜕𝜇𝜓 − 𝜕𝜇𝜓𝛾𝜈𝜓 − 𝜕𝜈𝜓𝛾𝜇𝜓), (12)

̃𝑇𝜈𝜇 = 𝑖
4

𝜓(𝛾𝜇Γ𝜈 + Γ𝜈𝛾𝜇 + 𝛾𝜈Γ𝜇 + Γ𝜇𝛾𝜈)𝜓. (13)

3. Cartesian coordinates

This section uses the following metric:

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡) [𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2] . (14)

Nontrivial components of the Einstein tensor in this metric have the following
form:

𝐺0
0 = −3 ̇𝑎2

𝑎2 , (15)

𝐺𝑖
𝑗 = − (2 ̈𝑎

𝑎
+ ̇𝑎2

𝑎2 ) 𝑖, 𝑗 = 1, 2, 3. (16)



134 DCM&ACS. 2020, 28 (2) 131–140

From metric (14), we can use (10) to find expressions for tetrads:

𝑒(0)
0 = 1 𝑒(1)

1 = 𝑎(𝑡) 𝑒(2)
2 = 𝑎(𝑡) 𝑒(3)

3 = 𝑎(𝑡). (17)

Expressions for Γ𝜇 are obtained from (17) and (8):

Γ0 = 0 Γ1 = ̇𝑎
2

𝛾1𝛾0 Γ2 = ̇𝑎
2

𝛾2𝛾0 Γ3 = ̇𝑎
2

𝛾3𝛾0. (18)

From (3), (4) (6), (7) and (18) we get the equations for the spinor field:

𝑖𝛾0 ( ̇𝜓 + 3
2

̇𝑎
𝑎

𝜓) − 𝑚𝜓 − 𝐷𝜓 − 𝑖Υ𝛾5𝜓 = 0, (19)

𝑖 (�̇� + 3
2

̇𝑎
𝑎

𝜓) 𝛾0 + 𝑚𝜓 + 𝐷𝜓 + 𝑖Υ𝜓𝛾5 = 0. (20)

Non-trivial components of the energy-momentum tensor are obtained from
(11), (12), (13), (18), (19) and (20):

𝑇 0
0 = 𝑚𝑆 + 𝐹(𝐾), (21)

𝑇 1
1 = 𝐹(𝐾) − 2𝐾𝐹𝐾, (22)

𝑇 2
2 = 𝐹(𝐾) − 2𝐾𝐹𝐾, (23)

𝑇 3
3 = 𝐹(𝐾) − 2𝐾𝐹𝐾. (24)

The complete system of Einstein equations looks like this:

3 ̇𝑎2

𝑎2 = 8𝜋𝐺(𝑚𝑆 + 𝐹(𝐾)), (25)

2 ̈𝑎
𝑎

+ ̇𝑎2

𝑎2 = 8𝜋𝐺(𝐹(𝐾) − 2𝐾𝐹𝐾). (26)

A more detailed description of this case can be found in the work [24].

4. Spherical coordinates

A completely different situation occurs when moving from Cartesian coor-
dinates to spherical ones. The transition is performed as follows:

𝑥 = 𝑟 sin(𝜃) cos(𝜑), (27)

𝑦 = 𝑟 sin(𝜃) sin(𝜑), (28)

𝑧 = 𝑟 cos(𝜃). (29)

The following metric is obtained from (27), (28), (29) and (14):

𝑑𝑠2 = 𝑑𝑡2 − 𝑎2(𝑡)[𝑑𝑟2 + 𝑟2(𝑑𝜃2 + sin2(𝜃)𝑑𝜑2)]. (30)
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The nontrivial components of the Einstein tensor remain unchanged. Ex-
pressions for tetrads are obtained from (30) using (10):

𝑒(0)
0 = 1 𝑒(1)

1 = 𝑎(𝑡) 𝑒(2)
2 = 𝑎(𝑡)𝑟 𝑒(3)

3 = 𝑎(𝑡)𝑟 sin(𝜃). (31)

Expressions for affine connectivity are obtained from (31) and (8):

Γ0 = 0, (32)

Γ1 = 1
2

̇𝑎𝛾1𝛾0, (33)

Γ2 = 1
2

( ̇𝑎𝑟𝛾2𝛾0 + 𝛾2𝛾1), (34)

Γ3 = 1
2

( ̇𝑎𝑟 sin(𝜃)𝛾3𝛾0 + sin(𝜃)𝛾3𝛾1 + cos(𝜃)𝛾3𝛾2). (35)

Substituting (32), (33), (34) and (35) into (3) and (4) is obtained:

𝑖𝛾0 ̇𝜓 + 𝑖3
2

̇𝑎
𝑎

𝛾0𝜓 + 𝑖𝑈𝛾1𝜓 + 𝑖𝑉𝛾2𝜓 − [𝑚 + 𝐷]𝜓 − 𝑖Υ𝛾5𝜓 = 0, (36)

𝑖�̇�𝛾0 + 𝑖3
2

̇𝑎
𝑎

𝜓𝛾0 + 𝑖𝑈𝜓𝛾1 + 𝑖𝑉𝜓𝛾2 + [𝑚 + 𝐷]𝜓 + 𝑖Υ𝜓𝛾5 = 0, (37)

where 𝑈 = 1/𝑎𝑟 and 𝑉 = cot(𝜃)/2𝑎𝑟. Now (11), (12), (13), (32)–(35) and
(36)–(37) produce non-zero components of the energy-momentum tensor:

𝑇 0
0 = 𝑚𝑆 + 𝐹(𝐾), (38)

𝑇 1
1 = 𝐹(𝐾) − 2𝐾𝐹𝐾, (39)

𝑇 2
2 = 𝐹(𝐾) − 2𝐾𝐹𝐾, (40)

𝑇 3
3 = 𝐹(𝐾) − 2𝐾𝐹𝐾, (41)

𝑇 0
1 = cot(𝜃)

4𝑟
𝐴3, (42)

𝑇 0
2 = −3

4
𝐴3, (43)

𝑇 0
3 = 3

4
sin(𝜃)𝐴2 − 1

2
cos(𝜃)𝐴1, (44)

𝑇 1
3 = −cos(𝜃)

4𝑎
𝐴0. (45)

From (15), (16) and 𝑇 0
0 –𝑇 1

3 we get the complete system of Einstein equations.
For diagonal elements we have:

3 ̇𝑎2

𝑎2 = 8𝜋𝐺[𝑚𝑆 + 𝐹(𝐾)], (46)
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2 ̈𝑎
𝑎

+ ̇𝑎2

𝑎2 = 8𝜋𝐺[𝐹(𝐾) − 2𝐾𝐹𝐾]. (47)

Expressions for non-diagonal elements:

cot(𝜃)
4𝑟

𝐴3 = 0, (48)

−3
4

𝐴3 = 0, (49)

3
4
sin(𝜃)𝐴2 − 1

2
cos(𝜃)𝐴1 = 0, (50)

−cos(𝜃)
4𝑎

𝐴0 = 0, (51)

where 𝐴𝜇 = 𝜓𝛾5𝛾𝜇𝜓 — components of the 4-pseudovector. This shows
that the equations are identical for diagonal components, but non-diagonal
components impose some additional conditions on either metric functions
or spinor functions. These restrictions will be discussed in more detail in
the next section. But this requires equations for spinor invariants. They are
obtained from (36)–(37) and look like this:

̇𝑆 + 3 ̇𝑎
𝑎

𝑆 + 2Υ𝐴0 = 0, ̇𝑃 + 3 ̇𝑎
𝑎

𝑃 − 2[𝑚 + 𝐷]𝐴0 = 0, (52)

̇𝐴1 + 3 ̇𝑎
𝑎

𝐴1 + 2𝑈𝐴0 = 0, ̇𝐴2 + 3 ̇𝑎
𝑎

𝐴2 + 2𝑉 𝐴0 = 0, (53)

̇𝐴0 + 3 ̇𝑎
𝑎

𝐴0 + 2𝑈𝐴1 + 2𝑉 𝐴2 + 2[𝑚 + 𝐷]𝑃 − 2Υ𝑆 = 0. (54)

In this instance (𝛾5)2 = 1. The first integral of this system is equal to:

𝑆2 + 𝑃 2 + (𝐴0)2 − (𝐴1)2 − (𝐴2)2 = 𝐶
𝑎6 , 𝐶 = 𝑐𝑜𝑛𝑠𝑡. (55)

5. Restrictions on the spinor functions

As mentioned earlier, the equations (48), (49), (50) and (51) impose re-
strictions on either the metric function or the spinor functions that are the
solution of the equations (36)–(37). It follows from (48)–(51) that 𝐴3 = 0
and 𝐴0 = 0. A restriction on 𝐴1 and 𝐴2 looks like this:

𝐴1 = 3
2
tan(𝜃)𝐴2. (56)

Using (56) and equations from (48) to (51) we get the following:

𝑆2 + 𝑃 2 + (𝐴0)2 − (𝐴2)2 [9
4
tan2(𝜃) + 1] = 𝐶

𝑎6 . (57)
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It can also be shown [24] that if 𝑚 ≠ 0, then:

𝐾 = 𝐼 = 𝑆2 = 𝐶1
𝑎6 , 𝐶1 = 𝑐𝑜𝑛𝑠𝑡. (58)

If 𝑚 = 0, then:
𝐾 = 𝐶2

𝑎6 , 𝐶2 = 𝑐𝑜𝑛𝑠𝑡 (59)

for 𝐾 = 𝐼, 𝐾 = 𝐽, 𝐾 = 𝐼 + 𝐽 and 𝐾 = 𝐼 − 𝐽.

6. Discussion

Though there is a number of papers dealing with FLRW cosmological model
with spinor fields, we did it again. Main idea was to see how the coordinate
transformation effects the behavior of spacetime evolution and the spinor
field. Moreover, mathematically it may help us to model different type of
stars using the spinor field as a source field. In that sense this study is the
beginning of the further studies that we plan to carry out in future.

7. Conclusions

Within the scope of spherically symmetric FLRW model we study the role
of the spinor field in the evolution of the Universe. It is found that the usual
transition from Cartesian coordinates to spherical ones leads to the appearance
of non-zero non-diagonal components of the energy-momentum tensor. The
presence of these components leads to some restrictions on spinor functions.
However, these limitations may not always directly affect the solution of
Einstein’s equations. For example, if 𝐾 = 𝐼 = 𝑆2, these restrictions will not
affect the solution of the equations (25) and (26).
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Спинорное поле в сферически симметричной
Вселенной Фридмана

Саха Биджан1, 2, Е. И. Захаров1, В. С. Рихвицкий2

1Институт физических исследований и технологий
Российский университет дружбы народов

ул. Миклухо-Маклая, д. 6, Москва, 117198, Россия
2Лаборатория информационных технологий

Объединённый институт ядерных исследований
ул. Жолио-Кюри, д. 6, Дубна, Московская область, 141980, Россия

В последние годы спинорное поле используется многими авторами для решения
некоторых актуальных вопросов современной космологии. Мотив использования
спинорного поля в качестве источника гравитационного поля заключается в том,
что спинорное поле может не только описывать различные этапы эволюции
Вселенной, но и моделировать различные типы вещества, такие как идеальная
жидкость и темная энергия. Кроме того, спинорное поле очень чувствительно
к гравитационному, и в зависимости от гравитационного поля спинорное поле
может реагировать по-разному, изменяя тем самым геометрию пространства-
времени. В настоящей работе дается краткое описание нелинейного спинорного
поля в модели Фридмана–Леметра–Робертсона–Уолкера (FLRW). Результаты
сравниваются в декартовых и сферических координатах. Показано, что при
переходе от декартовых координат к сферическим тензор энергии-импульса
имеет дополнительные ненулевые недиагональные компоненты, которые могут
накладывать ограничения как на спинорные функции, так и на метрические.

Ключевые слова: спинорное поле, модель FLRW, декартовы координаты, сфе-
рические координаты


