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Abstract. It is generally accepted that the main obstacle to the application of
Riemannian geometrization of Maxwell’s equations is an insufficient number of
parameters defining a geometrized medium. In the classical description of the
equations of electrodynamics in the medium, a constitutive tensor with 20 components
is used. With Riemannian geometrization, the constitutive tensor is constructed from
a Riemannian metric tensor having 10 components. It is assumed that this discrepancy
prevents the application of Riemannian geometrization of Maxwell’s equations. It is
necessary to study the scope of applicability of the Riemannian geometrization of
Maxwell’s equations. To determine whether the lack of components is really critical
for the application of Riemannian geometrization. To determine the applicability of
Riemannian geometrization, the most common variants of electromagnetic media
are considered. The structure of the dielectric and magnetic permittivity is written
out for them, the number of significant components for these tensors is determined.
Practically all the considered types of electromagnetic media require less than ten
parameters to describe the constitutive tensor. In the Riemannian geometrization of
Maxwell’s equations, the requirement of a single impedance of the medium is critical.
It is possible to circumvent this limitation by moving from the complete Maxwell’s
equations to the approximation of geometric optics. The Riemannian geometrization
of Maxwell’s equations is applicable to a wide variety of media types, but only for
approximating geometric optics.

Key words and phrases: geometrization of Maxwell’s equations, permeability
tensor, dielectric constant, magnetic permeability, geometric optics

1. Introduction

With the advent of the model Cayley—Klein [1, 2| the formalism of non-
Euclidean spaces became used to describe physical models. This approach
received popularity after the creation Einstein’s general theory of relativ-
ity [3]. At the same time, there were attempts to geometrize Maxwell’s
electrodynamics [4-6].

However, this approach remained quite marginal until the golden age
of theory of relativity |7, §].
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This direction became popular again in the new century and gave rise to
the development of transformational optics [9-12]. However, it became visible
that Riemannian geometry is insufficient for geometrization of Maxwell’s
equations |13, 14].

In this paper, the author expects to figure out what could hinder the
application of Riemannian geometrization of Maxwell’s equations and what is
the scope of its applicability. To do this, we consider different electromagnetic
media options and the limitations imposed by them are studied for possible
geometrizations.

1.1. Article structure

In paragraph 1.2 we provide basic notation and conventions used in the
article. In the section 1.3 we consider the limitation only for the case of
a local lincar medium. In the section 2 the constitutive tensor is formulated
in a six-dimensional space. This is being done for clarity, to represent it
as a matrix 6 x 6. In the section 3 the reader is reminded of Riemannian
geometrization of Maxwell’s equations.

1.2. Notations and conventions

1. Greek indexes (a, () will relate to a four-dimensional space and in
a component form will have the following values: a = 0, 3.

2. Latin indexes from the middle of the alphabet (i, j, k) will refer to
three-dimensional space and in component form will have the following
values: 1 =1, 3.

3. In uppercase Latin letters denote the indices of the six-dimensional spaces:
I=1,6.

4. To write the equations of electrodynamics in the work is used symmetrical
CGS system [15].

1.3. The variations of physical environment

It is possible to consider several options for setting the constitutive laws
depending on the medium (see Table 1).

Table 1
Constitutive laws depending on the medium
Medium type Local case Non-local case
Linear medium GO = NPF 5 | G(z) = //\(:E, s) A\ F(s)ds
Non-linear medium | G = A(F.5) G(x) = //\(:U, F(s))ds

Tensors F,, 5 and GP have a sense of curvature in cotangent (7*X) and
tangent (7'X) bundles.
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In the linear local case, the tensors F,, 3 and G are connected using fourth
rang tensors.

In the linear non-local case, the connection is carried out using an integral
kernel. However, in the presence of translational symmetry, the linear nonlocal
case is reduced to the linear local case using the Fourier transform [16]. The
non-local linear relationship between F' and G looks in this case as follows:

G(x) = /)\(x,s) N F(s)ds. (1)
In the case of translational invariance A(z,s) = A(x — s) the relationship

between F and G will have the form:

Gaﬁ (w7 kz) = )\aﬁ'yé (w7 ki)F’yé (w7 kz) (2)

In the case of a nonlinear medium, it is assumed that through the lin-
earization procedure, a tensor term similar to the local linear case can be
distinguished in it.

Thus, it seems sufficient to consider only the local linear case.

2. Structure of the constitutive tensor

2.1. Representation of the constitutive tensor in space R*

The constitutive tensor )\356 is a 4-tensor. We assume that the mapping

A : A2M — A,M is linear and local. Then it can be represented in the
following form:

GOF = NP . (3)

Here A\*#7 ig a constitutive tensor containing information about both
permeability and permittivity and electromagnetic connection [4-6, 17]. It

can be seen that A*#7 has the following symmetry:
AaBvs — \[aB][vd]
To clarify the symmetry, the tensor A*?79 can be represented as follows:
NP — (1) \aByd 4 (2) \aByd 4 (3) \aBd,
The components of the tensor have the following symmetry:

(1) \aB70 — \(@BIs) | (2) yaBys — \[aBlho]l  (3) \aBys — y[aBs]

Obviously, in this case A*%7 has 36 independent components, (1) )\*879
has 20 independent components (principal part), 2)A*#7 has 15 independent
components (skewon), 3 A9 has one independent component (azion).
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We will consider only part of (W \*#79_ For this case, we write down the
material equations:

(4)

7

{Di = sijEj + (1)7;',33"
— (-1 j 2) A J
H; = (u7"), B+ DBy,

where €% and ;% are the tensors of dielectric and magnetic permeability, (1)fyj

and <2)7;- are cross terms.
Taking into account the structure of the tensors F,, 5 and GP, as well as
the constraints equations, we write:

E

79

7

(5)
Here the alternating tensor is denoted by e, .

2.2. Representation of constitutive tensors in A,(R*) and A%(R*")
spaces

Consider vector spaces A%(R*) and A,(R*) as typical layers of bundles
A%2M and A, M and we will make the transition to a six-dimensional space.
Basis A,(R*) in this case has the form ¢;, I = 1,...,6, and the basis A%(R**)

consists of components (!, I =1,...,6. Let 04, = 0,...,3 be the basis in

R*, and §#, = 0,...,3 — the basis in R**. Define the basis (; in 4,(R%) as
follows:

1 .
and basis ¢ in A?(R**) in form
. _ . 1 ... .
=60 NGE, (3 = ngkaﬂ Ak, Qi k=1,..,3. (7)
Then the intensity of the electromagnetic field F' can be represented as
follows: _ .
F=E(+ B, (8)
We split the tensor A7 such as
MIT = WNT L @)\IT L (3)\IJ,
The components of the tensor A’/ have the following symmetry:

(W) \IJ — \(JI) _ )\%jljj @)\ — )\[IJ}7 B\ — )\gju’

~ 0 i
I := 4 .
[0
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We indicate the number of components in these tensors:

— (WA has 20 components;
— @)X has 15 components;
— GIXT has 1 component.

Let’s write out the main part of the constitutive tensor:

_gii (Wai) )
WAL = <(2) ;o =), (9)
Vi Mg

Later in this article we will omit the left index of the main part of the con-
stitutive tensor.

3. Riemannian geometrization of Maxwell’s equations

We assume that the bundle has the structure of a Riemannian manifold.
In this case, we can introduce a Riemannian metric on the manifold, which:

— Is symmetric: g,3 = g(ap)
— is consistent with connection: V_g¢%? := 0.

This statement is equivalent to the fact that we use connection Levi—Civitas.
We introduce an effective metric based on the bundle g, 5. Then the metric

is induced into layers and the Lagrangian of the electromagnetic field can be
written in the form of the Yang—Mills Lagrangian:

1
L —= GQBF _ _A o [
~ 16me 2 ol ’
which is equivalent to the following entry

1 1
— — aﬂy 56 —q — — & —
L 6099 FsF. s7v/—9 3 A%/ —g.

Let’s construct the tensor \*#7 as follows:

N e
A0 = =g lgn = = (97797 + 9709™) + 2= (9779 — 9709™).

Then the material equations will take the following form (for symmetry
reasons):

« _g (0% 07
GP = 2=(g"9" — g™ g™ ) F.

In the case of writing by components, we get the following expressions:

i _ V9 i V=9, o ;
GO — 5 <g009j g g )F 4 5 <gOJg gOng>F ( )
10
.. 1/_9 i . .o 1/_9 i . . .
GY = 5 (g Ogjk:_nggzk:)Fok + 5 (g kgjl—g”gjk)Fkl.
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Formally, it is possible to write out an expression for the permittivity:
eii = — /=g(g" gii— g% g%) (11)
and the expression for magnetic permeability:
(:u_l)ij = \/__ggmnigkljgnkgml- (12)

Thus the geometrized connection equations in coordinates have the following

form:

H; = (u ") B + (2)75Ej,
e = —/=9(9"9"-9"g"), (13)

(/Jil)ij = \/__ggmnigkljgnkgmla

D = By} = Y=gy

Statement. Let the space be represented as [R’fl = R! x R3. Then in
Riemannian geometrization, under the condition ¢°* = 0, the equality holds

gl = i, (14)

Proof. Note that A;; = 5mm€kljg”k g™ is an algebraic complement for ¢*.
Then

e N)ip = —v=099" 97/ =G mnicripg ™t g™ = 99°° det{g*' }o} = 5.

It follows that € = p', 0

Then the geometrized constitutive tensor has the following form:

—gld Dyt
MJ = : . (15)
<(2>7§ (),
Consider the limitations of this approach:

1. Since the metric tensor g;; has 10 components, the geometrized constitu-
tive tensor cannot have more than 10 independent components.
2. Given the constitutive equations, only media with a single impedance
can be considered.
However, the geometrized version can be used to approximate geometric
optics when the dielectric €/ and magnetic j;; permeability are not used
separately. Instead, in the approximation of geometric optics, the refractive

index of the medium is used:
n' = \/5};/4‘?. (16)
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In this case, the geometrized constitutive tensor has the following form:

[~y
i (ﬁ)w

4. Examples of media
4.1. Linear isotropic media

The most elementary electromagnetic media are linear isotropic media,
such as classical vacuum. The term isotropic refers to invariance with respect
to spatial rotations in the selected frame of reference. The rotation of any
closed system as a whole does not change its physical properties. There is
no particular direction in space with respect to which there is any special
symmetry. All directions are equal. The electromagnetic properties of the
medium do not depend on the direction. In this case, the elements of the

tensor A7 are represented as:
Eij - g(xi)(sija ﬂz’j = (u_l(mi))(sij) (1)7; = 07 <2)73 =0

or in matrix form:

)\IJ _ _‘€<5Bi)5ij 0 ) (18)
0 pot ()0

In this case, the permeability matrix contains only two independent compo-
nents in the laboratory reference frame. Function e(z?) is called the dielectric
constant of the medium. Function u(z?) is called the magnetic permeability
of the medium. When these functions are constant in the selected frame of
reference, the medium is called homogeneous.

The classical electromagnetic vacuum is assumed to be linear, isotropic and
homogeneous. Its dielectric constant (in the SI system) is denoted by ¢,, and
the magnetic permeability is denoted by .

The application of a geometrized constitutive tensor is possible in the
approximation of geometric optics. In this case A’/ will have the form:

N (x/n(:z:i)éij 1O )
O s
In this case, the permeability matrix contains only one independent com-
ponent.

(19)

4.2. Linear optical medium

It is assumed that the permittivity € can be inhomogeneous and (or)
anisotropic. Heterogeneity is most common when matrix components are
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piecewise constant and undergo discontinuities at the interface of heteroge-
neous media. Since the magnetic permeability of optical media is neglected,
they are considered to be dielectric media:

(). =8, (20)

)

If the permittivity € is anisotropic, but at the same time symmetrical,
then it is possible to determine the main reference point in which it takes the
form of a diagonal matrix:

e = diag(e,, €, €,). (21)

The diagonal elements represented by the main permittivity are in this
case the eigenvalues of the matrix

eh=eg. (22)

Since the matrix €% is symmetric, then the eigenvalues exist and are valid,
and the eigenvectors are orthogonal.
Media variants:

— when all eigenvalues are equal, the medium is called isotropic;

— when two eigenvalues are equal, and the third is different from them, the
medium is called uniaxial anisotropic;

— when all three eigenvalues are unequal, the medium is called biaxial
anisotropic.

More generally, the magnetic permeability is not singular:

(1), = diag((u™),, (u 1)y, (u71).), (23)

A7 can be represented as a matrix:

A = diag (_5:15 (xz)7 _5y<xi)7 _5z(xi)7 H;l (xl)7 M;l (xl)7 /1’;1(371)) (24)

The application of a geometrized constitutive tensor is possible in the
approximation of geometric optics. Then the tensor A7 will take the form:

and

I 1ag | —v/n :I;Z —\/n a:l —\/n x’ L L
N Vn N frylet) Vi)

In this case, the permeability matrix contains three independent compo-
nents.

4.3. Bi-isotropic media

The special properties of these media are due to the connection between
electric and magnetic fields, which can be described by some defining relations.
Bi-isotropic media can change the polarization of light either by refraction
or by transmission [18]. These media are similar to isotropic media, but the
cross terms are not zero.
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The coupling equations in the case of an isotropic medium have the following
form:

D' =gV E; + 9B,
vy i (25)
H; = (0)g9;;B +vg; Ej.

The elements of the tensor A’ have the form:
i = e(at)gh, ()

= @) gy, Mg =aat)g, B =)yl

In matrix form, the tensor A’ for a bi-isotropic medium will have the form:
(i g i\ i
A = ( =@)g? 1) ) . (26)
Vag,  w(3)gyy

For the case of geometric optics, the tensor A’” for a bi-isotropic medium

will take the form:
T ( n(@g?  y(a')g ) 2
v(x')g] ”_1/2<$Z>gij

The permeability matrix in this case contains two independent components.

4.4. Bi-anisotropic media

In bi-anisotropic media, the dielectric constant, magnetic permeability, and
coupling coefficient are complete tensors. In this case , the coupling equations
have the following form:

_(,,—1 j 2)J
H, = (p ), B + )%qu-

7

(28)

The elements of the tensor MY take the form

cij = gij(xi), (M_l) — (M—l(aji>>

DAi (i DT _ T(i
. Wt = 4i(a?), @] =~](ah).

ij’

In matrix form, the tensor A7 for a bi-isotropic medium has the form:

A = (?ij(:.”i) ) ) (29)
] (") (Mfl)z‘j(xz)

For the case of geometric optics, the tensor A for a bi-anisotropic medium
is represented as:

b (~WmPE) i)
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In this case, the permeability matrix contains twenty independent compo-
nents.
Thus, the following conclusions can be drawn:

— in most practical cases, it is necessary to take into account less than ten

components of the tensor \7;
— for the case of an anisotropic medium, more than ten components of the
constitutive tensor should be taken into account.

5. Conclusion

When applying the Riemannian geometrization of Maxwell’s equations, two
significant obstacles arise.

It is usually considered that the main obstacle to the application of Rie-
mannian geometrization of Maxwell’s equations is an insufficient number of
parameters defining a geometrized medium. It is known that in the classical
description of the equations of electrodynamics in the medium, a constitu-
tive tensor with 20 components is used, and in Riemannian geometrization,
the constitutive tensor is constructed from a Riemannian metric tensor with
only 10 components. Thus, most authors point out that the main limitation
of the application of Maxwell’s geometrized theory is the number of free com-
ponents in the constitutive tensor. However, this is not the case. It is enough
to consider the most popular variants of electromagnetic media to make sure
that in practically used cases the number of components is significantly less
than ten.

Another limitation is that Maxwell’s geometrized theory in the case of
Riemannian geometrization requires that the medium has a unit impedance.
This restriction is too strong in the general case. It seems that the geometrized
Maxwell theory in the case of Riemannian geometrization is not applicable in
the case of the complete Maxwell theory and in the case of the approximation
of the wave equation. But this limitation can be circumvented by switching
to the approximation of geometric optics, since in this case the impedance of
the medium is not taken into account.

Thus, we can conclude that Maxwell’s geometrized theory in the case
of Riemannian geometrization is applicable to the description of Maxwell’s
theory, but mainly for the case of approximation of geometric optics.
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Tenzop npoHUIaeMocTeil B TeOMEeTPU30BAHHOUN Teopuu
MakcseJiia

A. B. KopoabkoBa

Poccutickuti ynusepcumem dpyosrcoo, napodos,
ya. Muxayxo-Maxaas, d. 6, Mocksa, 117198, Poccus

Awnnoranusi. Cunraercs, 9TO0 OCHOBHBIM IIPEISITCTBUEM K IPUMEHEHUIO PUMaHO-
BO# reoMeTpusaliuu ypaBHenuit MakcBesia aB/IIeTCA HEIOCTATOIHOE KOJTMIECTBO
mapamMeTpoB, 3aJa0MUX reOMeTpru30Banuyio cpeiy. [Ipu kiraccuueckom onucanuu
YPaBHEHUN 3JIEKTPOJMHAMUKH B Cpelie UCIIOJIb3yeTCd TE€H30D IIPOHUIIaeMOCTel, nme-
omuit 20 KoMmoueHT. [Ipu puMaHOBOIT TeoMeTpu3aIyy TEH30pP ITPOHUIIAEMOCTEMH
CTPOUTCS U3 PUMAHOBOI'O METPUUECKOTO TEH30PA, MMEIOIIET0 TOJbKO 10 KOMIIOHEHT.
[Ipenmnosraraercsd, 9To JaHHOE HECOOTBETCTBUE MeEIIACT MPUMEHEHUIO PUMAHOBON
reoMmerpusaiuu ypaBuenuit Makcpesuia. B crarbe npejiyiozKeHO ONpeJienThb, JIeii-
CTBUTEJHHO JIM HEJIOCTATOK KOMIIOHEHT SABJISETCS KPUTUYECKUM JIJIsI TTPUMEHEHUS
pUMaHOBOM reomerpusarun ypasuenuii Makcsesna. g onpenesnerus o01acT npu-
MEHUMOCTU PUMAHOBOI T€OMETPHU3aIUi PACCMOTPEHBI HanboJiee pacipoCcTpaHEHHbBIE
BapUAHTHI JIEKTPOMArHUTHBIX cpell. Jly1s HuxX BhIMcaHa CTPYKTypa JUdJIeKTpude-
CKOIf ¥ MAarHUTHOHM IPOHUIIAEMOCTEN, ONpeIeIeHO KOJIMYIECTBO 3HAYAIINX KOMIIOHEHT
JIJTE 9TUX TeH30poB. [lokazaHo, 4TO MPAKTUIECKN BCE PACCMOTPEHHBIE THUITHI JIEK-
TPOMArHUTHBIX CPeJl TPEOYIOT MeHee JEeCATH ITapaMeTpPOB JJid OIUCAHUA TEH30Da
nporutiaeMocTeit. [Ipu pumanoBoit TeomeTpuzanuu ypaBHeHuit Makcsesia Kpu-
TUYIECKUM sIBJIsIeTCsI TpeDOBaHMe €JMHUIHOTO uMieanca cpejibl. OboiTn janHoe
OrpaHMYeHNe BO3MOXKHO IIyTEM Tepexo/ia OT MOJHBIX ypaBHenuit MakcBessia K mpu-
OJIMKEHWIO TeoMeTpudeckoit ontuku. [lokazano, 4TO pMMaHOBa reOMETPU3AIULA
ypaBHeHu#t MakcBesia puMeHnMa JJiss OOJIBIITOrO Pa3HOOOpa3usi TUIIOB CPE/IbI,
HO TOJIBKO JIJIsi TIPUOJINKEHUS T€OMETPUIECKON OITUKU.

KuaroueBblie ciioBa: reoMerpu3anud ypaBHenuii Makcpesia, TeH30p IIPOHUIIAEMO-
cTeil, MuIJIeKTpUYecKasl IMPOHUTIAEMOCTh, MAIrHUTHAS ITPOHUIIAEMOCTh, T€OMeTpuYe-
CKasl OITUKA



