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The Skyrme’s idea (1954) for describing baryons as topological solitons was based on
the identification of baryon number B with the topological charge of the degree type B =
deg(S® — S%). It serves as the generator of the third homotopy group m3(S®) = Z. The
similar idea to describe leptons as topological solitons was announced by Faddeev (1972). He
identified the lepton number L with the Hopf invariant Qg .

The 8-spinor field is suggested to unify Skyrme and Faddeev models describing baryons
and leptons as topological solitons. The special 8-spinor Brioschi identity is used to include
leptons and baryons as two possible phases of the effective spinor field model, with Higgs
potential depending on the j*j, being added to the Lagrangian.

To this end the generalization of the Mie electrodynamics within the scope of the effective
8-spinor field model is suggested. For this field model the quadratic spinor quantities entering
the Brioschi identity are constructed. Then the symmetry groups, which generate S*- and S*-
submanifolds in general S® biquadratic spinor manifold, are found. For unifying these phases,
common vacuum state should conserve only one component in both lepton and baryon cases.

In the present paper we try to construct Lagrange density for homotopy groups ms(S?)
and 73(S?), which describe lepton and baryon phases.

Key words and phrases: 8-spinor, topological charge, solitons, homotopy groups,
Brioschi identity, Skyrme—Faddeev model.

1. Introduction

In the Skyrme model the particles-solitons possess the topological charge of the
degree type B = deg(S® — S3), which is interpreted as the baryon number B. In the
Faddeev model the particles are endowed with the topological invariant of the Hopf
type, which is interpreted as the Lepton number. This invariant serves as the generator
of the third homotopy group m3(S?) = Z. Prof. Yu. P. Rybakov suggested [1] to unify
these two approaches describing baryons and leptons as two possible phases of the
effective 8-spinor field model. For this goal, the special 8-spinor Brioschi identity is
used [2]:

Jugt = jugt =8>+ p° + 0% +d’ (1)
In this identity the following quadratic spinor quantities are introduced:
s =Py,
p = ipys),
v =YY,
a =iy,
Ju = Vv,
Ju = Va5,
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with 1) = 1) and matrices A = 0; ® I standing for the Pauli matrices in the isotopic
space. Here and below we use the Weyl representation for Dirac matrices v, p = 0,
1, 2, 3, which may be written in the block form using the Pauli matrices o1, o2, 03

0 I 0 Ok o
70_(12 O)v ’Yk—(_gk 0)7 k_17273
Hence the matrix 5, which is the product of the four gamma matrices, is written
as follows:
(I 0
V5 = 0 _]’2 .

We use the denotation I,, for the unit matrix of size n, n € N

By analogy with [3,4] we consider the 8-spinor space, in which 8-spinor is defined

as column:
77D = COZ(@? X7 67 0)’ (2)
= col(x1,X2), & = col(&1,&2), 6 = col(07,02) being 2-spinors

with ¢ = col(p1, ¢2), X
In this 8-spinor space S?- and S3- submanifolds, which can describe the lepton
and baryon sectors, were introduced [5]. The symmetry group SU(2) was proposed to

describe leptons: 7
® 3 0 4\ (¢
()= C o) ) g

Simple calculations show that we have the homotopy group 73(5?), which generates
the topological Hopf-like charge s? + a? + a3 # 0:
s=2(¢T0+0T¢),
ay = 2(66" — €€1),
az = —2i(07¢ — €70),
S 4ad+al=4(070+c¢)?

The symmetry group SU(2) was proposed for the description of baryons
@ 3 0 4\ (¢
(@)= e)= (o) (o)
This S®-manifold is generated by the structure p? + s? + a3 + a3
s =2(£70+07%¢),
=2i(70 9+€),

_ ( ) 07— = (€5)?),
:Z( (07)° =02+ €2 — (5+)2),
2 + p? +a1+a§_4[(9+9+5+§) (g+0—9+g)2}.
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To add to this, common vacuum state was found [6], which conserves only one
component s = 2(£70 4+ 07¢) in both the lepton and the baryon phases:

iC
iC

'I,Z)V = C ) (5)
C

Ch

Whereﬁzszz(C2

>, Cq,Cy € C.

2. Current in 8-spinor model

We can write down the components of current j, = @'y#w = YTy, entering
the Brioschi identity (1):

Jo =0 000 =T+ xTx +£TE+ 070,

=9 TemY = —eTo+xTx - ETE+ 070,
Je=vY 070 =i (e — 31+ x3xa — xTxe + &5 & — 56+ 6056, — 67 65]
ja =¥ 08 = —pf o1 + 93 w2 + XTx1 — X3 x2 — &5+ &S + 076, — 650

According to (3) and (4), only one component of the current converses in lepton
and baryon phases:

jo = YEv0v0vL = vEvovve =2 (ETE+0T0),  ji=j2 =435 =0. (6)
The same situation is in the vacuum state:
jo = ¥i0v0ty =4 (i1 + ¥sie),  ji1=j2 =js =0. (7)

3. Lagrangian density

By analogy with [1], let us choose the following Lagrangian density for the 8-spinor
field model:

2

1 — € 1
_ o - o € wvo AN
L I\2 D,ﬂ!J’Y JaDMp + 4 flwf 4 (juj ) 167TF;W (8)

with D* = 0,9 —iegA,I'cl) — gauge covariant derivative,V (j,j*) = %2 (jui* — m2)2
— Higgs potential and f,,,, stands for the antisymmetric tensor of the Faddeev—Skyrme

type: o -
f;w = (wf)/aD[;ﬂ/}) (Du]¢7aw) (9)

with A and € being constant parameters of the model. We use the denotation £; for
terms in this Lagrangian density. Let us write the first o-model term £;, which is a
product of the covariant derivatives:

Ly = Dy joa D'p = Dyt yoy* jo DM =
= (0u9™ +ieo AT ) Y07 (¥ 07a1) (O — ieg AFTp) =
= 0,0 07 (¥ 07a) 09 — 0Ty (VT Y07 Y) ie0 AMT p+
+ieoAuTety 0™ (W y07at) 97 — lico AT el (¥ v07a0) .

(10)
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Our model (8) supposes that at space infinity |r| — oo the following boundary

conditions hold:
Y =Py,  Juit — K% A, — 0. (11)

To satisfy this asymptotic behaviour of localized configurations charge generator
I'. should satisfy the following conditions:
Ty =0, T?=T,. (12)

e

Using (5) operator I'. has the following form:
0 0
r.=I,® (0 1> . (13)

We can calculate the spinor term D, 1y%j,D*1) for two phases and the vacuum.
For leptons and baryons it has the following form:

Ly = D py*joDFp = DM¢+70'yo‘jaD“¢ =
— 4 (Y€ 4670) [D,£TDPE+ D0 DMY] . (14)

Similarly, for the vacuum state one gets:
»CV1 = Dull)v’yajaDul/JV =16 (C’fCl + C;CQ) [DMCTDMC& + DMC;DMCQ] , (15)

where C; and C5 take complex values, which describe the vacuum state in (5). Since
Cy and Cy are constant and T'.tpy = 0 (12), the covariant derivative is identically
zero in the vacuum state D*y = 0. As a result the o-model term of the Lagrangian
density (15) is also identically zero:

»CV1 =0. (16)

4. Conclusion

Finally we give the summary of the results obtained:
— The effective 8-spinor field model is suggested. For this field model the compo-
nents of current quantities are constructed.
— For suggested lepton and baryon sectors o-model term of Lagrange function is
found.
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VIIK 539.12
JlarpaH>kmnaH JIEIITOHHOTIO M 0APUMOHHOTO CEKTOPOB B
HeJINHEIHO! BOCHbMUCHMHOPHOW MOJIe/in

B. N. MosaoTkoB

Kagedpa meopemuueckoti Gusuru u MeTAHUKU
Poccutickuti ynusepcumem dpyotcovl Hapodos
ya. Murayxo-Maxaas, 0. 6, Mocksa, Poccus, 117198

Unest Ckupma (1954) cocTout B TOM, 94TO GaPHOH HHTEPIPETUPYETCST KAK IaCTUNA-COTUTOH,
KOTOpast UMeeT Tomnoyorndeckuil 3apsan B = deg(S® — S*). Dror zapsas B ciyur renepa-
TOPOM TOMOTOIMYECKO# Tpymmbl 73(S°) = 7. Anamornunas mjes JJIs ONHCAHUSA JIENITOHOB
ucnosssyercss B mogenu Pamneesa (1972). B Heit B posn jentonHOro "mcsa L ucrnosbsyercs
vHBapuaHT Tuia Xonda Q.

s obbequHEeHNS ABYX IO/IXOIOB, OMUCHIBAIONINX JIENITOHBI U OAPUOHBI KAK TOMOJIOTHYe-
CKWe 3apsiJibl, IPeJIJIaraeTcst UCI0Ib30BaTh 8-CIUHOPHOE Tos1e. VIcroib30BaHme CreruaabHOro
8-CIIMHOPHOT'O TOXK/IeCTBa BPUOCKH 1MO3BOJIIET PACCMATPUBATD JIEITOHBI M DAPUOHBI KAK CEK-
TOPBI B 001l CIIMHOPHON MOJIE/IN C IOTEHIAIOM XHITCA, 3aBUCAINErO OT jj,, BXOZSIIEro
B jarpamxkuad. C 9TOit 1esbi0 paccMaTpuBaeTcs 0O0OIEeHNe IEKTPOIUHAMUKN Mu B pam-
Kax 3¢ deKTUBHON 8-cIMHOPHON 1oJIeBOit Mozenn. KpoMe TOro 6111 0OHAPYKEHBI TPYIIIBI
cumMerpuit, obpasyromue S? u S° mogMHOrOOGpasus B 06MEM GUKBAIPATHOM CIIHHOPHOM
S8-MmuOro06pasmu. s 06beANHEHNST ABYX CEKTOPOB ObLIO OCTPOEHO OBIIee BAKyyMHOE CO-
CTOsIHUE, COXPAHSIIOIIEee JIUIb OJIHY KOMIIOHEHTY B KaXXJOM CEKTOpe.

B nmacrosmeit pabore npepjaraercsi IOMbITKA BbIUCATh GYHKIMIO Jlarpan»ka Jjst TOMO-
tormaeckux rpymi m3(S?) u 73(S?), KOTOPbIE ONMUCHIBAIOT GAPMOHBI 1 JICTITOHDL.

Kuro4geBblie cjioBa: 8-CIIMHOD, TOMOJIOTUYECK Ui 3apsi]l, COTUTOHBI, TOMOTOIMYIECKUE TPYII-
IIbI, TOXKIeCTBO Bpuocku, momens Ckupma-Paieesa.
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