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Maxwell’s Equations in Arbitrary Coordinate System
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The article is devoted to application of tensorial formalism for derivation of different types
of Maxwell’s equations. The Maxwell’s equations are written in the covariant coordinate-
free and the covariant coordinate forms. Also the relation between vectorial and tensorial
formalisms and differential operators for arbitrary holonomic coordinate system in coordinate
form is given. The results obtained by tensorial and vectorial formalisms are verified in
cylindrical and spherical coordinate systems.
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1. Introduction

Problems of waveguide mathematical modelling sometimes need curvilinear coor-
dinate system to be applied. The choice of specific coordinate system is defined by
the cross-section of the waveguide.

Usually the description of waveguide model is based on Maxwell’s equations in
Cartesian coordinate system. With the help of vector transformation property Maxwell’s
equations are rearranged for sertain coordinate system (spherical or cylindrical). But
in some problems, e.g. simulation of a heavy-particle accelerator, the waveguide may
has the form of a cone or a hyperboloid. Another example of a waveguide with a com-
plex form is the Luneberg lens, which has the form of a part of a sphere or a cylinder
attached to a planar waveguide. Therefore in the case of a waveguide with a complex
form the Maxwell’s equations should be written in a arbitrary curvilinear coordinate
system.

It’s well established to apply vectorial formalism to Maxwell’s equations. But in
this case Maxwell’s equations in a curvilinear coordinate system are lengthy. In [1]
some preliminary work on tensorial formalism resulting in a more compact form of
Maxwell’s equations is made. The tensorial formalism has a mathematical apparatus
which allows to use covariant coordinate-free form of Maxwell’s equations. In this
case the transition to a certain coordinate system may be done on the final stage of
research writing down the results. But tensorial formalism can’t be directly applied to
Maxwell’s equations because the relation between vectorial and tensorial formalisms
should be proven before.

Different forms of Maxwell’s equations are used in problems of finding Hamilton-
ian of electromagnetic field applied in variational integrator (particularly, symplectic
integrator) construction. The main task is the fulfillment of the condition of sym-
plectic structure conservation during equations discretization. The several forms of
Maxwell’s equations are used in electromagnetic field Hamiltonian derivation:

– 3-vectors;
– momentum representation (complex form is used);
– momentum representation.
As a summary the main goals of the article may be formulated: to show connection

between vectorial and tensorial formalisms (section 2); to apply tensorial formalism
for different forms of Maxwell’s equations (section 4); to verify the obtained results
by representing Maxwell’s equations in spherical and cylindrical coordinate systems
(section 5).
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2. Connection Between Vectorial and Tensorial Formalisms

Let’s use the abstract indices formalism introduced in [2] in application to tensor
algebra. In [2] 𝛼 is the abstract index, 𝛼 — a tensor component index. The usage of
a component index in some expression means that some arbitrary basis is introduced
in this equation and indices obey the Einstein rule of summation (the sum is taken
over every numeric index which occurs in one term of the expression twice — top and
bottom). Abstract indices have an organizing value.

Let’s consider an arbitrary 𝑛-dimensional vector and space 𝑉 ∙ conjugated to 𝑉 ∙

space 𝑉∙.

In tensorial formalism the basis is given in coordinate form:

𝛿𝑖𝑖 =
𝜕

𝜕𝑥𝑖
∈ 𝑉 ∙, 𝛿

𝑖
𝑖 = d𝑥𝑖 ∈ 𝑉∙, 𝑖 = 1, 𝑛.

In vectorial formalism the basis is given by elements with the length d𝑠𝑖
′
upon the

corresponding coordinate:

𝛿𝑖𝑖′ =
𝜕

𝜕𝑠𝑖′
, 𝛿

𝑖′

𝑖 = d𝑠𝑖
′
, 𝑖′ = 1, 𝑛.

In tensor form:
d𝑠2 = 𝑔𝑖𝑗d𝑥

𝑖d𝑥𝑗 , 𝑖, 𝑗 = 1, 𝑛, (1)

where 𝑔𝑖𝑗 — metric tensor.

In vector form:
d𝑠2 = 𝑔𝑖′𝑗′d𝑠

𝑖′d𝑠𝑗
′
, 𝑖′, 𝑗′ = 1, 𝑛. (2)

In the case of orthogonal basis, (2) has the form:

d𝑠2 = 𝑔𝑖′𝑖′d𝑠
𝑖′d𝑠𝑖

′
, 𝑖′ = 1, 𝑛. (3)

let’s express the vector basis through the tensor one:

d𝑠𝑖
′
= ℎ

𝑖′

𝑖 d𝑥
𝑖,

𝜕

𝜕𝑠𝑖′
= ℎ

𝑖
𝑖′

𝜕

𝜕𝑥𝑖
,

where ℎ
𝑖′

𝑖 , ℎ
𝑖
𝑖′ , 𝑖, 𝑖

′ = 1, 𝑛, — matrix of Jacobi.

For orthogonal basis from (3)

𝑔𝑖𝑖d𝑥
𝑖d𝑥𝑖 = 𝑔𝑖′𝑖′ℎ

𝑖′

𝑖 ℎ
𝑖′

𝑖 d𝑥
𝑖d𝑥𝑖, 𝑖, 𝑖′ = 1, 𝑛.

Let’s introduce the notation (for orthogonal coordinate system)(︀
ℎ𝑖
)︀2

:= ℎ
𝑖′

𝑖 ℎ
𝑖′

𝑖 =
𝑔𝑖𝑖
𝑔𝑖′𝑖′

, ℎ𝑖 := ℎ
𝑖′

𝑖 =

√︂
𝑔𝑖𝑖
𝑔𝑖′𝑖′

, 𝑖, 𝑖′ = 1, 𝑛.

Variables ℎ𝑖 are called Lame coefficients [3, Vol. 1, p. 34–35].

Let’s express vector 𝑓 𝑖 ∈ 𝑉 ∙ by its components 𝑓 𝑖 in tensor 𝛿𝑖𝑖 and vector 𝛿𝑖𝑖′
basises:

𝑓 𝑖 = 𝑓 𝑖𝛿𝑖𝑖 = 𝑓 𝑖
𝜕

𝜕𝑥𝑖
,

𝑓 𝑖 = 𝑓 𝑖
′
𝛿𝑖𝑖′ = 𝑓 𝑖

′ 𝜕

𝜕𝑠𝑖′
= 𝑓 𝑖

′ 1

ℎ
𝑖′

𝑖

𝜕

𝜕𝑥𝑖
,
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and then
𝑓 𝑖

′
= 𝑓 𝑖ℎ

𝑖′

𝑖 , 𝑖, 𝑖′ = 1, 𝑛.

In the similar way, for covectors:

𝑓𝑖 = 𝑓𝑖𝛿
𝑖
𝑖 = 𝑓𝑖d𝑥

𝑖,

𝑓𝑖 = 𝑓𝑖′𝛿
𝑖′

𝑖 = 𝑓𝑖′d𝑠
𝑖′ = 𝑓𝑖′ℎ

𝑖′

𝑖 d𝑥
𝑖,

and then

𝑓𝑖′ = 𝑓𝑖
1

ℎ
𝑖′

𝑖

, 𝑖, 𝑖′ = 1, 𝑛.

So the connection between tensorial and vectorial formalisms is proved.

3. Tensorial Notation of Differential Operators in
Components

Let’s present the differential operators in the components (for connections associ-
ated with metric).

The expression for gradient:

(grad𝜙)𝑖 = (grad𝜙)𝑖𝛿
𝑖
𝑖 , (grad𝜙)𝑖 = ∇𝑖𝜙 = 𝜕𝑖𝜙, 𝑖 = 1, 𝑛. (4)

The variable 𝜙 is a scalar.

The expression for an arbitrary vector divergence 𝑓 ∈ 𝑉 ∙ is:

div𝑓 = ∇𝑖𝑓
𝑖 = 𝑓 𝑖,𝑖 − Γ𝑖

𝑗𝑖𝑓
𝑗 = 𝑓 𝑖,𝑖 − 𝑓 𝑖

(
√︀

|𝑔|),𝑖√︀
|𝑔|

=
1√︀
|𝑔|
𝜕𝑖

(︁√︀
|𝑔|𝑓 𝑖

)︁
, (5)

or in components:

div𝑓 =
1√︀
|𝑔|
𝜕𝑖

(︁√︀
|𝑔|𝑓 𝑖

)︁
, 𝑖 = 1, 𝑛. (6)

Variable 𝑔 is det
(︀
𝑔𝑖𝑖
)︀
, 𝑖 = 1, 𝑛.

Because of the nonnegativity of radical expression and because of M4 𝑔 < 0 in
Minkowsky space let’s use the following notation |𝑔|.

The expression for rotor is valid only in E3 space:(︁
rot 𝑓

)︁𝑖
=
[︁
∇⃗, 𝑓

]︁
=
(︁
rot 𝑓

)︁𝑖
𝛿𝑖𝑖 ,

(︁
rot 𝑓

)︁𝑖
= 𝑒𝑖𝑗𝑘∇𝑗𝑓𝑘, 𝑖, 𝑗, 𝑘 = 1, 3, (7)

where 𝑒𝑖𝑗𝑘 is the alternating tensor expressed by Levi–Civita simbol 𝜀𝑖𝑗𝑘:

𝑒𝑖𝑗𝑘 =
√︀

|𝑔|𝜀𝑖𝑗𝑘, 𝑒𝑖𝑗𝑘 =
1√︀
|𝑔|
𝜀𝑖𝑗𝑘, 𝑖, 𝑗, 𝑘 = 1, 3.

From (5) for divergence and (4) for gradient one can get Laplacian:

Δ𝜙 = ∇𝑖

(︀
∇𝑖𝜙

)︀
= ∇𝑖

(︀
𝑔𝑖𝑗(grad𝜙)𝑗

)︀
= ∇𝑖

(︀
𝑔𝑖𝑗𝜕𝑗𝜙

)︀
=

1√︀
|𝑔|
𝜕𝑖

(︁√︀
|𝑔|𝑔𝑖𝑗𝜕𝑗𝜙

)︁
. (8)
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4. Maxwell’s Equations Presentation

Let’s consider Maxwell’s equations in CGS-system [4]:

∇⃗ × �⃗� = −1

𝑐

𝜕�⃗�

𝜕𝑡
;

∇⃗ · �⃗� = 4𝜋𝜌;

∇⃗ × �⃗� =
1

𝑐

𝜕�⃗�

𝜕𝑡
+

4𝜋

𝑐
�⃗�;

∇⃗ · �⃗� = 0.

(9)

Here �⃗� and �⃗� — electric and magnetic intensities, �⃗� is the current density, 𝜌 is the
charge density, 𝑐 is the light velocity.

4.1. Maxwell’s Equations Covariant Form by 3-vectors

Let’s express the equation (9) in the covariant form

𝑒𝑖𝑗𝑘∇𝑗𝐸𝑘 = −∇0𝐵
𝑖;

∇𝑖𝐷
𝑖 = 4𝜋𝜌;

𝑒𝑖𝑗𝑘∇𝑗𝐻𝑘 = ∇0𝐷
𝑖 +

4𝜋

𝑐
𝑗𝑖;

∇𝑖𝐵
𝑖 = 0.

(10)

Let’s rewrite the expression (9) in the tensorial formalism components with the
help of (7) and (6):

1√︀
|𝑔(3)|

[︁
𝜕𝑗𝐸𝑘 − 𝜕𝑘𝐸𝑗

]︁
= −1

𝑐
𝜕𝑡𝐵

𝑖, 𝑖, 𝑗, 𝑘 = 1, 3,

1√︀
|𝑔(3)|

𝜕𝑖

(︂√︁
|𝑔(3)|𝐷𝑖

)︂
= 4𝜋𝜌, 𝑖 = 1, 3,

1√︀
|𝑔(3)|

[︁
𝜕𝑗𝐻𝑘 − 𝜕𝑘𝐻𝑗

]︁
= −1

𝑐
𝜕𝑡𝐷

𝑖 +
4𝜋

𝑐
𝑗𝑖, 𝑖, 𝑗, 𝑘 = 1, 3,

1√︀
|𝑔(3)|

𝜕𝑖

(︂√︁
|𝑔(3)|𝐵𝑖

)︂
= 0, 𝑖 = 1, 3.

(11)

4.2. Maxwell’s Equations Covariant Form by 4-vectors

Let’s rewrite (9) with the help of electromagnetic field tensors 𝐹𝛼𝛽 and 𝐺𝛼𝛽 [5], [6,
p. 256, 263–264]:

∇𝛼𝐹
𝛼𝛽 =

4𝜋

𝑐
𝑗𝛽, (12)

∇𝛼𝐺𝛽𝛾 +∇𝛽𝐺𝛾𝛼 +∇𝛾𝐺𝛼𝛽 = 0, (13)

𝐹𝛼𝛽 =

⎛⎜⎜⎝
0 𝐸1 𝐸2 𝐸3

−𝐸1 0 −𝐵3 𝐵2

−𝐸2 𝐵3 0 −𝐵1

−𝐸3 −𝐵2 𝐵1 0

⎞⎟⎟⎠ , 𝐺𝛼𝛽 =

⎛⎜⎜⎝
0 𝐷1 𝐷2 𝐷3

−𝐷1 0 −𝐻3 𝐻2

−𝐷2 𝐻3 0 −𝐻1

−𝐷3 −𝐻2 𝐻1 0

⎞⎟⎟⎠ ,
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𝐸𝑖, 𝐻
𝑖, 𝑖 = 1, 3, — components of electric and magnetic fields intensity vectors; 𝐷𝑖,

𝐵𝑖, 𝑖 = 1, 3, — components of vectors of electric and magnetic induction.
The equation (13) may be rewritten in a simpler form

∇𝛼
*𝐺𝛼𝛽 = 0, (14)

where the tensor *𝐺𝛼𝛽 dual conjugated to 𝐺𝛼𝛽 is introduced

*𝐺𝛼𝛽 =
1

2
𝑒𝛼𝛽𝛾𝛿𝐺𝛾𝛿, (15)

where 𝑒𝛼𝛽𝛾𝛿 is the alternating tensor.
The ordered pair (𝐸𝑖, 𝐵

𝑖) (𝐹𝛼𝛽 ∼ (𝐸𝑖, 𝐵
𝑖)) may be assigned to 𝐹𝛼𝛽 by following

𝐹0𝑖 = 𝐸𝑖, 𝐹𝑖𝑗 = −𝐵𝑘, substitution 𝑃 (𝑖, 𝑗, 𝑘) — is even. (16)

So the following expressions may be written

𝐹𝛼𝛽 ∼ (𝐸𝑖, 𝐵
𝑖), 𝐹𝛼𝛽 ∼ (−𝐸𝑖, 𝐵𝑖),

𝐺𝛼𝛽 ∼ (𝐷𝑖, 𝐻
𝑖), 𝐺𝛼𝛽 ∼ (−𝐷𝑖, 𝐻𝑖),

*𝐺𝛼𝛽 ∼ (𝐻𝑖,−𝐷𝑖), *𝐺𝛼𝛽 ∼ (−𝐻𝑖,−𝐷𝑖).

(17)

4.3. Complex Form of Maxwell’s Equations

The complex form of Maxwell’s equations was considered by various authors [7,
p. 40–42], [8]

Similar to (17) let’s introduce correspondence between an ordered pair and a com-
plex 3-vector

𝐹 𝑖 ∼ (𝐸𝑖, 𝐵𝑖), 𝐹 𝑖 = 𝐸𝑖 + i𝐵𝑖;

𝐺𝑖 ∼ (𝐷𝑖, 𝐻𝑖), 𝐺𝑖 = 𝐷𝑖 + i𝐻𝑖.
(18)

Let’s express intensity and induction by means of complex vectors

𝐸𝑖 =
𝐹 𝑖 + 𝐹 𝑖

2
, 𝐵𝑖 =

𝐹 𝑖 − 𝐹 𝑖

2i
,

𝐷𝑖 =
𝐺𝑖 + �̄�𝑖

2
, 𝐻𝑖 =

𝐺𝑖 − �̄�𝑖

2i
.

(19)

Two complementary vectors

𝐾𝑖 =
𝐺𝑖 + 𝐹 𝑖

2
, 𝐿𝑖 =

�̄�𝑖 − 𝐹 𝑖

2
. (20)

The expression (10) assumes the form

∇𝑖(𝐾
𝑖 + 𝐿𝑖) = 4𝜋𝜌;

−i∇0(𝐾
𝑖 − 𝐿𝑖) + 𝑒𝑖𝑗𝑘∇𝑗(𝐾𝑘 − 𝐿𝑘) = i

4𝜋

𝑐
𝑗𝑖.

(21)

4.3.1. Complex Form of Maxwell’s Equations in Vacuum

From 𝐷𝑖 = 𝐸𝑖, 𝐻𝑖 = 𝐵𝑖 and (20) it follows

𝐾𝑖 = 𝐸𝑖 + i𝐵𝑖 = 𝐹 𝑖, 𝐿𝑖 = 0. (22)
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Then the equations (21) will have the form

∇𝑖𝐹
𝑖 = 4𝜋𝜌;

−i∇0𝐹
𝑖 + 𝑒𝑖𝑗𝑘∇𝑗𝐹𝑘 = i

4𝜋

𝑐
𝑗𝑖.

(23)

4.3.2. Complex Representation of Maxwell’s Equations in Homogeneous
Isotropic Space

In homogeneous isotropic space the following relations 𝐷𝑖 = 𝜀𝐸𝑖, 𝜇𝐻𝑖 = 𝐵𝑖 (where
𝜀 — dielectric permittivity and 𝜇 — magnetic permeability) are correct.

The resulting expressions may be simplified as follows. In (23) we need the formal

substitutions 𝑐→ 𝑐′ =
𝑐

√
𝜀𝜇

(the speed of light in vacuum is substituted by the speed

of light in medium) and 𝑗𝛼 → 𝑗𝛼√
𝜀
. The result:

𝐹 𝑖 =
√
𝜀𝐸𝑖 + i

1
√
𝜇
𝐵𝑖,

∇𝑖𝐹
𝑖 =

4𝜋√
𝜀
𝜌;

𝑒𝑖𝑗𝑘∇𝑗𝐹𝑘 = i
4𝜋

√
𝜇

𝑐
𝑗𝑖 + i

√
𝜀𝜇

𝑐

𝜕𝐹 𝑖

𝜕𝑡
.

(24)

4.4. Momentum Representation of Maxwell’s Equations

Let’s expand the vectors of electric and magnetic fields intensity in a wavevector
Fourier series 𝑘𝑗 , 𝑗 — abstract index:

𝐸𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝐸

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

,

𝐻𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝐻

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

,

𝐵𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝐵

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

,

𝐷𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝐷

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

,

𝜌(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)

∫︁
d3𝑘𝑗𝜌(𝑡, 𝑘𝑗)e

i𝑘𝑗𝑥
𝑗

,

𝑗𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝑗

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

.

(25)

Let’s note that the vector components 𝐸𝑖(𝑡, 𝑥𝑗) and 𝐸𝑖(𝑡, 𝑘𝑗), (similarly: 𝐻𝑖(𝑡, 𝑥𝑗)
and 𝐻𝑖(𝑡, 𝑘𝑗), 𝐷

𝑖(𝑡, 𝑥𝑗) and 𝐷𝑖(𝑡, 𝑘𝑗), 𝐵
𝑖(𝑡, 𝑥𝑗) and 𝐵𝑖(𝑡, 𝑘𝑗), 𝑗

𝑖(𝑡, 𝑥𝑗) and 𝑗𝑖(𝑡, 𝑘𝑗))
are used in different basises:

𝐸𝑖(𝑡, 𝑥𝑗) = 𝐸𝑖(𝑡, 𝑥𝑗)𝛿𝑖𝑖 ,

𝐸𝑖(𝑡, 𝑘𝑗) = 𝐸 �̂�(𝑡, 𝑘𝑗)𝛿
𝑖
�̂�
,

where the basis 𝛿𝑖
�̂�
is given according to the vector 𝑘𝑖. For all 𝑘𝑖 the independent basis

is defined and that is why one can use expressions under integral sign putting down
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Maxwell’s equations from (25):

i
1√︀
|𝑔(3)|

𝜀𝑖𝑗𝑘𝑘𝑗𝐸𝑘(𝑡, 𝑘𝑗) = −1

𝑐
𝜕𝑡𝐵

𝑖(𝑡, 𝑘𝑗),

i
1√︀
|𝑔(3)|

𝜀𝑖𝑗𝑘𝑘𝑗𝐻𝑘(𝑡, 𝑘𝑗) =
1

𝑐
𝜕𝑡𝐷

𝑖(𝑡, 𝑘𝑗) +
4𝜋

𝑐
𝑗𝑖(𝑡, 𝑘𝑗),

i𝑘𝑖𝐷
𝑖(𝑡, 𝑘𝑗) = 4𝜋𝜌(𝑡, 𝑘𝑗),

i𝑘𝑖𝐵
𝑖(𝑡, 𝑘𝑗) = 0.

(26)

Because of the complex form of the resulting equations the complex form of
Maxwell’s equations (18) is recommended to use

𝐹 𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝐹

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

,

𝐺𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝐺

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

,

𝜌(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)

∫︁
d3𝑘𝑗𝜌(𝑡, 𝑘𝑗)e

i𝑘𝑗𝑥
𝑗

,

𝑗𝑖(𝑡, 𝑥𝑗) =
1√︀
(2𝜋)3

∫︁
d3𝑘𝑗𝑗

𝑖(𝑡, 𝑘𝑗)e
i𝑘𝑗𝑥

𝑗

.

(27)

Remark. In terms of classical electrodynamics vectors 𝐸𝑗 , 𝐻𝑗 , 𝐵𝑗 , 𝐷𝑗 decompo-
sitions in wavevector 𝑘𝑗 Fourier series correspond to these vectors decomposition in
momentum Fourier series in quantum mechanics. That is why the representation (26)
may be considered as momentum representation.

4.5. Spinor Form of Maxwell’s Equations

The tensor of electromagnetic field 𝐹𝛼𝛽 and its components 𝐹𝛼𝛽, 𝛼, 𝛽 = 0, 3 may

be considered in spinor form [2, p. 153] (and similarly for 𝐺𝛼𝛽):

𝐹𝛼𝛽 = 𝐹𝐴𝐴′𝐵𝐵′ ;

𝐹𝛼𝛽 = 𝐹𝐴𝐴′𝐵𝐵′𝑔𝛼
𝐴𝐴′

𝑔𝛽
𝐵 𝐵′

, 𝐴,𝐴′, 𝐵,𝐵′ = 0, 1, 𝛼, 𝛽 = 0, 3,
(28)

where 𝑔𝛼
𝐴𝐴′

, 𝛼 = 0, 3, — Infeld–Van der Waerden symbols defined in real spinor basis

𝜀𝐴𝐵 in the following way [2, p. 161]:

𝑔𝛼
𝐴𝐴′

:= 𝑔𝛼
𝛼𝜀𝐴

𝐴𝜀𝐴′
𝐴′
, 𝑔𝐴𝐴′

𝛼 := 𝑔𝛼𝛼𝜀
𝐴
𝐴𝜀

𝐴′

𝐴′ , (29)

𝜀𝐴𝐵 = 𝜀𝐴′ 𝐵′ =

(︂
0 1

−1 0

)︂
, 𝜀𝐴

𝐴𝜀𝐴
𝐵 = 𝜀𝐴

𝐵 =

(︂
1 0

0 1

)︂
. (30)

Let’s write Maxwell’s equations using the spinors.
The tensor 𝐹𝛼𝛽 is real and antisymmetric, it can be represented in the form

𝐹𝛼𝛽 = 𝜙𝐴𝐵𝜀𝐴′𝐵′ + 𝜀𝐴𝐵𝜙𝐴′𝐵′ , (31)

where 𝜙𝐴𝐵 is a spinor of electromagnetic field:

𝜙𝐴𝐵 :=
1

2
𝐹𝐴𝐵𝐶′

𝐶′
=

1

2
𝐹𝐴𝐴′𝐵𝐵′𝜀𝐴

′𝐵′
=

1

2
𝐹𝛼𝛽𝜀

𝐴′𝐵′
.
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Similarly

𝐺𝛼𝛽 = 𝛾𝐴𝐵𝜀𝐴′𝐵′ + 𝜀𝐴𝐵𝛾𝐴′𝐵′ , (32)

*𝐺𝛼𝛽 = −i𝛾𝐴𝐵𝜀𝐴
′𝐵′

+ i𝜀𝐴𝐵𝛾𝐴
′𝐵′
. (33)

Replacing in (12) abstract indices 𝛼 by 𝐴𝐴′ and 𝛽 by 𝐵𝐵′, we can write:

∇𝐴𝐴′𝐹𝐴𝐴′𝐵𝐵′
=

4𝜋

𝑐
𝑗𝐵𝐵′

.

Using (31) we will get

∇𝐴𝐵′
𝜙𝐵
𝐴 +∇𝐵𝐴′

𝜙𝐵′

𝐴′ =
4𝜋

𝑐
𝑗𝐵𝐵′

. (34)

Similarly, from (14) and (33) it follows

∇𝐴′𝐵𝛾𝐴𝐵 −∇𝐴𝐵′
𝛾𝐴

′

𝐵′ = 0. (35)

In so doing the system of Maxwell’s equations can be written as

∇𝐴𝐵′
𝜙𝐵
𝐴 +∇𝐵𝐴′

𝜙𝐵′

𝐴′ =
4𝜋

𝑐
𝑗𝐵𝐵′

,

∇𝐴′𝐵𝛾𝐴𝐵 −∇𝐴𝐵′
𝛾𝐴

′

𝐵′ = 0.
(36)

The spinor form of Maxwell’s equations system in vacuum can be written in the
form of one equation [2, p. 385]:

∇𝐴𝐵′
𝜙𝐵
𝐴 =

2𝜋

𝑐
𝑗𝐵𝐵′

. (37)

The components of electromagnetic field spinor:

𝜙𝐴𝐵 =
1

2
𝐹𝛼𝛽𝜀

𝐴′ 𝐵′
𝑔𝛼𝐴𝐴′𝑔𝛽𝐵 𝐵′ , 𝐴,𝐴′, 𝐵,𝐵′ = 0, 1, 𝛼, 𝛽 = 0, 3.

Using the equations (29), (30) and notation 𝐹𝑖 = 𝐸𝑖 − i𝐵𝑖, we will get [2, p. 386]:

𝜙00 =
1

2
(𝐹1 − i𝐹2) , 𝜙01 = 𝜙10 = −1

2
𝐹3, 𝜙11 = −1

2
(𝐹1 + i𝐹2) .

5. Maxwell’s Equations Presentation in Some Coordinate
Systems

5.1. Maxwell’s Equations in Cylindric Coordinate System

Due to the standard ISO 31-11 the coordinates (𝑥1, 𝑥2, 𝑥3) are denoted as (𝜌, 𝜙, 𝑧).
In order to avoid some collisions with charge density symbol 𝜌 the following notation
(𝑟, 𝜙, 𝑧) will be used.

The law of coordinate transition from Cartesian coordinates to cylindric ones:⎧⎪⎨⎪⎩
𝑥 = 𝑟 cos𝜙,

𝑦 = 𝑟 sin𝜙,

𝑧 = 𝑧.

(38)
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The law of coordinate transition from cylindric coordinates to Cartesian ones:⎧⎪⎨⎪⎩
𝑟 =

√︀
𝑥2 + 𝑦2,

𝜙 = arctg
(︁𝑦
𝑥

)︁
,

𝑧 = 𝑧.

(39)

The metric tensor:

𝑔𝑖𝑗 =

⎛⎝1 0 0

0 𝑟2 0

0 0 1

⎞⎠ , 𝑔𝑖𝑗 =

⎛⎝1 0 0

0 1/𝑟2 0

0 0 1

⎞⎠ . (40)

√
𝑔 = 𝑟. (41)

Lame coefficients: ℎ1 ≡ ℎ𝑟 = 1, ℎ2 ≡ ℎ𝜙 = 𝑟, ℎ3 ≡ ℎ𝑧 = 1.
Maxwell’s equations in cylindric coordinates (𝑟, 𝜙, 𝑧):

1

𝑟

[︁
𝜕𝑗𝐸𝑘 − 𝜕𝑘𝐸𝑗

]︁
= −1

𝑐
𝜕𝑡𝐵

𝑖, 𝑖, 𝑗, 𝑘 = 1, 3,

1

𝑟

[︁
𝜕𝑗𝐻𝑘 − 𝜕𝑘𝐻𝑗

]︁
= −1

𝑐
𝜕𝑡𝐷

𝑖 +
4𝜋

𝑐
𝑗𝑖, 𝑖, 𝑗, 𝑘 = 1, 3,

1

𝑟
𝜕𝑖
(︀
𝑟𝐷𝑖

)︀
= 4𝜋𝜌, 𝑖 = 1, 3,

1

𝑟
𝜕𝑖
(︀
𝑟𝐵𝑖

)︀
= 0, 𝑖 = 1, 3.

(42)

The final result after some rearrangements:

1

𝑟
[𝜕𝜙𝐸3 − 𝜕𝑧𝐸2] = −1

𝑐
𝜕𝑡𝐵

1,

1

𝑟
[𝜕𝑧𝐸1 − 𝜕𝑟𝐸3] = −1

𝑐
𝜕𝑡𝐵

2,

1

𝑟
[𝜕𝑟𝐸2 − 𝜕𝜙𝐸1] = −1

𝑐
𝜕𝑡𝐵

3,

1

𝑟
[𝜕𝜙𝐻3 − 𝜕𝑧𝐻2] = −1

𝑐
𝜕𝑡𝐷

1 +
4𝜋

𝑐
𝑗1,

1

𝑟
[𝜕𝑧𝐻1 − 𝜕𝑟𝐻3] = −1

𝑐
𝜕𝑡𝐷

2 +
4𝜋

𝑐
𝑗2,

1

𝑟
[𝜕𝑟𝐻2 − 𝜕𝜙𝐻1] = −1

𝑐
𝜕𝑡𝐷

3 +
4𝜋

𝑐
𝑗3,

1

𝑟
𝐷1 +

𝜕𝐷1

𝜕𝑟
+

𝜕𝐷2

𝜕𝜙
+

𝜕𝐷3

𝜕𝑧
= 4𝜋𝜌,

1

𝑟
𝐵1 +

𝜕𝐵1

𝜕𝑟
+

𝜕𝐵2

𝜕𝜙
+

𝜕𝐵3

𝜕𝑧
= 0.

(43)

5.2. Maxwell’s equations in Spherical Coordinate System

Due to standard ISO 31-11 coordinates (𝑥1, 𝑥2, 𝑥3) are denoted as (𝑟, 𝜗, 𝜙).
The law of coordinate transition from Cartesian coordinates to spherical ones:⎧⎪⎨⎪⎩

𝑥 = 𝑟 sin𝜗 cos𝜙,

𝑦 = 𝑟 sin𝜗 sin𝜙,

𝑧 = 𝑟 cos𝜗.

(44)
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The law of coordinate transition from spherical coordinates to Cartesian ones:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
𝑟 =

√︀
𝑥2 + 𝑦2 + 𝑧2,

𝜗 = arccos

(︃
𝑧√︀

𝑥2 + 𝑦2 + 𝑧2

)︃
= arctg

(︃√︀
𝑥2 + 𝑦2

𝑧

)︃
,

𝜙 = arctg
(︁𝑦
𝑥

)︁
.

(45)

The metric tensor:

𝑔𝑖𝑗 =

⎛⎝1 0 0

0 𝑟2 0

0 0 𝑟2 sin2 𝜗

⎞⎠ , 𝑔𝑖𝑗 =

⎛⎜⎜⎜⎝
1 0 0

0
1

𝑟2
0

0 0
1

𝑟2 sin2 𝜗

⎞⎟⎟⎟⎠ (46)

√
𝑔 = 𝑟2 sin𝜗. (47)

Lame coefficients: ℎ1 ≡ ℎ𝑟 = 1, ℎ2 ≡ ℎ𝜗 = 𝑟, ℎ3 ≡ ℎ𝜙 = 𝑟 sin𝜗.
Maxwell’s equations in spherical coordinates (𝑟, 𝜗, 𝜙):

1

𝑟2 sin𝜙

[︁
𝜕𝑗𝐸𝑘 − 𝜕𝑘𝐸𝑗

]︁
= −1

𝑐
𝜕𝑡𝐵

𝑖, 𝑖, 𝑗, 𝑘 = 1, 3,

1

𝑟2 sin𝜙

[︁
𝜕𝑗𝐻𝑘 − 𝜕𝑘𝐻𝑗

]︁
= −1

𝑐
𝜕𝑡𝐷

𝑖 +
4𝜋

𝑐
𝑗𝑖, 𝑖, 𝑗, 𝑘 = 1, 3,

1

𝑟2 sin𝜙
𝜕𝑖
(︀
𝑟𝐷𝑖

)︀
= 4𝜋𝜌, 𝑖 = 1, 3,

1

𝑟2 sin𝜙
𝜕𝑖
(︀
𝑟𝐵𝑖

)︀
= 0, 𝑖 = 1, 3.

(48)

1

𝑟2 sin𝜗
[𝜕𝜗𝐸3 − 𝜕𝜙𝐸2] = −1

𝑐
𝜕𝑡𝐵

1,

1

𝑟2 sin𝜗
[𝜕𝜙𝐸1 − 𝜕𝑟𝐸3] = −1

𝑐
𝜕𝑡𝐵

2,

1

𝑟2 sin𝜗
[𝜕𝑟𝐸2 − 𝜕𝜗𝐸1] = −1

𝑐
𝜕𝑡𝐵

3,

1

𝑟2 sin𝜗
[𝜕𝜗𝐻3 − 𝜕𝜙𝐻2] = −1

𝑐
𝜕𝑡𝐷

1 +
4𝜋

𝑐
𝑗1,

1

𝑟2 sin𝜗
[𝜕𝜙𝐻1 − 𝜕𝑟𝐻3] = −1

𝑐
𝜕𝑡𝐷

2 +
4𝜋

𝑐
𝑗2,

1

𝑟2 sin𝜗
[𝜕𝑟𝐻2 − 𝜕𝜗𝐻1] = −1

𝑐
𝜕𝑡𝐷

3 +
4𝜋

𝑐
𝑗3,

2

𝑟
𝐷1 + 𝜕𝑟𝐷

1 + ctg 𝜗𝐷2 + 𝜕𝜗𝐷
2 + 𝜕𝜙𝐷

3 = 4𝜋𝜌,

2

𝑟
𝐵1 + 𝜕𝑟𝐵

1 + ctg 𝜗𝐵2 + 𝜕𝜗𝐵
2 + 𝜕𝜙𝐵

3 = 0.

(49)

6. Conclusion

The main results of the article are:
1. It is shown that the usage of tensorial formalism instead of vectorial one for

Maxwell’s equations may simplify mathematical expressions (particularly in non-
Cartesian coordinate systems).

2. The connection between tensorial and vectorial formalisms is shown.
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3. The covariant coordinate representation of differential operators for holonomic
coordinate systems is given.

4. It is shown how to use tensor formalism for different forms of Maxwell’s equations.
5. Maxwell’s equations are presented in covariant coordinate-free and covariant co-

ordinate forms.
6. It is shown that the results obtained by tensorial and vectorial formalisms are the

same for cylindrical and spherical coordinate systems.
Using tensorial formalism instead of vectorial one can simplify the form of equations

and intermediate results in non-Cartesian coordinate systems due to well developed
formalism of tensor analysis. The transition to vectorial formalism can be done at a
final stage if necessary.
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В работе продемонстрировано применение тензорного формализма для получения
разных форм записи уравнений Максвелла. Получены уравнения Максвелла в ковари-
антной бескоординатной и ковариантной координатной формах. Предварительно уста-
новлена связь между векторным и тензорным формализмами, выписано координатное
представление дифференциальных операторов для произвольных голономных систем
координат. Проведена верификация результатов, полученных с помощью тензорного и
векторного формализмов, на примере цилиндрической и сферической систем координат.

Ключевые слова: уравнения Максвелла, тензорный формализм, ковариантная бес-
координатная форма, ковариантная координатная форма.




